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By Benson J. Lobbing, author of " Field-Book of the RCivola- 
tioD," " Ulnstiated Family History of the United btateH," &c. 



LoMing^M Primary Hud^yry. For Beginners. A charm- 
ing littie book. Elegantly illustrated. 288 pages. 

Lo8sing*8 Outilne History of the United States. One 

▼olume, 12mo. We invite the careful attention of 

teachers to some of its leading points. In elegance of appear- 
ance and copious ilkutratione, both by pictures and maps, vro 
think it surpasses any book of the kind yet published. 

1, The work it muked bj nneommon eleamenB of tttatentent, 

9. The narrative is divided into SIX DISTINCT PEJtIons, namely : 

IHseoverien, Settlements, Colonics, The Sevolution, The Aation, 

and The Civil War and 4fe consequences. 

3. The work is arranged in short senteneest so that the snbBtanco of 
each may be eaeilv comprehended. 

4. The ntost in^portant events are indicated in the text by Keavjr* 
fheed letter. 

/f, ^ull Questions an fhnned Ibr every verpe. 

6. A J*t onouncing Foeoi^Mlary is ftumiahed in foot-notes wherever 
leqnirsd. 

7. A It h'f Synopsis of topics Isflrlren at the dose of each sectioni 

8. An Outline History of IMPORTANT EVENTS ie given at tho cloBo 
of every chapter, 

0. The work is profusely illustrated by Maps, Chartn and Plans ex- 
pbnatory of the text, and by careftUly-drawn pictures of objects and events. 

Lossing's Scfiooi Historf/. 888 pages. 

Containing the National C^onstitution, Declaration of 
Independence, Biographies of the Presidents, and Questions. 

This work Is arraneed In six chapters, each containing the record of anim- 
portant period. The rirst exhibits a general view of the A horiainal race 
who occupied the continent when the Europeans came. The Second is a 
record of all the l>lsooveries and preparations for settlement made by indi- 
Tidnals and oovemments. The Third delineates theprogress of all the Settle' 
ntenis until colonial governments were formed. Toe Fonrtk tells the story 
of these Colonies fh>m their infimcy to maturity, and iUuEitrates the continual 
development of democratic ideas and republican tendencies which finally 
resultsd in a political confederatioik The Fifth has a full account of the im- 
portant events of the War for Independence ; and the Sixth gives a con- 
fAais History of the Repuhlie fkt>m its formatlo.i to the present time. 
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These books are designed fbr dimsrent grades of pnpUs, and odapted to the 
time usually allowed for the study of this Important subject Kuch ('ml)rnces 
the history of our country ft-om its discovery to Its present adniiDlKtnttion. 
The entire series is characterised by chasteneg^ and clearness of stylo, o ecu racy 
of statement, beauty of typc^rraphy, and ftillneon of illustration. The auihor 
has spent the greater part of hl^ Hfe in collecting materials for, and in writing 
^story, and his ability and reputation are a Bufflcient guarantee that the worlc "* 
- has beien thoroughly done, and a series of histories prodi^ced that will be in- 
valuable in tndzusg and educating the youth of our country. 
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This treatise on the Special or Elementary Geometry consists of 
four parta 

Part I. is designed as an introduction. In it the student is made 
familiar with the geometrical concepts^ and with the fusdamental 
definitions and facts of the science. The defisitions here given, are 
^ given once for alL Ifc is thought that the pupil can obtain his first 
( conception of a geometrical fact, as well, at least, from a correct, 
^1 scientific statement of it, as from some crude, colloquial form, the 
language of which he will be obliged to replace by better, after the 
former shall have become so firmly fixed in his mind, as not to be 
easily eradicated. ISo attempt at demonstration is made in this part, 
although most of the fundamental facts of Elementary Plane Geom- 
etry are here presented, and amply and familiarly illustrated. This 
course has been taken in obedience to the canon of the teacher's art, 
which prescribes " facts before theories.'* Moreover, such has been 
the historic order of development of this, and most other sciences; 
viz., tlie facts have been known, or conjectured, long before men have 
been able to give any logical account of thexn. And does not this 
indicate what may be the natural order in which the individual mind 
wiU receive science ? When the stndent has become familiar with 
the things (concepts) about which his mind is to be occupied, and 
knows some of the more important of their properties and relations, 
he is better prepared to reason upon them. 

Pabt II. contains all the essential propositions in Plane, Solid, and 
Spherical Geometry, which are found in our common text-books, with 
their demoustrations. The subject of triedrals and the doctrine of 
the sphere are treated with more than the ordinary fullness. The 
earlier sections of this part are made short, each treating of a single 
subject, and the propositions are made to stand out prominently. At 
the close of each section are Exerdaea designed to illustrate and 
apply the principles contained in the section, rather than to extend 
the pupil's knowledge of geometrical £ftcts. These features, together 
with the synopses at the close of the sections, practical teachers can- 
not &il to appreciate. 

Past IIL, which is contained only in the University Editiath has 
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been written with special refer^ce to the needs of students in the 
University of Michigan, Our admirable system of public High- 
Schools^ of which schools there is now one in almost eyery consid- 
erable yillage, promises ere. long to become to us something near 
what the German Gymnasia are to their Uniyersities. In order to 
promote the legitimate deyelopment of these schools, it is necessary 
that the Uniyeraity resign to them the work of instruction in the 
elements of the yarious branches, as fast and aa far as they are pre- 
pared in sufficient numbers to undertake it. It is thought that 
these schools should now giye the instruction in Elementwy Geom- 
etry, which has hitherto been giyen in our ordinary college course. 
The first two parts of this yolume furnish this amount of instrui^ 
tion, and students are expected to pass examination upon it on their 
entranoe into the Uniyersity. This amount of preparation enables 
students to extend their knowledge of Geometry, during the Fresh- 
man year in the XTniyersity, considerably beyond what has hitherto 
been practicable. As a text-book for such students^ Pari UL has 
been written. At this stage of his progress, the student is prepared 
to learn to inyestigate. for himself. Hence he is here furnished with 
a large collection of well classified theorems and problems^ which 
afford a reyiew of aU that has gone before, extend his knowledge of 
geometrical truth, and give him the needed discipline in original 
demonstration. To deyelop the power of independent thought, is 
the most difficult, while it is the most important part of the teach- 
er's work. Great pains haye therefore been taken, in this part 
of the work, to render such aid, and only sucky as a student ought to 
require in adyancing from the stage in which he has been follow- 
ing the processes of others, to that of independent reasoning. In 
the second place, this part contains what is usually styled Applica^ 
tions of Algebra to Geometry, with an extended and carefully selected 
range of examples in this important subject A third purpose has 
been to present in this part an introduction to what is often spoken 
of as the Modern Geometry, by which is meant the results of modem 
thought in deyeloping geometrical truth upon the direct method. 
While, as a system of geometrical reasoning, this Geometry is not 
philosophically different from that with which the student of Euclid 
is familiar, and which is properly distinguished as the epedal or direct 
method, the character of the flEU^ts deyeloped is quite noyel. So 
much so, indeed, that the student who has no knowledge of Geometry 
but that which our common text-books furnish, knows absolutely 
nothing of the domain into which most of the brilliant adyances of 
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the present century have been made. He knows not eyen the terms 
in which the ideas of such writers as Poncblet, Ghasles, and Sal- 
uoNf are expressed, and he is quite as much a stranger to the thought 
In this part are presented the fundamental ideas concerning Loci, 
Symmetry, Maxima and Minimii, Isoperimetry, the theory of TranS' 
versais, Anharmonic RaiiOf Folars, Radical Axes, and other modem 
views concerning the circle. 

Pabt IV. 18 Plane and Spherical Triganametry, with the requisite 
Tables. While this Part, as a whole, is much more complete than the 
treatises in common use in our schools, it is so arranged that a shorter 
course can be taken by such as dedre it. Thus, for a shorter course in 
Plane Trigonometry, see ISote on page 55. In Spherical Trigono- 
metry, the first three sections, either with or without the Introduc- 
tion on Projection, will afford a yeiy satisfactory elementary course. 

A few words as to the manner in which this plan has-been executed, 
may be important. In general, the Definitions are those usually given, 
with such slight alterations as have been suggested by reflection and 
experience. There are, however, a few exceptions. Among these is 
the definition of an Angle. I can but regard the attempt to define 
an angle as T%e difference in direction between two lines, or The 
amount of divergence, as needlessly vague, abstract, and perplexing 
to a student, as well as questionable on philosophical grounds. The 
definition given in the text will be seen to be, at bottom, the old 
one, the conception being slightly altered to bring it into more close 
connection with common thought, and also with the idea of an angle 
as generated by the revolution of a line. As to Parallels, and the 
definition of similarity, my experience as a teacher is decidedly in 
&vor of retaining the old notions. So also in adopting a definition 
of a Trigonometrical Function, I am compelled to adhere to the 
geometrical conception. A ratio is a complex concept, and conse- 
quently not so easy of application as a simple one. For this reason, 
among others, I prefer the differential to the differential coefficient, 
in the calculus, and a line to a ratio, in Trigonometry. Moreover, I 
have found that students invariably rely upon the geometrical con- 
ception, even when first taught the other ; hence I am not surprised 
that all our writers who define a trigonometrical function as a ratio, 
hasten to tell the pupil what it means, by giving him the geometrical 
illustrations. Kor are the superior &cility which the geometrical 
conception aflfords for a full elucidation of the doctrine of the signs 
of the functions, and its admirable adaptation to fix these laws in the 
mind, considerations to be lost sight of in selecting the definition. 
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Surely no apology is needed, at the present day, for introducing 
the idea of ?/io^ton into Elementary Oeometry, notwithstanding the 
rigorous and disdainful manner with which its entrance was long re- 
sisted by the old Geometers. And, having admitted this idea, the 
conception of loci as generated by motion would seem to follow as a 
logical necessity. In like manner, I take it, the Infinitesimal 
method must come in. Its directness, simplicity, and necessity in 
applied mathematics, demand its recognition in the elements. In 
two or three instances, I have presented the reductio ad aisurdum, 
where the methods are equivalents, and have always in presenting the 
infinitesimal method woven in the idea of KmitSy which I conceive to 
be fundamentally the same as the infinitesimal Thus we bring the 
lower and higher mathematics into closer connection. 

The order of arrangefnent in Plane Geometry (Chap. L), is thought 
to be simple, philosophical, and practical. A glance at the table of 
contents will show what it is. This arrangement secures the 
very important result, that each section presents some particulax 
method of proof and holds the student to it, until it is familiar. 
True, it requires that a larger number of propositions be demonstrated 
from fundamental truths ; but who will consider this an objection ? 

To such as consider it the sole province of geometrical demonstra" 
tion, to convince the mind of the truth of a proposition, not a few 
theorems in these and ordinary pages must seem quite superfluous. To 
them. Prop. I., page 121, may aflfbrd some merriment. But those who, 
with myself, consider Geometry as a branch of practical logic, the 
aim of which is to detect and state the steps which actually lie be- 
tween premise and conclusion, will see the propriety of such demonstra- 
tions; and for each individual of the other class, a separate treatise 
will be needed; since no two minds will intuitively grant exactly the 
same propositions. 

To Ex-President Hill, of Harvard, I am indebted for the confir- 
mation of an opinion which had been previously forming in my mind, 
that the study of Geometry as a branch of logic, should be preceded 
by a presentation of its leading facts. The works of Oompagkok, 
Tappak, and our lamented countryman, Chauveket, have been 
within reach during the entire work of preparation, and this volume 
would have been different, in some respects, if any one of these able 
treatises had not appeared before it. 

In the preparation of Pabt III. the works of Eofohb et Combb- 
BOUSSE and Mulcahy have been freely used. For the very concise 
and elegant form in which the principle of Delambre, for the pre- 
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dae calcolationfl of Trigonometrical Functions near their limits, is 
embodied in Tablb IIL, I am indebted to the recent work of Presi' 
dent Eli T. Tappan, of Kenyon College, Ohio. 

My long and intimate intercourse with Professor G. B. Mebbihak, 
now of the department of Physics in the TJniyersity, has been a 
source of great profit to me in the preparation of the entire work. 
His sound, practical judgment as a teacher of Geometry, and culti- 
vated taste and skill as a Mathematician, hare been ever at my ser- 
yice, and have done more than I can tell, in giving form to the work, 

both as respects its matter and its spirit, 

Edwasd Olistbt. 

TThitxrrtt of KioHioAir, 

Am Abbob, JtmfuaiTft 18TIL 
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SECTION I. 

LOOIOO-MATHEMATICAL TERMS.* 

1. A ^Proposition is a statement of something to be considered 
or done. 

III.— Thus, the common statement, *' Life is short," is a proposition ; so, 
also, we make, or state a proposition, when we say, " Let us seek earnestly after 
tmth.*' — '^ The prodact of the divisor and quotient, plus the remainder, equals 
the dividend," and the requirement, " To reduce a fraction to its lowest terms," 
are examples of Arithmetical propositions. 

2* Propositions are distinguished as AxiomSy Theorems^ LemmaSf 
CoroIlarieSy Postulates, and Problems* 

3. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proo£ 

III.— Thus, *' A part of a thing is less than the whole of it," " Equimultiples 
of equals are equal," are examples of axioms. If any one does not admit the 
truth of axioms, when he understands the terms used, we say that his mind is 
not sound, and that we cannot reason with him. 

4» A Theorem is a proposition which states a real or supposed 
fact) whose truth or falsity we are to determine by reasoning. 

III. — ** If the same quantity he added to both numerator and denominator 
of a proper fraction, the value of the fraction will be increased," is a theorem. 
It is a statement the truth or falsity of which we are to determine by a course 
of reasoning. 

* mist ip, terms naed In the ffdeoce in conteqoence of Its logical chsrscter. The science oi 
the Pore Kathematics mar be considered as a department of practical logic 
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&• A Hetnonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells how a thing is done : a demon- 
stration tells why it is so done. A demonstration is often called 
proof. 

6» A Lemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem* 

III.— Thus, in order to demonfitrate the rale for finding the greatest common 
divisor of two or more numbers, it may be best first to prove that '* A divisor 
of two numbers is a divisor of their sum, and also of their difference." This 
theorem, when proved for such a purpose, is called a Lsmma, 

- The term Lemma is not much used, and is not very important, since most 
theorems, once proved, become in turn auxiliary to tlie proof of others, and 
hence might be called lemmas. 

7* A Corollary is a subordinate theorem which is suggested, 
or the truth of which is made evident, in the course of the demon- 
stration of a more general theorem, or which is a direct inference 
from a proposition, or a definition. 

III.— Thus, by the discussion of the ordinary process of performing subtrac- 
tion in Arithmetic, the follow hag Corollary might be suggested : ** Subtraction 
may also be performed by addition, as we can readily observe what number 
must be added to the subtrahend to produce the minuend." 

&• A Postulate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

III. — Quantities of the same kind can be added together. 

9* A ^Problem is a proposition to do some specified thing, and 
is stated with reference to developing the method of doing it 

III. — ^A problem is often stated as an incomplete sentence, as, " To reduce 
firactions to a common denominator." — ^This incomplete statement means that 
** We propose to show how to reduce fhustions to a co^^on denominator." 
Again, the problem *' To construct a square," means that *^ We propose to draw 
a figure whicii is called a square, and to tell how it is done." 

10. A MtUe is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 
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Urn A Solutian is the process of performing a problem or an 
example. It should usuaUy be accompanied by a demonstration of 
the process. 

12. A SchoHum is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it 

iLLb—Thus, after having discussed the subject of multiplication and division 
in Arithmetic, the remark that ** Division is the converse of multiplication^" is 
a schoUum. 



SYNOPSIS. 



Baliject of the section. 

proposition. lU. 

Varieties of propositions. 

Axiom. 29. 

One who will not admit the truth 

of axioms. 
Tlieorem. 22Z. 
Demonstration. Difference between 

a solution and a demonstration. 



Lemma. Hi Why the term is unim- 
portant. 
Corollary. lU. 
Postulate. lU. 
Problem. How stated. iSL 
Rule. 
Solution. 
ScholiunL iR. 
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THB QEOMETRIOAL CONCEPTS.* 



poniTS. 

18. A Paint is a place without size. Points are designated by 
letters. 

lLL.^f we wish to designate any par^cular point (place) on the paper, we 
pot a letter by it, and sometimes a dot on it Thus, 
in Fiff. 8, the ends of the line, which are points, are kp 

designated as •* point A," •* pomt D ;" or, simply, 
as A and D. The points marked on the line are 

deaignated as " point B," "point C," or as B and /[ "B 

C. F and E are two points above the line. Fie. 8. 



* A cooceiii Ib a thing tboogfat about ;—% thooght-object. Thus, In Arithmetic, nomber Ib 
the ooDoept ; In Botny, plants ; In Qeometry, m wlU appear In this section, points, lines, and 
soUds. TlMMBaf alM be said tocoostltnte the su^fso^^ioMfr of the science. 
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USES. 

14* A Idne is the path of a point in motion. Lines are repre- 
sented upon paper by marks made with a pen or pencil, the point of 
tlie pen or pencil representing the moving point. A line is desig- 
nated by naming the letters written at its extremities, or somewhere 
upon it 

III. — In each case in Fig. 4, conceive a point to start from A and move along 
y. the path indicated by the mark to B. The path 

thus traced is a line. Sinw a true point has no 
me, a tins has no breadth^ though the marks by 
which we represent lines have some breadth. 
The first and third •lines in the figure are each 
designated as **the line AB." The second line 
is considered as traced by a point starting from 
A and coming around to A again, so that B and A 
coincide. This line may be designated as the 
line AmnA, or AmnB, In the fourth case, there 
are three lines represented, which are designated, 
respectively, as AmB, AnB, and AcB; or, the 
last, as AB. 

15, Lines are of Two Kinds, 

Straight and Curved. A straight line is 
also called a Right Line. A curved line 
is often called simply a Curve, 

16. A Straight Line* is a line 
traced by a point which moves constantly 
in the same direction. 
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17* A Cii/tved Line is a line traced by a point which con- 
stantly changes its direction of motion. 

lLL*&~Thus in 1, FKg. 4, if the Ime AB is conceived as traced by a point 
moving from A to B, it is evident that this point moves in the same direction 
throughout its course; hence AB is a straiglit line. If a body, as a stone, l)e 
let &11, it moves constantly toward the centre of the earth ; hence its path 
represents a straight line. If a weight be suspended by a string, the string 
represents a straight line. Considering the line represented by AtB, Fig. 4, as 
the path of a point moving from A to B, we see that the direcUon of motion is 
constantly changing. For example, if this were a line traced on a mi^, we 

<i W ■ i .1.1. 

-* TIM woid "line" used alone signlflM *' stnlglit Una.** 
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would say, that, starting from A,. the point begins to move nearly north, bat 
keeps changing its direction more and more toward the east, until at 8 it moves 
directly east; and from 8 it continues to change its course and moves 
more and more toward the south, till at i it is moving directly south. The 
same general truth is illustrated in 2 and 4, Fig, 4. The path of a ball thrown 
into the air, in any direction except directly up, represents a curved line. Most 
of the lines seen in nature are curved, as 
the edges of leaves, the shore of a river 
or lake, etc. Sometimes a path like that 
represented in Ftg. 5 is called, though im- 
properly, a Brt^n lAtu, It is not a line 
at all; that is, not ojie line : it is a series of straight lines. 




SURFACES. 
18. A Surface is the path of a line in motion.* ^ ■ 
19* Surfiftces are of Two JKindSt Plane and Curved. 

20. A Plane Surface, or simply a Plane, is a surface with 
which a straight line may be made to coincide in any direction. 
Sach a surface may always be conceived as the path of a straight 
line in motion. 

^ 2t» A Curved Surface is a surface^ in which,- if lines arer 
€^Meived' to be drawn in all directions^ some or all of them will 
bo ourvod Hnes.- 

Ill's.— Let AB, Fig, 0, be supposed to move to the right, so that its extremi- 
ties A and B move at the same rate and in the 
same direction, A tracing the line AD, and B, the 
line BC. The path of the line, the figure ABCD, 
is a surfiice. This page is a surface, and may be 
conceived as the path of a line sliding like a ruler 
from top to bottom of it, or from one side to the 
other. Such a path will have length and breadth, 
being in the latter respect unlike a line, which has ^^ ^< 

only length. 

As a second illustration, suppose a fine wire bent into the form of the 
curve AmB, Fig. 7, and its ends A and B stuck into a rod, XY. Now, takmg the 
rod XY in the fingers and rolling it, it is evident that the path of the line 
represented by the wire AmB, will be the surface of a ball (sphere). 

• Sboold it be mM that irregiilar sarlkces tre not Indaded In thU deftnitlon, thd enfflcient 
reply ie, thtt each earthoes tre not sot^ects of Geometrical InTeetigatton, except approzl- 
■atdj, by meana of regntar nutMea. 
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Again, suppose tlie rod XY be placed on the snrfkce of this pape^ 00 

that the wire AmB shall stand stiaight np 
from the paper, Just as it would be if we 
could take hold of the curve at m and raise 
it right up, letting XY lie as it does in the 
figure. Now slide the rod straight up or 
down the pagCi making both ends move at the 
same rate. The path of AmB will be like the 
surface of a half-round rod (a semi-cylinder). 

Thus we see how sur&ces plane and curved may be conceived as the paths of 

lines in motion. 




X A 



Fig. 7. 



B Y 



7B^ 




X A 



B Y 
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Ex. 1. If the curve AnB, Fig. 8, 
be conceiyed as revolved about 
the line XY, the surface of what 
object will its path be like ? 




Ex. 2. If the figure OMNP, Fig. 9, be 
conceived as revolved about OPy what kind 
of a path will MN trace? What kind of 
paths wiU PN and OM trace? 

Ana. One path will be like the sur&ce 
of a joint of stove-pipe, t. e.y a cylindrical 
surface; and one will be like a flat wheel, 
t. e.i a circle. 
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Ex. 8. If you fasten one end of a cord at a point in the ceiling and 
hang a ball on the other end, and then make the ball swing around 
in a circle, what kind of a surface wiU the string describe ? 

[Note. — The student is not necessarily expected to give the geometrical 
name of the surfiice, but rather to tell in his own way what it is like, so as tn 
make it clear that he conceives the thing itself] 

Ex. 4. If you were to draw lines in all directions on the surface of 
the stove-pipe, might any of them be straight ? Gould aU of them 
be straight ? What kind of a surface is this, therefore ? 

Ex. 5. Can you draw a straight line on the surface of a ball ? On 
the surface of an egg ? What kind of surfaces are these ? 

Ex. 6. When the carpenter wishes to make the surface of a board 
perfectly flat, he takes a ruler whose edge is a straight line, and lays 
this straight edge on the surface in all directions, watching closely 
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to see if \i always toaches. Which of our definitions is he illos- 
tmting by his practice ? 

Ex. 7. When the miller wishes to make flat the surface of one of 
the large stones with which wheat is ground into flour, he sometimes 
takes a ruler with a straight edge, and smearing the edge with paint, 
applies it in all directions to the surface, and then chips off the stone 
where the paint is left on it. What principles is he illustrating ? 

Ex. 8. How can you conceive a straight line to move so that it 
shall not generate a surface ? 



ANGLES. 

22. A Plane Angle, or simply an Anghy is the opening be- 
tween two lines which meet each other. The point in which the 
lines meet is called the vertex, and the lines are called the sides* 
An angle is designated by placing a letter at its vertex, and one at 
each of its sides. In reading, we name the letter at the vertex when 
there is but one vertex at the point, and the three letters when there 
are two or more vertices at the same point In the latter case, the 
letter at the vertex is put between the other two. 

Ilu — ^In common language an 
angle is called a comer. The 
opening between the two lines 
AB and AC, in which the figure 1 
stands, is called the angle A ; or, 
if we choose, we may call it the 
angle BAC. At L there are two 
vertices, so that were we to say 
the angle L, one would not know 
whether we meant the angle (cor- 
ner) in which 4 stands, or that in 
which 6 stands. To avoid this 
ambiguity, we say the angle HLR 
Ibr the ibrmer, and RLT for the 
latter. The angle ZAY is the cor- 
ner in which 11 stands ; that is, 
the opening between the two 
lines AY and AZ. In designating 
an angle by three lettere, it is im- 
material which letter stands first 
so that the one at the vertex is 
pat between the other two. Thos, 
ras and SQP are both designa- 
tions of the angle in which 6 
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standg. An angje is also freqaently designated by patting a letter or fignre in 
it and near the vertex. 

23. The Size of an Angle depends upon the rapidity with 
which its sides separate^ and not npon their length. 

III. — The angles BAC and MON, Ftg, 10, are eqoal, since the sides separate 
at the same rate, although the sides of the latter are more prolonged than those 
of the former. The sides DF and DE separate &ster than AB and AC» hence the 
angle EDF is greater than the angle BAC. 

24* Adjiicent Angles are angles so situated as to have a com- 
mon yertex and one common side lying between them* 

III. — In Fig, 10, angles 4 and 5 are adjacent, since they have the oonmion 
Tertex L, and the common side LR. Angles 9 and 10 are also adjacent, as are 
also 8 and 9. 

25* Angles are distinguished as Right Angles and Oblique Angles. 
Oblique angles are either Acute or Obtuse. 

26m A Might Angle is an angle included between two straight 
lines which meet each other in such a manner as to make the adja- 
cent angles equal An Acute Angle is an angle which is less 
than a right angle, i. e,, one whose sides separate less rapidly. 
An Obtuse Angle is an angle which is greater than a right angle, 
u e.f one whose sides separate more rapidly. 

III. — ^As in common language an angle is called 
a eoTTier, so a right angle is called a gquare comer ; 
an acute, a sharp eomer; and an obtuse angle might 
be called a blunt comer. In Ftg. 11, BAC and 
DAB are right angles. In Fig. 10, 1, 2, 8, 5, 8, 9, 
and 10 are acute angles, 4 and 6 are obtuse, and 7 is 
a right angle. 



A C 

Fra. 11. 
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27m A Solid is a limited portion of space. It may also be con- 
ceived as the path of a surface in motion. 

III.'— Suppose you have a block of wood like that represented in Fig, 12, 
with all its comers (angles) square comers (right angles). Hold it still in yoor 
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flngen a moment, and fix your mind 
upon it Now take the block away and 
tiiink of the space (place) where it was. 
This space will be of Just the same form 
as the block of wood, and by a little ef- 
fort yoa can think of it Joat as well as of 
the wood. This 9paee is an example of 
what we call a StfKd in Geometry. In 
flict, the solids of Geometiy are not solids 
at all in the common sense of solids ; they are only place* cf certain ^apa. 

Again, hold yonr ball still a moment in your fingers and then let it drop, and 
think of the place it filled when you had it in your fingers. It is this fiace^ 
shaped jost like your ball, that we think about, and talk about as a coUd^ in 
Geometry. 

In order to see how a solid may be conceived as the path of a surface, sup- 
pose you cut out a piece of paper of Just the same size as the end of the block 
represented in Fig. 12. Let ABCD represent this piece of paper. Now, holding 
the i>aper in a perpendicular position, as ABCD is represented in the figure, 
move it along to the right, so that its angles shall trace the lines AG, BH, DE, 
and CF. When the paper has moved to the position CHFE, its path will be 
just the same space as the block of wood occupied. This path, or the space 
through which the surfhce represented by the piece of paper moved, is the solid. 

Ex. 1. If a semicircle is conceived as reyolved around its diameter^ 
what is the path through which it moves ? See Fig. 7. 

Ex. 2. If the surface OMNP> Fig. 9, is conceived as revolved around 
0P> what is the path through which it moves ? 

Caution.— The student needs to be carefhl and distinguish between the 
mnrface traced by the Unc MN, and the coUd traced by the tutfacc OMNP. 

Ex. 3. If the surface represented by ABC be con- 
ceived as revolved about its side CA, what kind of 
a solid is its path ? 

[None.— As has been said before, the student is not 

necessarily expected to name these solids, but rather to 

show, in hia own language, that he has the conception.] 

^^ • 

Ex. 4. As you fill a yessel with water, what is the 

solid traced by the surface of the water ? 

Ans. The same as the space within the vessel. 
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Ex. 5. If a circle is conceived as lying horizontally^ and then 
moved directly up, what will be the solid described, i. e., its path ? 
Do not confound the surface described with the solid. What de- 
scribes the surface ? What the solid ? 
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EXTENSION AND FOBM. 

28. JExienston means a stretching or reaching out Hence, a 
Point has no extension. It has only position (place). A Line 
stretches or reaches out, but only in length, as it has no width. 
Hence, a line is said to hare One Dimeneum^ viz., length. A Surface 
extends not only in length, but also in breadth; and hence has 
Two DimensionSy viz., length and breadth. A Solid has Three Di' 
mensions, viz., length, breadth, and thickness. 

III.— Suppose wo think of a point as capable of stretching out (extending) 
in one direction. It would become a Hue. Now suppose the line to stretch out 
(extend) in another direction— to widen. It would become a sur&ce. Finally, 
suppose the surfiice capable of thickening, that is, extending in another dir»> 
tion. It would become a solid. 

29* The Limits (extremities) of aline are points. 
The Limits (boundaries) of a surface are lines. 
The Limits (boundaries) of a solid are surfaces. 

30* Magnitude (size) is the result of extension. Lines, sur- 
faces, and solids are the geometrical magnitudes. A point is not a 
magnitude, since it has no size. The magnitude of a line is its 
length; of a surface, its area'; of a solid, its volume. 

31. Figure (yr Form (shape) is the result of position of 
points. The form of a line (as straight or curved) depends upon the 
relative position of the points in the line. The form of a surface (as 
plane or curved) depends upon the relative position of the points 
in it The form of a solid depends upon the relative position of the 
points in its surface. Lines, surfaces, and solids are the geometrical 
figures.* 

III.— In Fig, 14, it is easy to conceive the form of the lines by knowing the 

_: position of points in the lines. By taking a 

quantity of common p2ns of different lengths, 
sticking them upright in a board, and conceiv- 
ing the heads to represent points in a sur&ce, 
we can readily see how the position of the points 
in a surface determine its form. 

^^' "• Ex. 1. Suppose a line to begin to con- 

* Lines, sarflicw, and solids are called mafniitadee when reference Is bad to their extml^ 
and flgores when reference is had to their/onn. 
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tract in lengthy and continae the operation till it can contract no 
longer, what does it become ? That is, what is the minor limit of a 
line? 

Ex. ^ K a sur£Eu;e contracts in one dimension, as width, till it 
reaches its limit, what does it become ? If it contracts to its limit 
in both dimensions, what does it become ? 

Ex. 3. If a solid contracts to its limit in one dimension, what does 
it pass into ? K in two dimensions ? If in three dimensions ? 

Ex. 4. What kind of a surface is that, every point in which is 
equally distant from a given point ? 

32» Geometry treaia o{ magnitude and/orm as the result of 
extension and position. 

The Oeometrical Concepts are points, lines, surfaces (including 
plane and spherical angles), and solids (including solid angles). 

The Object of the science is the measurement and comparison of 
these concepts. 

Plane Oeometry treats of figures all of whose parts are confined to one plane. 
8oUd Oeometry, called also Oeometry cf Spcuie, and Oeometry of Three IHrneneione, 
treats of figures whose parts lie in different planes. The division of Part II. 
hito two chapters is founded upon this distinction. In the Higher or Oeneral 
Oeometry these divisions are marked by the terms " Qf Loci in a Plane,** and 
" QfLod in Space.*' 
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What. — How designated. — lU, 
PovsT ....•{ Dimensions of. 

Limit of Line. — Surface. — Solid. 
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rWhat 
How designated. 
Dimensions of. 
Limit of Surface. 

{Straight.— Whut— TBI 
Curved.— What.— JTOL 
Broken (f). 



SUBFACB..' 



What 

Dimensions ofl 

Limit of Solid. 

iri«-i- S Plane.— What— /BL 

*""^ \ Curved.— What— JO. 

( What — Size depends on what— Adjacent 
, Angle \ i Right— What— /«. 

( Kinds i HKHnnA i Acute,— What— iKL 
( ^^^"^"^^ \ ObtU8e.-What.-ia. 



^ Solid What— iB^- Examples. 

(rr.^^ ^^ i Magnitude.— What— Result of what 

1 reats oi i Figure or form.— What— Result of what 

Concept8.-What 
O^ect— What 
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A FEW OP THE MOKE IMPORTANT FACTS OF THE 

SCIENCE. 



SECTION I. 

ABOUT STRAIGHT LINES. 

33. JProb^ — To measure a straight line with the dividers and 
teak. 

SoLtmoK. — Let AB, Ftg, 15, be the line to be meaBored. Take the dividers, 

. Fiff, 1 (ftrontispiece), and placing 

' ' the sharp p(^t A firmly upon 

Ci -iQ the end A of the line AB, open 

the dividers till the other point 
E ' ' F B (the pencil point) j ust reaches 

^ ^ ^ ^ the other end of the line B. 

Then letting the dividers ro« 



l»— — -^ — ..^^j^ main open Just this amount, 

^^' *^ place the point A on the lower 

end of the left hand scale, as at o. Fig, 1» and notice where the point B reaches^ 
In this case it reaches 8 spaces l>e7ond the figure 1. Now, as this scale is 
iadies and tenths of inches,* the line A B is 1.3 inches long. 

Ex. 1. What is the length of CO ? A7is. .15 of a foot. 

Ex. 2. What is the length of EF ? Ans. .75 of an inch. 

Ex. 3. What is the length of CH ? Ans. H inches. 

Ex. 4. What is the length of IK P Ans. .18 of a foot. 

Ex. 5. Draw a line 3 inches long. 
Ex. 6. Draw a line 2.15 inches long. 
Ex. 7. Draw a line 1.25 inches long. 
Ex. 8. Draw a line .85 of an inch long. 



^ The next scale to the right is diTtded Into lOths and lOOths of a Ibot. That from p to 10 
to 1 tonth of a fbot, and the imaUer diTialona are hnndradtha. 
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[NoTB. — Suppose a fine elastic cord were attached by each of its ends to the 
points A and B of the dividers ; when they were opened so as to reach from 
C to D, Fig, 15, the cord would represent the line CO. Now applying the di- 
viders to the scale is the same as laying this cord on the scale. Without the 
cord, we can imagine the distance between the points of the dividers to be a line 
of the same length as CO.] 

Ex. 9. Find in the same way as aboye the length and width of this 
page. Also the distance fh>m one comer (angle) to the opposite one 
(the diagonal). 
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34. Probm — To find the sum of two lines. 

SOLUTIOK.— To find the sum of AB and CD, I* first draw the indefinite line 
Ex. With the dividers I obtain the length of AB, by pladng one point on A 
and extending the other to B. a» 'B 

This length I now lay off on the 
indefinite line Ev, by putting one 
point of the dividers at E and E' ^ ^ -X 

with the other marking the point Fie. 18. 

F. EF is thus made equal to AB. 

In the same manner taking the length of CO with the dividers, I lay it off irom 
F on the line ^x. Thus I obtain EG=EF+FG=AB + CD. Hence, the sum of 
AB and CD is EC. 

[NoTB.— The student may measure EG by {3S) and find the sum of AB and 
CD in inches or feet ; but it is most important that he be able to look upon EC 
as the sum itself.] 

Ex. 1. Find the sum of AB and EF, Fig. 15. 
Ex. 2. Find the sum of EF, CD, and GH, Fig. 15. 

Ex. 3. Make a line twice as long as CO, Fig. 16. Three times as 
long. 

3Sm JPrab* — To find the difference of two lines. 

BoLvnoK.— To find the difference of AB and CD, I take the length of the 

less line AB with the dividers ; and placing 

one point of the dividers at one extremity 

of CD, as C, make Ce = AB. Then is eO C i ■ i D 

the difference of AB and CD, since eD =s fu». n. 

CD - Cd s CD - AB. 

Ex. 1. Find the difference of IK and EF, Fig. 15. 
Ex. 2. Find the difference of GH and CD, Fig. 15. 

^ ThcM elemcnUry lohitioiif an f omtUmM pnt In the tliigalar, m tiM more ilinpto wtfH, 
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Ex. 3. Find how much longer IK, Fig. 15, is than the sum of EF, 
Fig. 15, and CD, Fig. 16. 

Ex. 4. Find the difference of the sum of AB and CH, and the 
sum of CD and EF, Fig. 15. 



36* JProb^ — To compare the lengths of two lines ; thai is, to find 
their ratio (approximately*). 

SoLtTTioN.— To compare the lengths of AB and CD, I lay off AB, the shorter, 

upon CD, as Co. (If AB could be 

C« jp 9^ — y, — ^7T^ applied two or more times to CD, 

I should apply It as many Umes as 

S ^ , CD would contain It) Now I apply 

A^ 35——+ # • * V» the remainder of CD, viz., oD, to AB, 

^'^' ^^' as many times as AB will contain H, 

which is once with the remainder &B. This remainder I now apply to oD, and 
find it contained once with a remainder cD. Again, I apply this last remainder 
to &B, and find it contained twice with a remainder (2B. This last remainder I 
now apply to cD, and find it contained 8 times, without any remainder. This 
last measure, <{B, is a conmion measure of the two lines. Calling (28 1, 1 now 
observe that 

dB = l; 

oD =8(2B=8; 

bd =:20D=r6; 

ae =&B=i:M+dB = 7; 

oD = oc + 0D = 10; 

AB =r A& + &B = oD + ae = 17; 

CD = Ca + oD = AB + oD = 27. 

Hence the lines AB and CD are to each other as the numbers 17 and 27 ; AB 
is ^} of CD ; or, expressed in the form of a proportion, AB : CD : : 17 : 27. 

[NoTB.~This process will be seen to be the same as that developed in Arith- 
metic and Algebra for finding the greatest or highest Common Measure of two 
numbers, and should be stadied hi connection with a review of those processes. 
See CoJCPLBTB Aiuthhbtic (ii5), and Cojiplbtb School Algbbba {137).] 

Ex« 1. Find, as abore, the approximate ratio of AB to CD, Fig. 15. 

Ratio, 13 : 18. 

Ex. 2. Find, as above, the approximate ratio of CD and IK, Mg. U. 

Ratio, 5:6. 



* This method does not get the txaet rmtio, becaae of the Imperfection of meMnrement, and 
ilflo b«caaae lines are sometiffles Incommensonble, m will appear hereafter. 
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Ex. 3. Find, as above, the approximate ratio of EF to CH, Fig. 15. 

Ratio, 1 : 2. 

Ex. 4. Find, as above, the approximate ratio of EF to CD, Fig. 15. 

RatiOy 5:12. 



>t 37m To Intersect is to cross; and a crossing is called an 
Jntersedian. 

/ 38m To Bisect anything is to divide it into two equal parts. 
a 39. Prob*—To bisect a given line. 



^ 



B 



SoLunoK.— To bisect the line AB, I take the dividers; and opening them 
so that the line between their points is more than 
half as long as AB, I place the sharp point A on 
the point A, and holding it firmly there, make a 
little mark with the pencil point B, as nearly as I 
can gness, opposite the middle of the line. Then, 

being carefVil to keep the dividers open just the j^ 

same, I place the sharp point on B, and make a 

marie intersecting the first one, as at m. Now, 

doing Just the same on the other side of the line, 

I make two marks intersecting each other, as at n. 

Finally, I draw a line from m to n, and where this 

line crosses AB is its middle point; that is, AQ is equal to OB. [Why this is 

go we do not propose to tell now. The student needs only to learn how to do 

it He should meature AO and OB, and thus test the accuracy of his work.] 



Fici. 19. 



Ex. 1. Is it necessary that the dividers be opened just as wide 
when the marks are made throngh n, as when they are made 
through m? Try it 

Ex. 2. Suppose you make the marks through m as directed, but, 
in making those through n, you have the 
dividers wider open when you put the point 
on A than when you put it on B; will the 
line joining m and n then cross AB in the 
middle ? If not, on which side of the mid- 
dle wiU be ? Try it 

Ex. 3. Can you bisect a line by making ^ ^ ■ 

the marks all on one side of it ? If so, do it 
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40. Axiofiu* — A straight line is the shortest path between two 
points. 

III. — ^If a cord is Hretehed across the table, it marks a straight line. In this 
way the carpenter marlLs a straight line. Having rubbed a cord, called a chalk- 
line, with chalk, he stretches it tightly from one point to another on the surfaces 
upon which he wishes to mark the line, and then raising the middle of the 
cord, lets it snap upon the surfiice. So the gardener makes the edges of his 
paths straight by stretching a cord along them, lliese operations depend upon 
the principle that when the line between the points is the shortest possible, it 
is straight 

41* Axiom. — Two points in a straight line determine its 
position. 

III.— If the farmer wants a straight fence built, he sets two stakes to mark 
its ends. From these its enthe course becomes known. This is the principle 
upon which aligning (or sighting) depends. Haying given two points in the 
required line, by looking in the direction of one fh>m the other, we look along a 
: stndght line, and are thus able to locate other points in the line. If the points 
^ ^ A and B are marked, by 

ri '^ ^^ •^ putting the eye at A and 

"^ ^X S i £ k lookmg steadily towards 

^ *C* B, we can tell whether D 

^•* **• and E are hi the same 

straight Ihie with A and B, or not So we can observe that C and C" are not, 
in the line; but that C is. This process of discovering other points in a Ime 
with two given pomts is called aligning, or sightmg. In this way a row of 
trees is made straight, or a line of stakes set It is the principle upon which 
the surveyor runs his lines, and the hunter aims his gun. In the latter case» 
the two sights are the given points, and the mark, or game, is a third point, 
jFhich the marksman wishes to have in the same straight line as the sights. 



Vi 



42. Axiom. — Between the same two points there is one straight 
line^ and only one* 

III.— Let any two letters on this page represent the situation of two points ; 
we readily see that there is one, and only one, straight path between them. 
Again, let a comer of the desk represent one point and a comer of the ceiling 
of the room represent another point ; we perceive at once that, if a point is 
conceived to pass in a straight line IVom one to the other, it will always trace 

^ An axiom may be illustrated, but it needf no de/MmitrtUknu We may explain the terms 
UKd and elaborate the condensed rUtement ; bnt if, when Its meaning is clearly understood, 
any one does not grant the truth of lu statement, he has not a sound mind, and we cannot 
reason with him. 
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the same path. In short, as soon as two points are mentioned, we think of the 
distance between them as a single straight line, — for example, the centre of the 
earth and the centre of the sun. 

Once more, conceive A and B, Fig, 21, to be two points in the path of a point 
moviDj; from A in the direction of B. Now aU the points in the same direction 
from A as B is, are in this path ; and any point out of this line, as C or C\ is 
in a different direction from A. 

In this manner wc draw a straight line on paper by laying the straight edge 
of a ruler on two points through which we wish the line to pass, and passing a 
pen or pencil along this edge. 

Cor, — Ttoo straight lines can intersect in but one point; for, if 
they had two points common, they would coincide and not intersect. 

Ex. 1. A railroad is to be run from the town A to town B. If it is 
made straight, through what points will it pass ? Can it pass through 
any points not in the same direction from A as B is P 

Ex. 2. If I live on the south side of a straight railroad, and my 
friend on the north side, but five miles farther east, and two miles 
farther north, and the road from my house to his is straight, how 
many times does it cross the railroad ? 

Ex. 3. Can you always draw a straight line which shall cut a 
curve (whatever curve it may be) in two points ? Try it. 

Ex. 4. Detroit is directly east of where I live. How could I drive 
my horse there and never turn his head to the east ? Would he have 
to travel in straight lines or in a curve ? If I drive him on a curve, 
how can I manage it so that his head will be 
east for but an instant ? If his head is all 
the time east, what is the line in which I 
drive him ? 

8uG. — The figure will suggest how the first may y,^ 33 

be accomplished. 




"^ 43. A Perpendicular to a given line is a line which makes 
a right angle (26) with the given line. The latter is also perpen- 
dicular to the former. Oblique Lines are such as are not perpen- 
dicular to each other, and which meet if suflSciently extended. 

III.— In Fig. 11, BA is perpendicular to DC ; so also AC is perpendicular to 
BA. In Fig. 10, KG and Kl are perpendicular to each other. The other lines 
in Fig, 10 are oblique to each other. 

% 
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^ 44. Prob* — To erect a perpendicular to a given line ai a given 
point in the line. 

Solution. — Suppose I want to erect a perpendicular to the line XY, at the 



*C 



Y 



point A. With the dividers I measure 
off a distance AB on one side of the point 
A, and an equal distance AC on the other 
side. Then opening the dividers a little 
wider, I put the sharp point on B and 
make a mark with the pencil point, as 
at 0, about where I think the perpen- 



Fia. S8. 

dicular will go. Then, keeping the dividers open just the same^ I put the sharp 
point on C, and make a mark intersecting the former one at O. Now, drawing 
a line through and A, it is the perpendicular sought 

Ex. 1. Suppose I make a mistake and close up the dividers a 
little after making the first mark through 0, and then make the sec- 
ond mark ; which way will the line lean ? Will it be a perpendicu- 
lar or an oblique line in this case ? What kind of an angle would 
DAY be ? What OAX ? What kind of angles are these when OA is a 
perpendicular ? 

Ex. 2. Suppose I should mistake a point nearer to A than B was 
taken, and use it as I did C, having the dividers open just alike when 
I made the two marks through ; which way would the line lean 
(incline) ? (Same questions as in the last.) 



III. — A carpenter wishes to get the 
piece of timber AF at right angles to 
MN, into which it is mortised at A. So he 
measures off AB and AC, equal distances 
from A; and taking two poles of equal 
length (say 10 feet long), has the end of one 
held steadily at B and the end of the other 
at C, and moves (racks, as he calls it) the 
end F to the right or left until the ends E 
and D of the poles are exactly opposite, as 
in the figure. AF is then perpendicular to 
MN. 




FiG.M. 



/- 4:5. JProb. — From a point without a given line,to draw a perpen* 
dicular to the line* 
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SoLmoN.— I wiah to draw a perpendicular ttom to the line XY. I first 
open the dividers wide enough, so that when I q 

place the sharp point on the pencil will mark 
the line XY in two points, as B and C, when it 
swings aronnd. Marldng these two points, I 
pat the sharp point first on B and afterward on 
C, keeping ihem open Jtut alike in both cases, 3^ 
and make the two marks intersecting at D. 
Placing the straight edge of the ruler on the 
points and D, I draw the line OA along its 
edge. OA is the perpendicolar required. 



.B 



C^ 
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Ex. 1. Let fall a peipendicular from a point, as 0, upon a straight 
line, as XY, without making any marks on the opposite side of XY 
from O. 

Ex. 2. A mason wishes to build a 
wall from Oyin the wall AB,^^ straight 
across" (perpendicular) to the wall 
CO, which is 8 feet from AB. He has 
only his 10-foot pole, which is subdi- C 
Tided into feet and inches, with which 
to find the point in the opposite wall at which the cross wall must 
join. How shall he find it ? 




Fici.90. 
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SECTION II. 

ABOUT CntCLES. 

)C 46. A drale is a plane surface bounded by a curved line eyery 
point in which is equally distant from a point within. 

t 4Lt. The Circumference of a Circle is the curved line every 
point in which is equally distant from a point within. 

% 48* The Centre of a Circle is the point within, which is 
equally distant from every point in the circumference. 

y 4i9m An Arc is a part of a circumference. 

j( SO. A Madl/us is a line drawn from the centre to any point 
in the circumference of a Circle, 

% SI. A IHa/meter of a Circle is a line passing through the 
centre and terminating in the circumference. 
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III. — A circle may be conceived as the path of a 
line, like OB, Fig, 27, one end of which, 0, remains 
at tJie same point, while the other end, B, moves 
around it in the plane (say of the paper). OB is the 
Radius^ and the path descril)ed by the point B is the 
(Hrcwn^erence. AB is a diameter. In Fig, 28, the 
curved line ABCDA (going clear around) is the Ot' 
cuntferencej is the OerUre^ and the space within the 
circumference is the Cirde, Any part of a circum- 
ference as AB, or any of the curved lines BB, Fig. 27, 
is an arc. So also AM and EF, Fig, 29, are arcs. EF 
is an arc drawn from O' as a centre, with the radius 
O'B. 

^ S2. A Chord is a straight line joining 
any two points in a circumference, but not 
passing tiirough the centre^ as BO or ad> 
Fig. 28. The portion of the circle included 
between the chord and its arc, as A7n0> is a 
Segmekt. 

^ S3. A Tangent to a circle is a straight 
,^ line which touches the circumference, but 
does not intersect it, how far soever the line 
be produced. 

^ S4. A Secant is a straight line which intersects the circumfer- 
ence in two points. 




Fro. 38. 
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Ex. 1. Suppose DC, Fig> 11, to represent a small wooden rod, and 
BA a wire stuck into it at right angles. Now if you take the end c 
of the rod in your fingers and place the end D on the table so that 
the rod shall stand upright, and then revolve the rod once around 
like a shaft, what will the wire describe ? What the end B ? What 
any point in BA ? If you revolve the rod only a little way, what will 
the point B describe ? What does BA represent ? 

Ex. 2. If you take a string, OP, and hold one end at a particular 

point, 0, on your slate or blackboard, while 
with the other hand you hold the other 
end, p, of the string upon the end of a 
pencil or crayon, and then move the end 
P around 0, making a mark as it goes, 
what will the mark made represent when 
the pencil or crayon has gone clear 
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aronnd? What will the string represent? What is the surface 
passed over by the string ? 

Ex. 3, If you take the dividers, Fig. 1, and open them (say 2 
inches), and then place the sharp point, A, firmly on the paper while 
you turn them around, making the pencil point, B, mark the paper 
as it goes, what kind of a line will be described ? What is the line 
joining the points of the dividers ?♦ What line describes the cir- 
cle? If the dividers turn only a little way, what is the line 
described ? 

Ex. 4. If a boy skating on the ice makes a curve which bends 
everywhere just alike, what kind of a path will he make ? Does 
the boy describe a circle ? How might you conceive the circle in- 
closed by his path, as described ? Is a circle described by a point or 
by a line ? 

[NoTB.— The word '* circle*^ is used in common language as equivalent to 
*' drcomference.'* It is al30 thus used in General Geometry. But, however the 
words may be used, the pupil should be taught to mark the distinction between 
the plane surfiuse inclosed and the bounding line.] 

Ex. 5. In how many points can a straight line intersect a circum- 
ference? In how many points can one circumference intersect 
another ? 

Ex. 6. There is a piece of ground in the form of a circle, the 
radius of which is 100 rods, by which run two roads; one road 
runs within 80 rods of the centre, and the other within 100 rods. 
How do the roads lie with reference to the ground ? 

Ex. 7. When you unwind a thread by drawing it off a spool in 
the ordinary way, what geometrical line does the unwound thread 
represent ? 

Ex. 8. In a circle whose diameter is 50 feet, there are drawn two 
chords, one is 20 feet long, and the other 30 feet Which is nearer 
the centre ? 

Ex. 9. There are two circles whose radii are respectively 12 and 
18 feet. The distance from the centre of one to the centre of the 
other is 26 feet Do the circumferences intersect ? Would they in- 
tersect if the centres were 3 feet apart ? How would they lie in ref- 
erence to each other in the latter case ? How if their centres were 
30 feet apart ? How if they were 35 feet apart ? 

• The imagination may be aided by snppoeing a fine elastic cord stretched between the 
points of the diyiders and carried by them. 
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Ex. 10. What kind of a line is represented by water flying firom a 
swiftly-revolving grindstone ? 

Ex. 11. If you draw two chords in the same circle, one of which 
is twice as long as the other, will the arc cut off by the longer chord 
be twice as long as the arc cut off by the shorter ? Will it be more 
than twice as long, or less ? 




5S. Theorem* — The chord of a sixth part of the circumference 
Ufa circle is just equal to the radius of the same circle, 

III.— If I draw a circle, and then, being careAil not to open or dose the di- 
viders, place the sharp point on the circumference 
at some point, as A, and mark the drcumferenco at 
another point, as B, with the pencil point, and then 
move the sharp point to B and mark again» as C, I 
find that when I haye measured off six such chords, 
each equal to the radius, I return exactly to A, the 
point of starting. 

Moreoyer, if I draw the chords AB, BC, etc., I 

have a regular figure with six equal sides. A figure 

Fio. 81. If ith six sides is called a hexagon. This hexagon is 

called reffular, because its sides are equal each to each, and its angles are also 

mutually equal. 

Again, if I unite the alternate angles of the regular hexagon, as FB, BO, and 
DF, I have a regular triangle, called an equilateral triangle. 

"^ S6. Inscribed Figures are figures drawn in a circle, and 
having the vertices of all their angles "^ in the circumference, as the 
hexagon and triangle in the last illustration. When the figure is 
without, and all its sides touch but do not cut the circumference, it 
is circumscribed about the circle. 

ii Ex. 1. Draw a regular hexagon whose side is two inches. 

Ex. 2. Inscribe an equilateral triangle in a circle whose radius is 
one inch. 



/, S7* Prab. — To find the centre of a circle when the circumference 
is drawn (or, as we usually say, known). 

SoLtmoK.— The circumference of my circle is drawn, but the centre is not 



f 



^ 
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marked. So I want to find thj^ centre. I draw 
any two chords, as AB and CD ^e nearer they are 
at right angles to each other jpe better for accu- 
racy). I then bisect each chord with a perpen- 
dicular, as AB with the perpendicular MN, and 
CO with RS (SO), The intersection of these two 
perpendiculars, as 0, is the centre of the circle. 
[The pupil must do eyerythmg with his pencil, 
ruler, and dividers, Just as he says. He must not 
be of those who '* say and do not" He must do the Fie. as. 

things told» ** over and over," till he can do them neatly and easily.] 
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^ S8» JProb. — To pass a circumference through three given points. 

Solution.— I wish to pass a circumference through the three given points 
A, B, and C. [The pupil should first designate three 
points by dots on his paper, slate, or board, and then 
proceed according to the solution.] In order to do this, 
I Join A and B with a line, and also B and C. I now 
bisect these lines with the perpendiculars MN and RS, 
as in the last problem. The intersection of these per- 
pendiculars, 0, is the centre of the required circle. 
Now setting the sharp point of the dividers upon and 
opening them till the pencil point just reaches A (B or 
C win answer as well), I draw the circumference with ^^o. 88. 

O as its centre and the radius OA, and find that it passes through the three 
given points A, B, and C. 

Ex. 1. To pass a circumference tlirough the three vertices of a 
triangle, i. e.^ to circumscribe a circumference about a triangle, as 
this operation is technically called. 

Suo.— This is Just like the last, A, B, and C being the vertices of the triangle. 
The four figures in the margin 
represent the successive steps in 
the solution. First draw the given 
triangle. Then take the first step 
in the solution, then the second, 
etc 

Ex. 2. Given the centre of 
a circle and a point in the 
circnmference, to draw the 
circle. 

Suo. — ^Make a dot on the board 
to indicate the centre, and an- 
other dot to indicate the point 
in the circumference to be found. 
This is what is given. You are 



GIVEN 
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then to draw the circumference, which shall pass through the latter point, and 
have the former for its centre. 

Ex. 3. Draw an arc of a circle, and rub out the mark, if you make 
any, at the centre, so that you cannot see where the centre is. Then 
find the centre, and complete the circumference according to these 
problems. 

Suo.— Mark three ppints in the given arc, and then the example is just like 
the last [Do not fail to do it, " over and over," till you can do it quickly and 
neatly. These exercises require much care in order to get good figures.] 



S9* Theorem. — The circumference of a drcU is about 3.1416 
times its diamster. The Greek letter n (called p) is used to repre- 
sent this number ; and hence the circumference is said to be n times 
the diameter. 

III. — The pupil can illustrate this fact by taking any wheel which is a trut 
circle, and measuring the diameter with a narrow band of paper (something 
that will not stretch), and then wrapping this measure about the circumference. 
He will find that it takes a little more than three diameters to go around. Of 
course he cannot tell exactly how much more. In fact, nobody knows exactly. 
But the number given above is near enough for most purposes. For many pur- 
poses d| is suficiently accurate. 

By drawing a circle very careftiUy, say 1 inch in 
diameter, as in the margin, and dividmg tiie diameter 
into lOths inches, a nice pair of dividers can be 
opened one 10th inch and made to step around the 
circumference. If it is all done with nicety, it will be 
found to be a little over 81 steps around, when it is 
10 across. 

"fe^Byio^^ Ex. 1. The distance across a wagon- wheel 

Fzo. 86. (the diameter) is 4 feet, how long a bar of iron 

will it take to make the tire ? 

Ex. 2. Suppose the crown of your hat is a circular cylinder 7 
inches in diameter, how much ribbon will it take for a band, allow- 
ing J- of a yard for the knot ? 

Ex. 3. How many times will the driving-wheel of an engine, which 
is 6 feet in diameter, revolve in going from Detroit to Chicago, a 
distance of 288 miles, allowing nothing for slipping ? 

Ex. 4. A boy's hoop revolved 200 times in going around a city- 
square, a distance of 140 rods. What was the diameter of his hoop ? 
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Ex. 5. What is the radius of a circle whose semi-circumference is 
«? In a circle whose radius is 1, what part of the circumference 

does ^ represent ? What part ^ ? What part does 2;r represent ? 




Fig. S6. 



SECTION III. 

ABOUT ANGLES. 
/ 60. JProh. — To s^^w how angles are generated and measured, 

III.— An angle is geneiited by a line revolving about one of its extremities. 
Thus, suppose OB to have started from coincidence with OA, and, remaining 
fixed, the line to have revolved to the position OB, 
the angle BOA would have been generated. When 
the revolving line has passed one-quarter the way 
around, as to DO, it has generated a right angle ; 
when one-half way around, as to FO, two right 
angles ; when entirely around, four right angles. 

Now, if any cireU be described from as a cen- 
tre, the arc included by the tides of any angU hating 
iU vertex at O, is the same part of a quarter of this 
drcurnference as the angle is of a right angle. Hence 
the angle is said to be measured by the arc included 
by its sides. Thus, the angle COA is measured by 

the arc a« ; ». e,, it is the same part of a right angle that arc ae is of arc ad, 
(Bee Trigonometry, 3-10.) , 

61. 17ieoreni.—The relative lengths of arcs described with the 
same 'radius can be found in a manner altogether similar to that 
given in {36) for comparing straight lines. 

III.— If I wish to compare the two arcs ab and ed described vnth the sam 
radii, I take the dividers, and placing the sharp point on 
d (one end of the shorter arc), open them Oil Uie other 
point is at <j. I then measure this distance off on a6 as 
many times as I can,— m this case 2 times, with a remain- 
der /&. This remainder, /6, I measure off in the same 
way upon tfc, and find it goes once with a remainder gc. 
This remainder, gc, I apply to the arc A and find it goes 
once with a remainder hb. This last remainder I find is 
contained in the last preceding, gc, 2 times. Then, count- 
ing up the parts, I find that dc is made up of 5 parts each 
equal to Aft, and oft of 18 such parts. Therefore, ab Is 2| 
times as long as dc. [The angle is therefore 2} tunes the 
angle C] Yiq,^. 
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Ex. 1. Draw an acute angle and also an obtaae angle, and then 
compare them as above. 

Ex. 2. Draw a small acute angle and a large acute one, and then 
compare them as above. 

Ex. 3. Draw a small acute angle, and then draw another angle 
3 times as large. 

■ 

Ex. 4. Draw an acute angle, and also a right angle, and com- 
pare them as above. 

Suo.^Article (39) shows how to draw a right angle. 

y( Ex. 5. Draw any angle, and then draw another equal to it 

Ex. 6. Show that the angles a, b, and c are respectively ^, |, and 
.6 of a right angle.* 






Fu». 89. 
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Ex. 7. Show that angles a and i, Mg. 39, are respectively 1| and 
1^ times a right angle. 

Ex. 8. Draw a regular inscribed hexagon, as in Fig. 31, and then 
comparing any one of its angles with a right angle, find that it is 
H times a right angle. 

Ex. 9. Draw an equilateral triangle, as 
in ^1^. 31, and find that any angle of it 
is f of a right angle. 

Ex. 10. Show that a right angle is 
g measured by } of a circumference. 

BoLtmoN.— If CD is perpendicalar to AB, 
the foar angles formed are equal, and each is a 
right angle. But, as all of them taken together 
are measured by the whole circumference, one 
of them is measured by i of the circumferenca 




* Of coune, abeolate accancy Lb doC to be expected io sacb solatlone. 
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Jt G2. An Inscribed Angle ia an angle whofle vertex is in 
the circumference of & circle, and whose aides are chords, as A, 

G3. Theorem* — An inscribed angle is measured ly one-half the 
arc included between its sides. 

111. — The mefuung of U^ U XtaX ut Inscribed angle like A, whicb Includea 
waj particular arc, as ol, Is onlj half as large as an angle would be at the centre, 
■a Md, whose aides inclnded the same arc, od, or an equal arc Thus, In thia 
case, dnwing the arc oft from A as a centre, with the same radius, Od, as ol is 
dnwn with, I find that ab which measures A is 1 of ed which mecsures cOit 





Ex. I. Which of the angles a,b,e,d,eia the hirgest ? What is a 
meaaaredby? What A P WhatcF Whatff? Whate? Fig.iZ. 

Ex. 2. Which is the greatest angle, a, b, or c, Fig. 43 P By what 
ia a measnred P By what b? By what c ? What is the measure 
of a right angle F [See Example 10 in the preceding set.] 




Fn.48. na.4t. 

Ex, 3. SnppoBe I take a aqnare card like cedf, with a hole in <me 
comer as at c, and sticking two pins firmly in my paper, as at A and 
B, place the comer of the card between them, as in Fig. 44, and 
then, keeping tho aides of the card snug against the pins, pat a 
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pencil through the hole c and move it around to A and then back 
to B ; what kind of a line will the pencil trace ? Will it make any 
difference whether C is a right angle or not ? If any difference, 
what ? 

Ex. 4. By what part of a circumference is an angle of a regular 
inscribed hexagon measured ? See (55), and Fig. 31. How man; 
right angles is the angle of the hexagon equal to ? What is the 
sum of the six angles equal to ? Ans. to last, 8 right angles. 

Ex. 5. Show, from the way in which an equilateral triangle is 
constructed in Fig, 31, that one of its angles is measured by }- of a 
circumference, and hence is f of a right angle. 



64:. Uieorem. — When two lines intersect^ they form eitTierfour 
right angles, or ttvo equal acute and two equal obtuse angles. 

III. — [The pupil can illustrate this for himself by drawing lines and notidng 
what angles are equal.] 

Ex. 1. Having a carpenter's square, an instrument represented by 

MON, I wish to test the angle O and ascer- 
tain whether it is, as it should be, a right 
angle. I draw an indefinite right line AB, 
, and placing the angle at some point c on 



^ this line with ON extending to the right on 
CB, I draw a line along OM. Turning the 
square over so that ON shall lie on CA, I 
draw another line along OM. Three cases 
may occur. — 1st. Suppose the first line 
^ ^ ® drawn along OM is CF, and the second CE ; 

what kind of an angle is ? 2d. Suppose 
the first line drawn is CE and the second CF ; what kind of an angle 
is O ? 3d. Suppose the first and second lines drawn along OM coin- 
cide and are CD ; what kind of an angle is ? 

Ex. 2. Show that the sum of all the angles formed by drawing 
lines on one side of a given line, and to the same point in the line, 
is two right angles. 



'^ €S. JPirob. — To bisect a given angle. 

BoLunoK.— I wish to divide the angle AOB into two equal paitB, i *« to 
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bisect it With 0, the vertex, as a centre, and any convenient radius, as Oa, I 

strike an arc, as ba, cutting the sides of the angle. 

Then from a and b as centres, with the same radius 

in each case, I strike two arcs intersecting as at P. 

Drawing a line through P and 0, it bisects the 

angle ; i. d., tlie angle POA = angle BOP. [Let 

the pupil try this by cutting out the angle AOB, 

and then folding the paper along the line P, or cut- 

ting it through in the line OP, and then putting one 

angle on the other, and thus see if they do not fit.] 

'Ex. 1. Draw an angle equal to | of a right angle. 

Bug. — First draw a right angle and then bisect it 

Ex. 2. Draw an angle equal to ^ of a right angle. 

Sno. — Draw a circle. Inscribe an equilateral triangle. [Do it neatly, by 
rule, as in {6S).] Then bisect any angle of this triangle. This will be i of a 
right angle, since the whole angle is }. See Ex. 9 (61). 

Ex. 3. How does it appear that the angle EOF, Fig. 31, is ^ of a 
right angle ? 



y 66. JParaUel Straight Idnes are such as, lying in the same 
plane, will not meet how far soever they are produced either way. 



III. — The sides of this page are parallel lines, 
as are also the top and bottom. The lines in 
Fig. 47 are parallel. 



X 67* Proh* — To draw a line through 
a given point and parallel to a gii^en line. 

Solution.— I wish to draw a line through the point and parallel to the 
line AS. [The pupil should first draw some 

line, as AB, and mark some point, as 0.] Ic — J f« \ d 

take O as a centre, and with a radius * greater 

than the shortest distance to AB, as Oa, draw an k \ i n 

indefinite arc aP, Then with a as a centre, and I \ ' 

the 9ame radius, I draw an arc from to the 

line AB at b. Taking the distance Ob (the chord) in the dividers, I put tlie sharp 
point on a and strike a small arc intersecting this indefinite arc, as at P. Fi- 
nally, drawing a line through and P, it is the parallel sought 



* This means " pnt the sharp point of the dividers on O &oct open them till the distance l>e> 
tween the points (the xadiai>) is more than the distance from to AB«' 



ti 
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68 • Theorem. — Two parallel lines are evert/where the same dis* 
tance apart 

III.— Let AB and CD be two parallel lines. I will examine them at the two 
^ ^ points and P. To find how &r apart the 

B lines are at these points I draw the perpen- 
diculars OM and PN. [The pupil should not 



-Jj-« 1^ ' ■ P guess at these, but actually draw them as in- 

FI0.49. Btructed in (^M).] Measuring these, I find them 

equal 
We can understand that this proposition must be true, since the lines could 
not approach each other for awhile and then separate more and more without 
being crooked ; or, if they kept on approaching each other, they would meet 
after awhile, and so not be parallel. 

69» Theorem* — Parallel lines make no angle with each other. 

III. — ^Let AB be a straight line, and suppose CD another straight line 

passing through the point 0. Now let 
CD turn around, first into the position 
D'C, then mto D''C", etc., all the time 
passing through 0. It is evident that 
the angle which this line makes with 
the line AB is all the time growing less, 
i, e.y a* < a, and a" < a'. It is also evi- 
dent that this angle will become 
when the lines become parallel ; for it 

becomes less and less all the time, but is always something so long as the lines 

are not parallel. 




70. Theorem. — Parallel lines have the same direction with 
each other, 

III.— Thus, in Ftg, 47, the parallel lines all extend to the right and left, t. 0., 
in the same direction. 

Ex. 1. How shall the fanner tell whether the opposite sides of 
his farm are parallel ? 

Ex. 2. If we wish to cross over from one parallel road to another, 
is it of any use to travel farther in the hope that the distance across 
will be less ? 

Ex. 3. If a straight line intersects two parallel lines, how many 
angles are formed? How many angles of the same size? May 
they all be of the same size ? When ? When will they not be aU 
of ttie same size ? 
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SECTION IV. 

ABOUT TRIANGLES. 

^ 71. A Plane Triangle, or simply A Trianglej is a plane 
figure bonnded by three straight lines. 

^ 72. With respect to their sides, triangles are 
distinguished as Scaleney Isosceles, and Equilateral: 
A scalene triangle has no two sides equaL An 
isosceles triangle has two sides equal. An equi- 
lateral, triangle has all its sides equal. 




Fltt.61. 



y 73. With respect to their angles, triangles are 
distinguished as acute angled, right angled, and 
obtuse angled. An acute angled triangle has three 
acute angles. A right angled triangle has one right 
angle, and the side opposite the right angle is called 
the hypotenuse. An obtuse angled triangle has one 
obtuse angle. 

Ex. IHg. 51 affords illustrations of all the different kinds of 
triangles. Let the pupil point them out until he is perfectly familiar 
with the terms. He should also practise drawing the different kinds 
of triangles, for the purpose of familiarizing the names applied to 
the different kinds. 




74. Theorem. — The sum of the angles of a triangle is two 
right angles. 

III. — Cat out any triangle from a piece of paper. 
Then cut off two of the angles, as 1 and 2, and turn 
them about and place them by the side of the other 
angle, as in the lower figure. Tou will then see that 
the Hns OP is gtraight^ and that the three angles of 
the triangle Just makeup the two right angles OED 
and PED. 

Ex. 1. If one angle of a triangle is a right 
angle, what is the sum of the other two ? 

Ex. 2. Can a triangle have more than one 
right angle ? If two of its angles were right angles, what would 
the third angle be ? 




52 
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Ex. 3. Can a triangle have more than one obtuse angle ? 

' Sno. — Try and see if you can draw a triangle with two right angles, or two 
obtuse angles. 

Ex. 4. Construct any triangle, and draw 
arcs measuring its angles. Then diaw a circle 
with the same radius as the one used to 
measure the angles, and lay off upon the cir- 
cumference the arcs measuring the angles. 
The sum of these arcs will always make up 
just a semi-circumference. What does this 
show ? . 

^^' ^ Ex. 5. If two angles of one triangle are 

equal to two angles of another, can the third angles be unequal ? 
Why? 




^ 7S* JProb* — To make two triangles just alike. 




Pio. M 
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SonmoN. — There are three ways of doing this : 

Ut Way. — Suppose I have any triangle, as ABC, 
and want to make another lust like it. I first draw 
an arc measuring any one or the angles, as A, of the 
given triangle. Then I make an angle D equal to 
the angle A, and draw the sides De and Of. Now I 
measure DE = AB, and DF=: AC. If I now draw EF, 
the triangle DEF will be just like ABC, so that, were 
I to cut them out, I could apply one like a pattern to 
the other, and it would just fit. 

2d Way, — I have a triangle A, and wish to make 
another just like it I draw arcs measuring any two 
of its angles, as and P. Then, making a line MN 
equal to OP, I make an angle at M equal to 0, and 
one bX N, on the same side of MN, equal to P. 
Now making these two sides Mb and Na long enough 
to meet (or, as we say, *' producing them till they 
meet"), I have a second triangle, B, just like the first 
triangle, A. Were I to cut out the firet triangle, it 
would fit on the second just like a pattern. 

8c2 Way.—l have a triangle ACB, and want to make 
another just like it I make a line DE equal to some 
side of the given triangle, as AB. Then taking AC as 
radius, I describe an arc firom D as a centre, and in 
like manner, with BC as radius and E as a centre. 
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describe another arc Through the intersec- 
tions of these arcs, as F, I draw OF and EF. 
The triangle DEF is Just like ABC. [Try it by 
drawing as described, and then cutting out one 
triangle, and seeing if you cannot fit it as a 
pattern on the other.] 

Ex. 1. In any triangle, which side is 
opposite the greatest angle P Which op- 
posite the least angle ? 
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Ex. 2. If you have two triangles with an angle in each equal, hut 
the sides about this angle longer in one triangle than in the other, 
can you make one fit on the other as a pattern ? Gut out two such 
triangles and try it 

Ex. 3. Can you make a triangle so that one of its sides shall be 
as long as both the others, or longer than both ? 

Ex« 4. Can you make a triangle so that one of its sides shall be 
less than the difference between the other two, or equal to the 
difference ? 

Ex. 5. If you have two triangles with only one side and one angle 
in the one equal to one side and one angle in the other, can you 
apply one as a pattern and make it fit on the other ? Gut out two 
such triangles and try it 

Ex. 6. If you have two triangles with only two sides of one re- 
spectively equal to two sides of the other, can you make one fit as a 
pattern on the other ? Try it 

Ex. 7. If you have two triangles with two sides in one equal re- 
spectively to two sides in the other, and the included angle in one 
greater than in the other, how is it with the third sides of the 
triangles ? 



76. Theorem. — The lines which Insect the angles of a triangle 
meet within the triangle at a common point. 

III. — Try it, by drawing a triangle, and then bisect- 
big its angles, as taught in (65). Ton will need to do 
it very neatly, or the lines will not meet It is a 
deUcate operation. Try it in various forms of triangles, 
as equilateral, right angled, scalene, obtuse angled, etc 

3 




Fifl. 67. 
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77. Theorem* — The lines drawn from the vertices of a triangle 

to the middle of the opposite sides meet in a 
common point within the triangle. 

III. — ^Draw a triangle. Bisect each of the sidea 
as taught in (39). Then Join each angle and the 
middle of its opposite idde with a straight line. If 
you do the work well, the three lines will cross 
one another at a oommon point within the triangle. 




Fio. 8& 




78. Theorem^ — The perpendiculars which bisect the sides of a 

triangle meet at a common pointy which may he 
within or without tlie triangle, or in one of it4 
sides, according to the form of the triangle. 



III.— Draw an acute arigled triangle^ and biseot its 
sides by perpendiculars. If you do it with accuracy, 
they will meet at a common point tnthin the triangle. 

Draw an cbt^se ang/ied triangle^ bisect its sides with 
perpendiculars, and they wUl meet at a common 
point without the triangle. 

Draw a right angled triangle^ and the perpendicnlare 
will meet in the side opposite the right angle (the 
hypotenuse). 



Ex. 1. Draw an ejrt«i2tr^a2 triangle, and find 
the three points characterized in the last three 
articles. Are they all in one place, or are they 
Fig. bo. in different places ? 

Ex. 2. Draw a scalene triangle, and find the three points as above. 
Are they all in the same place, or are they in different places ? 




^ 79* JProb. — To inscribe a circle in a given triangle. 

C 




Fig. eO. 



SoLTTTiON.^I Tdsh to inscribe a circle in 
tlie triangle ABC ; that is, a circle to which 
the sides of the triangle shall be tangents. 
[Furst draw the triangle] I bisect the angles 
as taught in (6S) ; and then fVom the point 
0, where these intersect, I let fall perpen- 
diculars upon the sides, as taught in {4/f). 
Then fh>ra as a centre, with a radius equal 
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to one of these perpendiculars (they are all eqnal), I draw a circle, and it ia the 
circle required. 



V 80. Prdb. — To circumscribe a circle about a given triangle. 

8oi«irFiair.-^I wish to circumscribe a circle 
about the triangle ABC which I ha^e drawn. To 
do this, I biseet the sides with perpendiculars, and 
find their common intemection 0« as taught in 
(78). With as a centre and a radius eqnal to 
OB, the distance from to the vertex of any one 
of the angles, as these distances are all equal, I 
draw a circle. This is the circumscribed circle, 
that is, the circle in whose circumference the yer- 
tices of the triangle lie. [This is really the same 
as Pbob^ {S8).] Fro. 61. 




SECT/ON y. 

ABOUT EQUAL FIGURES. 

^ 81m XSqtMlf in geometry^ signif es alike in all respects^ ». e^ of the 
same shape and the same size. 

i 82m Hquivcdent figures are such as have the same area^ i. e.^ am 
of the same size, irrespectiye of their form. 

Ex. 1. Can a triangle be equal to a circle ? Can it be equivalent t 
Can a circle be equivalent to a square? Can it be equal to a square ? 

Ex. 2. Can a right angled triangle be equal to an equilateral tri- 
angle ? Can a right angled triangle be equal to an isosceles triangle ? 
If either is possible, construct figures illustrating ib 



83* Probt^To apply one straight line to another. 

SoLiTnoK.—[Jpp{^n^ figures to each other is a yeiy important thing in 
geometry, and may seem a little curious at first ; 

but it is, in reality, very simple. The pupil must ^ ® 

become perfectly fkmiliar with it] We will first C D 

apply the line AB to the equal line CD. Take 

the line AB,* and placing the end A upon the £ p 

end C of the line CD, make the line AB take the ^ ^ 

game dfarection as CD, and put the former upon I 

the latter. Now, since the lines are equal, the V^* ^' 



^ Tbat iv, think about it just m if it were a little rod whicli yoa conld pick up and hsndl«» 
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extremity (or the point) B will fall upon D, and the two Imes will coincide 
throughout their whole extent 

Agam, we will apply the line EF to the line CH. Taking the line EF {think 
of it as a little rod which you can pick up and handle), put the point E upon 
C, and making the line EF take the same direction as CH, put the former upon 
the latter. Now, since EF is shorter than CH, the pomt (extremity) F will fall 
somewhere on the line CH, as at l« Therefore the lines do not coincide 
throughout their whole extent, and are not equal. 





N 



84* JProb* — To apply one plane angle to another. 

Solution.— First we will apply one angle to another equal angle. Thus, to 

apply BAG to the equal angle EDF. Take the 
angle BAG {think of it as if it were two little rods 
put firmly together at this angle, and so that you 
could pick them up and handle them), and placing 
the vertex (point) A upon the vertex (point) D, 
make the side AG take the direction DF. As 
AG happens to be longer than DF, the extremity 
G will fall beyond F, at some point, as 0. But we 
do not care for this, as the size of an angle does 
not depend upon the length of the sides. Now, 
while A lies on D, and the line AG on DF, let the 
line AB be conceived as lying in the plane of the 
paper also (i. «., on it). Since the angle BAG is 
equal to EDF, the line AB will take the direction 
DE, and will fall on it, though the point B will 
foil somewhere beyond E, as at N, as AB 
chances to be longer than DE. The two angles 
therefore coincide, and are equaL [Notice care- 
fVilly Just what is meant by saying that the angles 
are equal. We do not mean that the sides are 
of the same length, but that the opening between 
them is the same, ». 0., that one is Just as sharp 
a comer as the other.] 

Queries.—lf BAG were greater than EDF, and 
we should b^n by putting A upon D, and make AG fall upon DF, where would 
AB foil, without the angle EDF or within it ? If BAG were less than EDF, and 
we proceed as before, placing the vertex A on D, and AG on DF, would AB fall 
without EDF or within it ? 

Again, let us attempt to apply the angle HCI to LKM. Placing the vertex C 
on the vertex K, making the side CI take the direction KM, and then bringing 
CH into the plane of the paper, the side CH will fall within the angle LKM (aa 
in Che line KR), smce the angle HCI is less than LKM. The angles, therefore^ 
do XK>t coincide. 




Fie. 68. 
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8Sm JProb* — When two triangles have two sides and the included 
angle of one equal to two sides and the included angle of the other, to 
apply one triangle to the other. 

Solution.— In the two triangles ABC and DEF, \kx the angle A be equal to 
the angle D, the side AB = the side DE, and AC = DF. We 
will apply the triangle ABC* to DEF. Take the triangle 
ABC and place the vertex A upon the vertex D, making the 
side AC take the direction DF. Since AC = DF, the ex- 
tremity C will then fall on F.f Now bring the triangle ABC 
into the plane of DEF, keeping AC in DF, and the line AB 
will take the direction DE, since the angle A = the angle D. 
Again, as AB = DE, the extremity B will fall upon E. Thus 
we haye placed ABC upon DEF, so that A falls upon D, 
C upon F, and B upon E, and find that they exactly 
coincide. _ ^. 

Ex. 1. Suppose yon attempt to apply ABC in the last figure to 
DEF by placing B on D, and letting BC fSall npon DF. Where will c 
fall ? Measure it and find ont Which side will then fall nearly or 
quite on DE ? Will it fall exactly on it ? On which side will it fall ? 
Can yon make the triangles coincide (fit) in this way ? 

Ex. 2. Can yon make the triangles in the last figure coincide by 
placing C npon D, and letting CA fall upon DF ? Where will a fall ? 
What line will fall on or near DE? Will it fall without DE, or 
within? 

Ex. 3. Constmct two isosceles triangles,! as ACB and DEF, in 
which AC = CB = DE = EF. Can you ap- 
ply DEF to ABC by putting D npon A ? 
Describe the process. Can yon put D 
upon A and DE npon AB^ and make the 
triangles coincide ? Can yon make the A B D F 

triangles coincide by putting F upon A? ^*- *• 

If sOy describe the process. Can you make them coincide by putting 
E upon A? If not, point out the difficulties. 



* Think of ABC •* vnkA» of lltUe rods, so that yoo can pick it op and place it npon DEF 
in tlie nuumer dencribed. 

t It will make It dearer If the frnpll thlnkn of ABCi ^t this stage of the operation, as 
baring the side AC <» DF* 1>at the ang^le B not down on the paper ; Jast as if he were to cat 
ont ABC« Ao^ >«t the edge AC on the line DF« *^d <tft«noard bring the triangle ABC down 
on to DEFi keeping the edge AC on the line DF* 

X TtM teadier nimt Intlat npon the ilgvee being drawn, and that aocorately, according to 
role. 
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Ex. 4. ConBtruct two equal trapezimns^* 
as ABCD and EFCH, and describe the process 
of applying one to the other. 

Solution.— I will apply EFCH to ABCD. As 
the angle E Is equal to the angle B, I will begin by 
putting the vertex E on B, and making EH fall upon 
BC. Since EH = BC, H will fi^ on C. Now, as 
angle H = angle C, HC will take the direction (fall 
on) CD ; and smce HG = CD, C will &11 on D. 
Again, as G = D, OF will take the direction DA; 
and since GF = DA, F will fall on A. Finally, as 
F = A, FE will take the direction AB; and since 

FE = AB, E will fall on B, as it ought, since I started by conceiying E as 

placed on B. 

Ex. 5. Describe the application of ABCD in the last figure to EFGH, 
by beginning with C npon H. 

Ex. 6. Having two equal equilateral triangles, can you apply one 
to the other by beginning indifferently with any one angle of one 
upon any one angle of the other ? Draw two such triangles, and go 
through with the details of the application. 




86, Prob. — Oivm two triangles with two angles and the induded 
side of the one respectively equal to two angles and the included side 
of the other, to apply one triangle to the other. 

Solution.— [The pupil should first draw any triangle, as 
ABC. Then make a Ime OF equal to AB, and at the ex- 
tremities D and F make angles, as D and F, respectively 
equal to A and B. This is preliminary.] Having the two 
triangles ABC and DEF, in which A = D, B = F, and AB = DF, 
1 propose to apply one to the other. I will apply ABC to 
DEF. Taking ABC, I place A upon D, and make AB take 
ttie direction and fall upon DF. Since AB = DF, B will &11 
upon F. Now keephsg the line AB in DF, I conceive the 
triangle ABC to come into the plane of DEF. Since A = D, 
the side AC will take the direction DE, and the extremity C 
of AC will M\ somewhere in the line DE,or in DE produced. 
Also, smce B = F, the Une BC will take the dh:ection FE, and the extremity C 
of BC will &U somewhere in FE or FE produced. Finally, as C falls in DE and 




* TW teadier most insist npon the flgncM being drawn, and that ec c oiate l y, aoeoidinK to 
ffule. 
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Ft both, it must be at E, their hiteraection. Thus I find that the triangle ABC, 
when applied to DEF, coincides with it tliroughout. 

Ex. 1. Oiven the two triangles DEF and ABC^ in which DE=AB, 
D = A, but E > B ; show how an attempt 
to apply one to the other faila 

SoLunoK. — Since angle D = angle A * I ap- 
ply the vertex D to the vertex A, and make DE 
take the direcUon AB. As DE = AB, E will fall 
on B, and the sides DE and AB will coincide. 
Again, since D = A, the side DF will take the 
direction AC when the planes of the triangles 
coincide ; and the extremity F will fall in AC, 
or in AC produced (really in AC produced, in 
this case). Finally, since E > B, EF will fall to 
the right of BC, and the application fiiils. ^iq. 68. 

Ex. 2. Construct two trapeziums with their respective sides equal, 
as AC = HE, AB = HC, BD = OF, and CD = EF, q 

but with their angles unequal ; and show how C^ 
an attempt to apply one to the other fails. 

Ex. 3. If the sides of two trapeziums, as in 
the last figure, are equal, and two of the 
angles including a side in one are respectively 
equal to the corresponding angles in the other, 
as A = H, and B = G, can one be applied to the 
other ? If 80, give the details of the process. fm. eo. 





SECTION VI. 

ABOUT SnOLAB FieUSES, ESPECIALLT TBIANGLES. 

^ 87m Similar Figures are such as are shaped alike — i. «., have 
the same form. 

A more scientific definition is, Similar Figures are such as have 
their angles respectively equal, and their homologous (correspond- 
ing) sides proportional. 



• Be cwelW to dtotlocaish between the vertex, which U a point, ud the angle, which is the 
opminff between the line*. 
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^ 88, JETotnoloffOtis^ or Corresponding Sides of Bimilar figures, 
are those which are included between equal angles in the respective 
figures. 

In SiiniiAB Tbiangles, the Homologous Sides abe those 

OPPOSITE THE EQUAL ANGLES. 

III.— The triangles ABC and DEF are similar, for they are of the same 

shape. But it is easy to see that 
ABC is not similar to IHK or 
MON. The pupil should notice 
that A = D, C = F, and B = E. 
Also, side e is 1) times b, side /is 
1) times e, and side d isl^ times 
- a; so that f :e : : e :b, and 
f :e : : d:a, and d :a : : e :b. 
Now there are no such reUitions 
existing between the parts of 
ABC and IHK. The angles B 
and K are nearly equal, but A is 
much larger tlian H, and C is 
smaller than I. So these triangles are not mutually equiangular, t'. d., each angle 
in one has not an equal angle in the other. Again, as to their sides, IH is a 
little less than AC, but HK is greater than AB. These two triangles are, there- 
fore, not similar. 

In the similar triangles ABC and DEF, b is homologous with «, since they are 
opposite the equal angles B and E. For a like reason a is homologous with <f, 
and e with f. It may also be observed, that the shortest sides in two similar 
triangles are homologous with each other ; the longest sides are also homolo- 
gous with each other, and the sides intermediate in length are homologous 
with each other. 

Ex. 1. Cau a scalene triangle be similar to an isosceles triangle ? 
Can an obtuse angled triangle be similar to a right angled triangle ? 

Ex. 2. Are all squares similar figures? 

Suo.^First, are the angles equal? Second, is any one side of one square to 
some side of another square as a second side of the first is to a second side of the 
second, etc ? 

Ex. 3. A farmer has two fields, each of which has 4 sides and 4 
right angles. The first field is 20 rods by 60, and the other 40 by 
80. Are they similar P 

8uo.— Are they mutually equiangular? Then are the lengths in the same 
ratio as the widths? If they are not similar, how long would the second have 
to be m order to make them similar? Draw two such figures, and see if they 
look alike in shape 
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89m Prob. — To find a fourth proportional to three given lines, 

SoLiTTiON. — ^I have the three given lines 

A, B, and C, and wish to find a fourth line 
such that 

A shall be to B as C is to ih.e fourth Une, %, 0., 
A : B : : C : fourth hne. 

To do this, I draw two indeflnitie lines OX q 
and OY, from a common point 0. On one 
of these, as OX, I lay off Oa = A, and Oe = 

B. Then on the other 1 make Ob = C, and 
draw ab. Finally, drawing a parallel to ab 
fhrongh the point e (67), I have Od as the line ^* 
sought Thus, calling 0^, D, the proportion is 

Oa t Oe : : Ob : 0(2, or 
A : B : : C : D. 

N.R — The order in which the lines are taken, and the way cf drawing the Une$ 
ab and cd, are euentiaL The following directions wUl insure con-ectness : Lap 
of the FiBST and second on the samb lots, as on OX ; and the third an the 
OTHEB LIMB, as ou OY. Then join the extremiUee of the first and third, and 
draw the parallel through the extremity of ike bbookd. 




Fia. 71. 



Ex. 1. Show that if the order of the proportionals in Fig* 71 is 
B : A : : C : fourth line, the fourth 
proportional is E9 Mg. 71. 



B^ 



D»- 



Ex. 2. Show that a fourth propor- C* 
tional to A9 B> and C is D. Also, that 
a fourth proportional to C, A, and B 
is E. Show that^ if the order be 
A : C : : B : fourth liiiej D is still the 
fourth proportional. Show that 
B : C : : A : 2C9 nearly. 



E*- 
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Ex. 3. Soke the proportion 3 : 8 : : 6 : a:, and find x geometrically. 



Bug.— Using the scale of lOOths of a 
foot, the figure is that in the margin. OD 
is the fourth proportional, or a; = OD, 
which is found by meaeurement to be 13i, 
as it is by arithmetic. 




Fra. 78. 
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Fig. 74. 



90* JPrab* — To draw a triangle similar to a given triangle, and 
having a given side. 

BoLTTnoN.— 1«^ Method.—! have a triangle ACB, and want to make another 
Bimilar to it, but havhig the side homologoos to BC equal to a. I draw an 
indefinite line, and on it take EF, equal to a. Then at F I make an angle equal 

to C, and make the side indefinite. Now I find 
a fourth proportional to BC, EF, and AC. Having 
found this, as in the last article, I lay it off from 
F, as FO. Drawing DE, I have DEF, the triangle 
reqtdred. 

I can readily satisfy myself that DEF is dmi- 
lar to ABC, for besides the fact that it looks as if 
it were of the same shape, by measuring the other 
two angles, I find that E =: B, and D = A. More- 
over, I know that BC, EF, AC, and DF are pro- 
pordonal, because I made them so. And, by 
finding a fourth proportional to BC, EF, and AB, 
I find it exactly equal to DE. In like manner 
constructing a fourth proportional to AC, DF, and 
AB, I find it to be DE. 6o that the two triangles 
are mutually equiangular, and have their homolo- 
gous sides (those opposite the equal angles) pro- 
portional. Hence, the triangles are similar. 

2d Method, — But an easier way to constnict DEF is to make the angle F = 
C as before, and then make E = B, and produce the sides till they meet in D. 
The triangles will then be similar, and tlie proportionality of the sides can be 
tested. 

Ex. 1. Oiyen a triangle whose sides are 7, 11, and 15, to construct 
a similar triangle having the side corresponding to the one which is 
11 in the given triangle, 8. 

Ex. 2. Construct two triangles with equal angles, and then com- 
pare the sides, and see whether 
you can make two triangles whose 
angles shall be respectively equal, 
and their sides not be propor- 
tional. 



Suo.— iHaving the triangle ABC, make 
DEF equiangular with it, and then 
compare the homologous sides. In the 
figure D is made equal to C, and F to 
A; whence E = B. DE and BC are 
homologous sides, because opposite the 
equal angles F and A. DF is homolo- 




FiG. 7S» 
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goos with AC, because it is oppoMte angle E, which equals B. For a simi- 
lar reason EF is homologous with AB. Now, taking two sides of ABC, as BC 
and AB, and a side of DEF homologous with one of them, as DE, and finding a 
fourth proportional 06, it will be found exactly equal to EF ; so that 

BC : DE : : AB : EF (= O0). 

Ex. 3. Make two triangles, two of whose angles shall be, one | 
and the other ^ of a right angle ; bnt make the side included between 
these angles twice as great in the second triangle as in the fi^t. 
What will be the ratio of the side opposite the angle | in the first 
triangle to the homologous side in the second? What the relation 
of the sides opposite the angles ^ ? 

Ex 4. If yon make one triangle whose sides are 5, 8, and 3 ; and* 
a second whose sides are 15, 24, and 9, will they be mntnally equi- 
angnlar? Which angles are the equal ones ? Which are the homol- 
ogous sides? 

Ex. 5. There are three pairs of ^milar 
triangles in Fig, 76. Can you point them 
out? Also point out their homologous 
parts. Are all the triangles which you 
can make out from the figure jsimilar to 
each other ? '»•'»' 

Ex. 6. Wishing to know the height EC of a house, I set up a 
stake DB 5 feet long; and putting my 
eye close to the ground, I moved back 
fh>m the stake to A, so that the top of 
the stake and the top of the house were 
just in range (in a line). Then by meas- 
uring I found AB = 10 feet, and AC = 80 
feet What was the height of the house ? 

Ex. 7. If you take three sticks of different lengths and put them 
together by joining their ends two and two, so as to represent a 
triangle ; can you, by putting together the same sticks in a different 
order, make a triangle of different form from the first ? Will the 
angles opposite the same sticks always be the same ? 

Ex. 8. If you take more than three sticks (say 4), and make of 
them the boundary of a figure, by putting their ends together two 
and two, can you put them together so as to make another figure of 
different form ? Can you make figures haying different angles ? 

Ex. 9. If you take three sticks, A 3 inches long, B 5 inches, 
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and c 6 inches ; and also three other sticks^ D B inches long, E 15 
inches, and F 18 inches ;* can yon place them together so as to make 
dissimilar triangles ? Will the corresponding angles of the two tri- 
angles be equal however you may arrange the sticks ? If the sides 
of two triangles are proportional, will their angles be equal and the 
triangles similar? 

Ex. 10. If yon take four sticks, A 3 inches long, B 5 inches, C 6 
inches, and K 4 inches; and also four other sticks, D 9 inches long, 
E 15 inches, F 18 inches, and L 12 inches ;* can you place them to- 
gether so as to make four-sided figures which shall be dissimilar 
{i. e.y not of the same shape) ? Will the corresponding angles of the 
two figures be necessarily equal? If the sides of a four-sided figure 
are proportional, does it follow that the corresponding angles are 
equal, and the figures similar ? 

Ex. 11. Why do the braces in the frame 
of a building stifien it? Is a four-sided 
figure stiff? i. e., are its angles incapable 
of change while its sides remain of the 
same length ? Can the angles of a triangle 
be changed while the sides remain un- 
changed ? 




Fia. 78. 
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ABOUT ABEAS. 

y 91. A Qu($drUater€U is a plane surface inclosed by four 
right lines. 

y 92. There are three Cflasses of quadrilaterals, viz., Trapeziums, 
Trapezoids, and Parallelograms. 

y 93. A Trapezium is a quadrilateral which has no two of its 
sides parallel to each other. 

a 94. A Trapex^dd is a quadrilateral which has but two of its 
sides parallel to each other. 



• Notice that the f Idee ue proportlooal, i. «., In the eame ratio tiken two ind two. 
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< 95* A JParaUelograni is a quadrilateral which has its oppo- 
site sides parallel. 

y 96» A JRectangle is a parallelogram whose angles are right 
angles. 

/ 97m A Square is an equilateral rectangle.* 

< 98m A RhomJyus is a parallelogram whose angles are not right 
angles, and all of whose sides are equaL 

y- 99m A Rhomboid is a parallelogram whose angles are not 
right angles, and two of whose sides are greater than the other twa 



III. — The flgnres in the 
maigin are all quadrilat- 
erals. A is a trapezium. 
(Why?) B is a trapezoid. 
(Why?) C, D, E, and F are 
panUlelograms. (Why ?) 
O and E are rectangles, 
although D is the form 
usually referred to by the 
term rectangle. So C is 
the form usually referred 
to when a parallelogram is 
spoken of; without saying 
what kind of a parallel- 
ogram. C is also a rhom- 
boid. (Why?) E is a square. 
(Why?) F is a rhombus. 
(Why?) This page is a 
rectangle; so also are the 
common panes of glass. 




B 






Fu. 19. 



'^ 190. A Diagonal is a line joining two angles of a figure, not 
adjacent 

III.— In oommcm language, a diagonal Is a line rmming *'ih>m comer to 
comer." 

Ex. L To construct a square, having given a side; or, in other 
words» to construct a square on a given line. 



* The paptl Phonld be able to gire this and all vlroilar definitions at length, Thns, A Square 
li a auiteoe incVoiHMi by finir eqoal rifttat ttnet making right angles with each other. 
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lit MMod.—'Let A be the giTen side. Draw 
the indefinite line OX, and lay off OM = A. At 
M erect a perpendicular MY, as taught in (44). 
On this take MN = A. From N and as centres, 
with a radius equal to A, describe arcs intersect- 
ing, as at P. Draw NP and PO. 

2d Method.'^Lei Q be the given side. Con- 
struct equal an^es at the extremities of Q, and 
produce the sides till they meet, and one of 
them till it will meet another side of the square 
proposed. With S as a centre, and ST or SR as 
radius, describe a semicircle. Draw RV, and it 
forms a right angle at R. The construction can 
now be finished as before. 

Ex. 2. Construct a rhombus whose side 
is 2 inches^ and one of whose acute angles 
is I of a right angle. 

^•' **• Ex. 3. Construct a rectangle whose ad- 

jacent sides are 3 and 5.* 

Ex. 4. Construct a rhomboid whose adjacent sides are 3 and 7, 
and their included angle i a right angle. 

Ex. 5. How many diagonals has a triangle? How many has a 
quadrilateral ? How many has a figure with five sides (a pentagon) ? 
Of six? Of eight? 




X 101. The Area of a surface is the number of timos it contains 
some other sur&ce taken as a unit of measure ; or it is the ratio of 
one surface to another assumed as a standard of measure. 

^ 102 • The Unit of Area usually assumed is a square, a side of 
which is some linear unit: thus, a square inch, a square foot^ a 
square yardy a square miUy etc. By these terms is meant a square 1 
inch on a side, one foot on a side, one yard on a side, etc. 

The acre is an exception to the general rule of assuming the 
square on some linear unit as the unit of area, there being no linear 
unit in use whose length is the side of a square acre. 

lLL.~The area of a board Is the number of squares 1 foot on a side which it 
would take to cover it The area of a fioor may be spoken of in square yards, 
and is the same as the number of square yards of carpeting it would take to 
cover it 



* Ttke 9Xkj oonyeoienk unit, ae k Incli, 1 Inch. 
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/ 103. The Altitude of a parallelogram is the distance between 
its opposite sides ; of a trapezoid, it is the distance between its parallel 
sides; of a triangle, it is the distance from any vertex to the side 
opposite or to that side produced. 

3^ lOd. The Sages of a parallelogram or of a trapezoid are the 
sides between which the altitnde is conceived as taken ; of a triangle^ 
it is the side to which the altitude is perpendicular. 

III. — ^The dotted lines in B, C, D, and F, Fig, 79, represent altitudes. 
When the altitnde is the distance between two parallels, the figure has two 
bases. The altitude of a parallelogram may 

be reckoned between either pair of parallel V< C 

sides, but it is most common to conceive it as 
the distance between the two longer sides. 

The altitude of a rectangle in the same as y^ \ \ y^ / j 

dther side to which it is parallel A triangle 
may have three altitudes, and any side of a 
triangle may be conceived as its base. In 
Fig, 81, AS is conceived as the base in each case, and CD the altitude. 

Ex. What side of a triangle must you conceive as the base^ in 
order that the altitude shall £a11 upon it, and not upon its pro- 
longation ? From what angle will the altitude be reckoned in such 
acase? 




lOS. Theorem. — TTie area of a rectangle is the product of its 
ttoo adjacent sides; or, what is the same thing, the product of its 
altitude and base. 

III.— Let ABCD represent a rectangle, of which AB is 8 units long, and 
AC 5. Kow, let us conceive a square a constructed on one of these units. 
Using this surface as the unit of area, it is evident 
that in the i-cctangle ^ABd there will be 8 such. 
Hence, the area of this rectangle is 8 (square units). 
Kow, drawing parallels to the base through the 
several points of division of the altitude. It is evident 
that the whole rectangle ABCD is made up of as 
many rectangles liice eABd as there are units in the 
altitnde— in this case 5. Hence the whole area is 5 
times the area ofcABd^ i. e., 5 times 8 (square units) 
= 40 (square units). 

N.B.— J%^ pupil Oumld he careful to observe that the language ^^produet of 
hate Mo aUUude,* w arUy a ecmmUent form ef abhreviaM etpremian. It is 
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JuBt as absurd to talk about multiplying a line by a line, as to talk about multi- 
plying dollars by dollars. Thus 8 inches in length can be taken 5 times, and 
makes 40 inches in length. But wliat does 8 inches in length, multiplied by 5 
inches in length mean ? Or what is 8 dollars taken 5 dollars times ? The multi- 
plier must always be an abstract number, and the product be like the multipli- 
cand, from the very nature of multiplication. With this the explanation given 
above agrees. When we say that the area of ABCD = 8 x 5, we mean 5 times 
8 square onits, which equals 40 square units. 



106» Theorem. — T/ie area of any parctUelogram is the same as 
the area of a rectangle having the same ba^ and altitude as the parol", 
lelogram, and hence is tlie prodtu^t of its base and altitude. 

lLL.~This truth is easily illustrated by cutting out a parallelogram, aa 

ABCD. Then, cutting off the triangle DEC, 
being careftil to make DE perpendicular to 
BC, and placing DC upon AB so as to bring 
the triangle DEC into the position AFB, the 
two parts will just make up the rectangle 
AFED. Hence we see that the area of ABCD 
is the same as the area of AFED, which latter 

is a rectangle haying the same base AD, and the same altitude ED, as the given 

parallelogram. 




Fig. 88. 



107 • Theorem. — The area of a triangle is half the product of 
its base and altitude, 

III.— To illustrate this truth, cut out two triangles A and B jusl alike. By 

placing them together, a 
parallelogram can be 
formed whose base and 
altitude are the same as 
the base and altitude of 
the triangle. The area of 

the parallelogram is the product of its base and altitude. Hence the area of 

one of the triangles is one-half the product of its base and altitude. 

In (act, by cutting one of the triangles, as A, hito two triangles, its parts can 

be put with B BO as to make a reetanffle having the same base and altitude as 

the triangles, [The pupil should do it.] 




Fig. 84. 



108m Theorem. — The area of a trapezoid is the product of its 
altitude into the line joining the middle points of its inclined sides. 

III.— To ffloatrate this troth, cut oat any trapezoid, as ABCD, and through 
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the middle of (he inclined sides, as a and 5, ent 

off the triangles ham and Bin, being careful to 

cut in lines am and In perpendicular to the 

base. These can be applied as indicated in the 

figure, so as to fill out the rectangle amwp. 

Hence we see that the area of the trapezoid is ^i^* ^> 

just equal to the product of its altitude into the line Joining the middle points 

of its inclined sides, as ab. 

Ex. 1. How many square yards of plastering in the walls of a 
room 20 feet by 30, and 15 feet high, including the ceiling ? 

Am. 233|. 

Ex. 2. A salesman is selling a piece of velvet which is worth 88 
per yard The velvet is cut " on the bias," as the technical phrase 
is, i. «., obliquely, instead of square across. The piece he is selling is 
measured along the selvedge in the usual way half a yard. He is 
disposed to charge the customer somewhat more than $4. Is he 
right ? The customer claims that he is getting but half a yard of 
velvety and so ought to pay but 84. Is he right ? 

AnB. Both are right, — ^the salesman in his demand, and the 
customer in his statement. How is it ? 

Ex. 3. There are two parallel roads one mile apart. A has a farm 
which extends along one of the roads half a mile, and the lines run 
perpendicularly from one road to the other. B has a farm Ijlng be- 
tween the same roads, and half a mile front on each road, but run- 
ning obliquely across. Which 
has the larger farm ? ^ ^ 

Ex. 4. Of the four triangles 
ACS, ADB, AEB, and AFB, Fig. 
86, which has the greatest 
area, CF being parallel to AB ? 

Ex. 5. Which is the largest triangle which 
can be inscribed in a semicircle, having the 
diameter for its base ? 



Ex. 6. Can you vary the area of a triangle 
while the sides remain of the same length ? 
Can you vary the area of a quadrilateral while the sides remain of the 
same length ? 

Ex. 7. If you have two lines each 5 inches long, and two each 3 
inches long ; into what kind of a parallelogram must you form them 
in order to have its area the greatest ? 

4 
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Ex. 8. Bongh boards are usually narrower at one end than at the 
other, for which reason the lumberman measures their width in the 
middle. What is the number of square feet in the following : 

12 boards 16 feet long, 10 inches wide (in the middle) ; 

16 boards 11 feet long, 9 inches wide " " ; 

8 boards 10 feet long, 13 inches wide ^^ '^ ? 

What principle is involyed in such measurement ? 

Ex. 9. What is the area of a triangle whose altitude is 6 feet, and 
base 10 feet? Are these elements sufficient to fix the form of the 
triangle ? 

Ex. 10. If a line be drawn from any angle of a triangle to the 
middle of the opposite side, what is the relation of the areas of 
the two partial triangles ? Why ? 



THE PrrHAGOREAN PROPOSITION* 

109* Theorem. — The square described on the hypotenuse of a 
right angled triangle is equivalent to the sum of the two squares 
described on the other two sides* 

III.— The meaning of this proposition may be illustrated thus : Let ABC be 

a right angled triangle, right angled at C, and the 
sides AC and CB be 4 and 3 respectively. Then 
measuring AB, it will be found to be 5, and we 
observe that 4* + 8* = 6*. This is also seen from 
the figure, in which the square on AC contains 
4'= 16 square units, and that on CB 8*= 9 ; while 
that on AB contains 5' = 25, i, 0., as many as <» 
both the other sides. We cannot so readily iUuS' 
trate the truth of the proposition when the ratio 
of the sides is any other than that of 3, 4, and 5, 
but it is equally true in all cases, as will be proved 
Fig. 88. in the next part of this book. 

Ex. 1. Can you make a right angled triangle whose sides shall be 
6, 8, and 10 ? 

Sua— As 10 is the longest side, it will have to be the hypotenuse. Now 5* 
+ 8' = 25 + 64 = 89. But 10* = 100. Hence, 10 is too long for the hypote- 
nuse of a right angled triangb whose other sides are 5 and 8. 

Ex. 2. Can you make alright angled triangle whose sides shall be 
9, 12, and 15 ? 
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Ex. 3. A carpenter has framed the fonr sills of a building to- 
gether, and placed them on the foundation. He then wishes to 
adjust them so that the angles shall be 
right angles. He places one end of his 
ten foot pole ab at a^ 6 feet from c; and, 
holding it in position, orders his attendants 
to move the sill AB to the right. How far 
will the end b of the pole be from c when 
the angle B is a right angle ? 

Ex. 4. A gate is to be 10 feet long and 4 feet high. How long 
must the brace be to go in as a diagonal and hold the gate in the 
form of a rectangle ? 

Ex. 5. The angles of a room are all right angles, and its dimen- 
sions are 20 feet by 30 on the floor, and 15 feet high. What is the 
length of the. longest diagonal extending from one comer on the 
floor to the opposite comer in the ceiling ? 

Ans, A little more than 39 feet 

Ex. 6. The numbers 3, 4, and 5 are much used by artizans aj3 
parts of a right angled triangle. Will any equi-multiples of them 
answer the same purpose, as twice them, t. e., 6, 8, and 10 ; or three 
times them, as 9, 12, and 15, etc. P 

Ex. 7. In an obtuse angled triangle, is the square of the side oppo- 
site the obtuse angle greater or less than the sum of the squares of 
the other two sides ? How is it with the square of the side opposite 
an acute angle ? 



Suo.^n the right angled triangle ABC, AC* = 
C6* + A8*. In the obtuse angled triangle C'B is 
equal to CB in the right angled triangle. But AC'* 
is greater than AC" ; hence AC* > BC* + AB*. 
By a similar inflection the other case may be 
determined. 




Fie. QO. 



110m Prob. — To find a mean proportional between two lines. 



Solution. — I wish to find a mean propor- 
tioual between the lines M and N, t*. «., a line 
XySnehthat 

M : jE : : a; : N, whence a;^ = M X N, and 
X- VM X N. 

I draw a line AB equal to the sum of M and 
N, making DB = M, and AD = N. I draw a 
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semicircumference on AB, and at D eroct CO perpendicular to AB. CD Is x, 
the mean proportional required. 

Ex. 1. To construct a square irhich shall be equal in area to a 
given rectangle. 

8no.— Draw any rectangle. Then find .a mean proportional between its 
adjacent sides as described aboye. A square constructed on this line will be 
equal in area to the rectangle ; since, if a; is the side of the square, and M and N 
are the adjacent sides of the rectangle, x* = M x N. But of is the area of the 
square, and M x N is the area of the rectangle. 

Ex. 2. To find the square root of 15 by means of the ruler and 
compasses. 



SuQ.— Smce 15 = 8 x 5. if DB = 8 and AD = 5, Ftg, 91. x (CD) = y/ B x 5 
= -y/ 15. Therefore, making a figure having DB and AD of these lengths, 
CD can be measured, and thus the square root of 15 obtained, approximately, in 
numbers. 

N. B. — In »ueh a ease CD represents exactly the required root^ although toe 
may not be able to express the value exactly in numbers. In this case geometry 
does exactly what arithmetic can do only approximately. 

Ex. 3. Draw a line which shall represent, exactly, the square root 
of 5. 

Suo.— Make DB = 1, and AD = 6. 

Ex. 4. Draw a rectangle whose adjacent sides are 2 and 3, and 
then draw a square of the same area. 



11 !• Theorem.— The areas of similar triangles are to each 
other as the sqimres of their homologous sides. 

p IiJ«.— The meaning of this is, that if ABC and DEF 

V are similar, and any side of ABC is 2 times as great as the 

\ >v homologous side of DEF (as is the case in tlie figure, CB 

\ N. being = 2FE, CA to 2FD and AB to 2DE) the area of 

U- — -^V^ ABC is 4 times the area of DEF. In fact, in a simple 

\ \^ • N. case like this, we can divide ABC into four triangles 

\ ''">4 N^ exactly equal to DEF, as is done by the dotted lines. 

A B 

Ex. 1. A and B have triangular pieces of land, 

K which are similar to each other, and similarly 

1 N. situated. But A's front is to B's as 6 to 3 ; how 

1 ^ much more land has A than B ? 

° Fio^oa. -^^*- ^i times as muck 
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Ex. 2. In order that one triangle may be Bimilar to and 4 times as 
great as another, how must any side 
of the first compare with the ho- 
mologous side of the second ? 

Ex. 3. In order that the areas of 
two similar triangles may be to 
each other as 4 to 9, what mnst 
be the ratio of their homologous 
sides? 




Fi«. w. 



112. Theorem. — The homologous sides of similar triangles are 
to each other as the square roots of their areas. 

This theorem is inyolved in the theorem that the areas of similar triangles 
are to each other as the squares of their homologous sides. It Is illustrated in 
the preceding examples. 

Ex. Construct a triangle with one of its sides 2 in length. 
Then construct a similar triangle 1\ times as large. What must be 
the length of the side of the second triangle which is homologous 
with the side 2 of the first ? 



Solution.— Let CAB be the given triangle, whose side AB is 2. Since the 
second is to be U times as great as the first, the ratio of the areas is 2 : 8. 
Hence, -y/^ \ -y/S 

:: AB (or 2) : a?, \ A. 

the side of the re- 
quired triangle ho- 
mologous with side 
2 of the given tri- 
angle. Construct 
the square roots of 
2 and 8, as oft and 
ac in the figure, 
and then find a 
fourth proportional 
to a&, 00, and AB. 

This is found to be __ ^ 

aif. Taking DE = 

ay, construct on it a triangle DEF similar to ABC, and it will be 1^ times as 
Uuige. 
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THE AREA OF A CSECLE. 

113. Theorem. — The area of a circle whoee radius is r, is ni^^ 
i. e.^ 3.1416 times the square of its radius. 

III.— If we take a circle whose radius is r and circumscribe about it a square 
ABCD, we observe that the area of this square is 4ai^, Hence we see that the 
area of a circle is lew than 4 times the square of its radius. Agahi, drawing two 

diameters EF and CH at right angles to each other, 
and Joining their extremities, we have the inscribed 
square CEHF. The area of this square is equal to 
the area of the two triangles CEF and EHF. But 
area CEF = iCO x EFs^rxaTzsr*; and in like 
manner EHF r= r*. Hence area CEHF = 2f*, 
We thus see that the area of a circle is more than 
two times the square of the radius. The area 
of a circle is therefore somewhere between two 
and four times the square of its radius. Just bow 
many times r* the area is, we do not propose to find 
in this place, but only say that it has been found to 
be 8.1410 times r*. We must also remark that this 
is noX exact; but it is near enough for practical purposes. In fact, nobody 
> knows exactly how many times the square of the radius the area of a circle is. 

Ex. 1. If you cut firom a square the largest possible circle, show 
that you cut away a little less than \ of the square, or more exactly 
.2146 of it 

Ex. 2. What is the area in acres of a circle whose diameter is 3 
miles ? Am. 4523.904. 

Ex. 3. A horse is so tied to a tree that he can graze on every side 
of it to a distance of 100 feet What is the area in acres oyer which 
he can graze ? Ans. A little less than f of an acre. 

Ex. 4. What is the area of a circle whose radius is 1 ? 

[Remember this result] 

Ex. 5. What is the area of a circle whose radius is 2 ? 3 F 4 ? 
How do these areas compare with the area of a circle whose radius 
isl? 



114. Theorem. — The areas of circles are to each other as the 
squares of their radii. 

III. — ^This is readily seen from the last theorem. Thus the area of a circle 
whose radius is 6 is 253r ; and of one whose radius is 6, the area is 86ir. Kow, 
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the latio of these areas 25]r : 86>r is the same as 25 : 86, il «., as the squares of 
the radii of the two cboles. 

Ex. h In the fignre the radius of the outer 

circle is twice that of the inner. How do their ^ — \ — -v. 

areas compare? How do the 4 parts into which jt \ >. 

the larger circle is divided compare with each / s jr^\ s \ 

other? { ( ^ ] ) 

Ex. 2. The radii of 2 circles are 3 and 6 re- V'' V_^"-y 

spectively ; what is the relation of their areas ? ^v^:f_^.x^ 

Am, 9 : 25; or one is 2f times as large as the p^ g^ 
other. 

Ex. 3. I have a circle whose radius is 5, and wish to make another 
whose area is twice as great ; what must be its radius ? 

An». V50, or 7.071 nearly. 

Ex. 4. Can we compare the areas of circles by means of the squares 
of their diameters as well as by means of the squares of their radii ? 
How much greater is the square of the diameter of any circle than 
the square of the radius? 

Ex. 5. Two 5-inch stovepipes run together into one 7-inch pipe. 
Is the capacity of the one pipe equal to that of the two ? 

Ex. 6. Two men bought grindstones of equal thickness. The 
stones cost $4 and $9 respectively. One was 2 feet in diameter and 
the other 3. What was the difference in the rates paid ? 



SECTION VIII. 

OF POLYGONS. 

^ lis* A "Polygon is a portion of a plane bounded by straight 
lines. 

The word polygon means many-angled ; so that with strict propriety we 
might limit the definition to plane figures with tc9^ or more sides. TlUs limita- 
tion in the use of the word is fi^uently made. 

< IIQ. A polygon of three sides is a triangle ; of four^ a quadrikU- 
eral; of five, skpenitigon ; of six, a hexagon; of seven, a heptagon; 
of eight, an octagon; of nine, a nonagon; of ten, a decagon; of 
twelve, a dodecagon. 
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X 117* A Regular Polygon is a polygon whose sides arc 
equal each to each, and whose angles are equal each to eaclu 

< lis. The Perimeter of a polygon is the distance around it, 
or the sum of the bounding lines. 



119. Theorem. — Any polygon may be divided by diagonals 
drawn from any angle, into as many triangles as the polygon has 
sidesy less two sides. 

III.— la the figure the polygon has 7 udes. 
Bj drawmg the diagonals from C to the other 
angles, we divide the polygon into 5 (7—2) 
triangles. 




Fig. 97. 



120. Theorem.— The sum of the an- 

gles of any polygon is twice as many right 
angles as the polygon has angles {or sides), 
less four right angles. 



III.— Draw a polygon, as ABCDEFC, and the arcs a, 6, c, d, e,f, g, measuring 

its angles. With the 9ame radius draw a 
circle. Beginning at some point, as O, 
lay off OA = a, AB = b, BC = c, CD = rf, 
DE = e, EF =/, and FC = ^. It is found 
in this case that the sum of these meas- 
ures is two circumferences and a hal£ 
Now, one circumference is the measure 
of 4 right angles. Hence, 2^ circumfer- 
ences measure 2i x 4 = 10 right angles. 
Thus it appears that the sum of all the 
angles of the polygon is 10 right angles. 
This agrees with the theorem; for, by 
that, the sum should be 2 right angles x 7 
— 4 right angles, which is 10 right angles. 




121. Prob. — To draw a regu* 
lar polygon. 



Fio. fl6. 



Solution.— Draw a circle, and divide 
the circumference into as many equal ares 
as the polygon has sides. The chords of these arcs will constitute the perimeter 
of the polygon. 
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The practica] dlfBcolty lies in dividing the drcnmference as required. The 
drcamference can he divided into equal arcs by (55). Drawing radii to these 
points of division, and bisecting the included angle, a division into 13 equal 
parts is effected. These can be again bisected, and the division into 24 equal parts 
effected, etc. Again, the circumference can be divided into 4 equal parts by 
drawing two diameters at right angles to each other (see Fig, 9ISf). These arcs 
can be bisected as indicated above, and the division into 8 equal parts effected. 
Bisecting the latter arcs, we have 16 equal parts, etc. There is also a way to 
divide the circumference into 10 equal parts, but it is too difficult to be given 
here. For all regular polygons except those of 3, 6, 12, 24, etc., and 4, 8, 16, etc., 
aides, the pupil, at this stage of his progress, is expected to effect the division 
biftriaL 



EXERCISES. 

1. By drawing diagonals from any one angle, into how many tri- 
angles can a pentagon* be divided ? Show it with a figure. Into 
how many an octagon ? A dodecagon P A nonagon ? A hexagon ? 

2. What is the sam of the angles of a hex^on ? Determine the 
nnmber mentally, and then measure the angles geometrically, as in 
the solution of {l20)y observing that the latter result verifies the 
former. In like manner determine the sum of the angles of a pen- 
tagon. Of an octagon. Of a decagon. Of a nonagon. Of a tri- 
angle. Of a quadrilateral. 

3. H the angles of a hexagon are equal each to each— that is, if 
the hexagon is equiangular — what is the value of any one angle ? 

Arts. 1^ right angles. 
[NoTB.— A r^ular polygon is equiangular.] 

4. What 18 the value of any angle of a regular octagon ? Of a 
regular pentagon ? Of a regular dodecagon ? 

Answer to the last, 1| right angles. 

5. Construct a regular dodecagon. 

6. Construct a regular heptagon. 

8uo'&— Ohservhig that as the chord for the hexagon 
is tlie radius, and hence the chord for the heptagon is 
a UtOe less, we can readily find bjf trial iusi how wide 
to open tlie dividers so that they shall step around 
the circumference at 7 steps. This is not a very 
Bcientiflc way of constructing a figure, it is true, but 
it is the only way we can get the chord in this case. ^toTog; 

^ Polygons are not to be Msamed regaUr aniens they are so designated. 
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' 7. GoDstmct a regular octagon. 
Bug.— See the general solation {12 J), 




Fig. 100. 




FW.10L 



8. Construct a regular nonagon. 

SoLiTTioN.— Fint get a quarter of the dr- 
cumference by maiiung the points where two 
diameters at right angles to each other would 
cut the drcumferenoe. AX is an arc of 90\ 
Then from A take AY = 00* by ushig radius ss 
a chord. YX is therefore an arc of 80*". Divide 
this into three equal parts bjf irial. Measure 
YB equal to two-thirds of YX, and AB and BC 
are arcs of 40*", and the chords AB and BC are 
chords of the regular nonagon. 



9. To draw a five-point star. 

Solution.— Draw a circle, and dividing the 
circumference into five equal parts, Join the 
alternate points of division, as in the figure. 



10. To circumscribe a square about a circle (56). Also an equi* 
lateral triangle^ and a regular hexagon. 



SYNOPSIS OF PLAJ^E FI0UBES. 
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f What? 



a 

o 






o 

o 



r What? 



Tbiaholes. 



0(3 

o 
o 

o 
Of 



Sides. Perimeter. 
rWhat? Altitude. 






'Scalene. 
Isosceles. 
Equilateral* 



I)iagonal. 
Base. 

'g 8 f Acute. 

1 1] Bight. 
3 ^ l^Obtusi. 



QrADBILAT- 
EBALS. 



What? 

Trapezium. 

Trapezoid. 

Parallelo- 
gram. 



Rhombus. 
Bhomboid. 

«"^^' ( Square. 



J 



Pentagon. 
Hexagon. 
Heptagon. 
Octagon. 
^ Nonagon^ etc. 



Regular. What? 



QQ 
> 

O 
« < 

Q 
H 

Q 

o 



rWhat? 

[ Radius^ Diameter. 

r Ellipse. 
Conic Sections.* < Parabola. 

( Hyperbola. 

HiOHEB Plane CuBVEa* 



* Tlie«e are iDseried tlmply to glTe completeness. Of course, the stadent is not expected 
to know more than their names. 



PART IL 



THE FUNDAMENTAL PROPOSITIONS OP ELEMENT- 
ARY GEOMETRY, DEMONSTRATED, ILLUS- 
TRATED, AND APPLIED. 



OHAPTEE L 

PLANE GEOMETRY. 



SECTION I. 

OP PERPENDICULAR STRAIGHT LINES. 



PBOPOSmON L 



122. Tfiearem* — At any point in a straight line, one perpen- 
dicular can he erected to the line, and only oncy which shall lie on the 
same side of the line. 



DBM.~Let AB* represent any line, and P be 

j/c any point' therein ; then, on the same side of 

/ AB there can be one and only one perpendic- 

.-' ular erected at P. For from P draw any ob- 

/ lique line, as PC, forming with AB the two 

angles CPB and CPA. Now, while the ex- 

Q tremity P, of PC, remains at P, conceive the 

line PC to revolve so as to increase the less of 
^w-^09- the two angles, as CPB, and decrease the 

greater, as CPA. It is evident that for a certain position of CP, as C'P, these 



M 



^ In class recitation the papU shonld ^ to the blackboard, after having had hl» propoaltion 
asilgned him, and first draw the figure required for the demonstration. This shonld be dor ^ 
neatly, accurately, with dispatch,' and toUhovt any aids. The figure being complete ^ 

stands at the board, pointer in hand, enunciates the proposition, and then gives the d< ^ 

etiation aa it ia in the text, pointing to the several parts of the figure as they are reflsrrec ^^ 
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angles will become equal In this position C'P becomes perpendicular to AB 
UO {26).* Again, if the line C'P revolve, from the position in which the angles 
are equal, one angle will increase and the other diminish ; hence there is only 
one position of the line on this side of AB in which the adjacent angles 
are equal. Therefore there can be one and only one perpendicular erected to 
AB at P, which shall lie on the same side of AB. q. e. d. 

123m Cor. 1. — On ike other side of the Ihie a second perpen- 
dicular ^ and only one, can be drawn from the same point in the line, 

124^ Cor. 2. — If one straight line meets another so as to make 
the angle on one side of it a right angle^ the angle on the otJier side is 
oho a right angle, and the first line is perpendicular to the second. 

125m Cob. 3. — If two lines intersect so as to make one of the 
four angles formed a right angle, the oilier three are right angles, and 
the lines are perpendicular to each other. 

1>EX.— Thus, if CEB is a right angle, CEA, 
being equal to it, is also a right angle. Then, 
as AEC is a right angle, the adjacent angle 
AED is a right angle, since they are equal. 
Also, as CEB is a right angle, and BED equal ____ 
to it, BED is a right angle. Hence CD being R E B 

perpendicular to AB, AB is perpendicular to 
CD, as it meets CD so as to make the adjacent 
angles AEC and AED, or CEB and BED equal to 
each other (4S)m , -. 

Fio. 103. 



FBOPOsmoN n. 

12Q. Theorem. — When two straight 
lines intersect at right angles, if the por- 
tion of the plane of the lines on one side 
of either line be conceived as revolved on 
that line as an axis until it coincides 
with the portion of the plane on the other 
side, the parts of the second line w\ll coin- 
cide. 



Dem.— Let the two lines AB and CD intersect d 

at right angles at E ; and let the portion of the f,q. iq^ 

plane of the lines on the side of CD on which 
B lies be conceived to revolve pn the line CD as an axis,t until it falls in the 

— ■ — ■ — ^ 

* When a preceding principle is referred to, U should be accuraldtj quoted by ihs pupiL 

t Ab if the paper, which may represent the plane of the lines, ivere folded in the line CD* 

It is important that this process be clearly conceived, as it is to be made the basis of many 

tabseqaent demon»tratioD8. 
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portion of th« plane on the other Aide of CD. Then will EB &11 in and oofaidde 
with AE. 

For, the point E being in CD, does not change position in the revolution ; 
and, as EB remains perpendicular to CD, it must coincide with EA after the 
revolution, or there would be two perpendiculars to CD on the same side and 
fh>m the same point, E, which is impossible {122). Hence EB coincides witii 

tK Q. B. D. 



/ 



p 



I 






PROPOSITION m. 

127. Theorem* — From any point without a straight Kney one 
perpendicular can be let fall upon that line, and only one. 

DEH.^Let AB be any line, and P any point without the line ; then one per- 
pendicular, and only one, can be let fall &om P 
upon AB. 

For, conceive any oblique line, as PC» drawn, 
making the angle PCB>PCA. Now, while the 
extremity P of this line remains fixed, conceive 
the line to revolve so as to make the greater angle 
PCB decrease, and the less angle PCA increase. 
At some position of the revolving line, as PD, the 
two angles which it makes with the line AB will 
become equal. When these adjacent angles are equal, the line, as PD,' is per- 
pendicular to AB {20, 43). Moreover, there is onl$f one position of the line in 
which these angles are equal ; hence, only one peipendicular can be drawn 
from a given point to a given line. q. e. d. 



\\ 



^)r^^>^^. 



D E 
Fia. 106. 



C B 



\ 






^ 



\ 
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PBOPOSmON IT« 

128. Theorem. — From a point unth- 
out a straight line, a perpendicular is the 
shortest distance to the line. 

Dem. — Let AB be any straight line, P any point 
without it, PD a perpendicular, and PC any 
oblique line ; then is PD < PC. 

Produce PD, making DP' = PD, and draw P'C. 
Then let the portion of the plane of the lines 
above AB be revolved ui)on AB as an axis, until it 
coincides with the portion below AB. Since PP' 
and AB intersect at right angles, PD will fall in 
DP' {126) ; and, since PD = DP', P wiU fall at P', 
and PC = P'C, since they coincide when applied. 
Finally, PP' being a straight line, is shorter than 
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PCP, which is a broken Ime, since a stndght Ihie is the shortest distance be- 
tween two points. Hence PO, the half of PP, is less than PC, the half of the 
broken line PCP. <i,e.d. 



FBOPOSmON Y. 

129m Thearem.'^If a perpendicular be erected at the middle 
point of a straight line^ 

IsL Any point in the perpendicular is equally distant froni the 
extremities of the line. 

%dL Any point without the perpendicular is nearer the extremity of 
the line on its own side of the perpendicular. 

]>Bif.^l8t Let PD be a perpendicular to AB at its middle point D. Then, 
O being any point in the perpendicular, OA = OB. 

For, revolve the figure OBD upon OD as an axis 
until it fiills in the plane on the other side of PD. 
Siooe ODB and ODA are right angles, DB will fall 
in DA (12ei\ and, since DB = DA, B will fall at A. 
Hence, OA and 08 coincide, and OA = 08. 

9d. O' being any point without the perpendicular 
on the same side as B, 0'B<0'A. 

For, drawing O'A and O'B, let O be the point at 
which O'A cuts the perpendicular. Draw 08. Now 
O'8<80 + 00', since O'B is a straight and O'OB is a broken line. But, as 
OA=08, we may subetitnte it in the inequality, and have O'B <0A + 00', which 
fom = O'A. 

130* Cob. — If each of two points in one line is equally distant ^ 
from the extremities of another line, the former line is perpendicular 
to the latter ut its middle point. 

Bex.— Every point equally distant from the extremities of a straight line lies 
in a perpendicular to that line at its middle point, by the proposition. But, 
two points determine the position of a straight line. Hence, two points, each 
equally distant from the extremities of a straight Ime, determine the position 
of the perpendicular at the middle pohit of the line. 




EXEBdSES. 

1. Prob* — To erect a perpendicular to a given line at a given 
point in the line. 



G4 
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>r-r 
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Solution.— [The proeesa is given in 
{44\ and should be repeated here ex- 
actly as given there, with the reasomfor 
the wlnUoUy as follows.] A is one point 
in the line OA, which is equally distant 
from B and C, by construction, and O is 
another. Hence OA is perpendicular to 
BC at A, by (130). 



2. Fr€b* — To bisect a given line. 



Fxe. 109. 



B 



BoLunoN. — [For the procest see (39), The 
student should first do it as he did then. The 
reason why this process bisects AB is as follows.] 
Since m is one point equally distant from the ex- 
tremities A and B, and n another, there are two 
points in mn each equally distant from the ex- 
tremities of AB. Hence mn is perpendicular to 
AB at its middle point O, by (130). [The reason 
for the process in Fig. 20 is the same. Let the 
student give this method, and show how the cor- 
ollary (130) applies.] 



JiJL 



Fig. 110. 



^ 



3. Frob^ — From a point without a 
given line, to let fall a perpendicular upon 
the line. 

Solution. — [Repeat the process as in (4JS)t 
and give the reason for it as follows.] O is one 
point equally distant from B and C, and D is 
another. Hence a line drawn from to D is 
perpendicular to BC by (130), 



P' 



4. Wisliing to erect a line perpendicular to AB at its centre, I 

take a cord or chain somewhat 
longer than AB, and, fastening 
its ends at A and B, take hold of 

*'*••.., the middle of the cord or chain 

^,,.'-'*B and carry it as far from AB as I 

,---'''' can, first on one side and then on 

the other, sticking pins at the 
most remote points, as at P and 
P'. These points determine the 
perpendicular sought What is the principle involved? 

5. Two boys are skating together on the ice, and both start from 



P 

Fie. 111. 
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the same point at the same time, one skating directly to the shore 
and the other obliquely. They both reach the shore at the same 
time. Which skates the faster ? What principle is inyolved ? 

6. Several persons start at different times from the same point in 
a straight road that runs along a wood, and each travels directly 
away from the road. Will they come out at the same, or at different 
points on the opposite side of the wood ? What principle is involved ? 
What 18 the geometrical language for the colloquial phrase " Directly 
away fh)m the road" ? 

7. If I go from A to B, Fig. Ill, by first passing over AP, will I 
gain or lose in distance by going on a little jGetrther in the direction 
of AP before I turn and go straight to B ? What principle is in- 
volved ? Would I gain or lose by stopping short of P on the line.- 
AP? Why? 



r.iR 



C i 



SECTION II. 



OF OBLIQUE STRAIGHT LINES. 



PBOPOSmON L 

131* Theorem* — When an oblique line meets onotTier straigKP 
line forming two adjacent angles, the sum of these angles is two right 
angles. 

Dem.— Let the oblique line CD meet the straight ' ^ 

line AB forming the two adjacent angles CDB and 
CDA ; then CDB + CDA equals two right angles. 

For suppose CD to revolve toward the position of 
the perpendicular CD ; the angle CDB will increase 

at the same rate that CDA diminishes; hence their ^ ^ 

turn will remain constant (t. «., the same). But, f iia 

when CD becomes perpendicular, the sum of the 

a^iacent angles formed with AB is two right angles by definitions {26^ ^). 
Therefore CDB + CDA =r two right angles, q. e. d. 

132* Cob. — The sum of all the consecutive angles formed by any 
number of lines meeting a given line on the same side and at a given 
point is two right angles. 

5 
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Dbm.— Thus ADC + C'DC*^ + tf'^DC'" + C'DC 
+ CDC + CDC + CDB = ADC + CDB, which 
8um is two right angles by the proposition. Or, in 
general terms, the angles thus formed can always he 
united into two groups, constituting respectiyely the 
two adjacent angles formed by one line meeting 
another. 



133* Def. — Two angles whose sum is two right angles, are 
called Supplemental Angles. Hence, the Supplement of an angle is 
what remains after subtracting it from two right angles. 



PROPOSITION n. 

134. Theorem. — When any two straight lines intersect^ the 
apposite or vertical angles are equal to each other ^ and the sum of the 
four angles formed is four right angles. 

Dem. — Let AB and CE intersect at D ; then CD A = the opposite angle BDE.; 
ADE = the opposite or vertical angle CDB, and ADC + CDB + BDE + EDA = 
four right angles. For, since CD meets AB, ADC is the supplement of CDB 

{IHl, 133). Also, since BD meets CE, BDE is the 
6 supplement of CDB. Hence ADC = BDE. In a sim- 
ilar manner ADE can be proved equal to CDB. [The 
student should give the proof.] 

Again, ednce ADC + CDB = two right angles, and 
BDE + EDA = two right angles, by adding the cor- 
responding members together, we have ADC + CDB 
+ BDE + EDA = four right angles. 




Fra. 114. 



13S. CovL— The sum of all the consecutive angles formed by any 
number of lines meeting at a common point is four right angles. 

Dem.— The truth of this corollary is rendered 
apparent by drawing a line through the common 
vertex, and observing that the sum of all the angles on 
each side thereof is two right angles; whence the 
sum of all the angles on both sides, which is the 
same as the sum of all the consecutive angles formed 
by the line, is four right angles. [Let the student put 
letters on the figure, and demonsti-ate by means of it! 




Fu. 115. 
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PROPOSITION m. 

136. Theorem. — If two supplemental angles are so situated as 
to be adjacent to each other, the two sides not common will fall in the 
same straight line. 

Dem. — ^Let the sum of the two angles 
BOA and CO'D be two right angles. 
Prolong CO', forming the angle DO'E. 
Then is DO'E supplemental to GO'O {131, 
133)y and hence equal to BOA, which is 
supplemental to CO'D by hypothesis. 
Now, if AOB be placed adjacent to CO'D, 
the yertex O being at O', and the side OA 
fidting in O'D, OB will fall m O'E, since 
BOA = DO'E. Hence, when the angles 
are so situated, OB becomes the prolonga- 
tion of CO'. <^ B. D. 




PROPOSITION lY. 

137* Theorem* — If from a point without a straight line a per- 
pendicular be drawny oblique lines from the same point cutting the 
line at equal distances from the foot of the perpendicular are equal to 
each other; the angles which they form with the perpendicular are 
equal to each other ; and the angles which they form with the line are 
equal to each other, 

Dek. — Let AB be any straight line, P any point without it, PD a perpen- 
dicular, and PC and PE oblique lines cutting 
AB at C and E,so that DC=DE ; then PC=PE, 
angle CPO = angle DPE, and angle PCD = 
angle PED. 

Reyolve the figure PDE upon PD as an 
axis, until it falls in the plane on the other 
side of PD. Since AB is perpendicular to PD, . 
DB will &11 in DA; and, since DE = DC, E 
will fall at C. Now, as P remains stationary, 
the triangles PDE and PDC coincide. Hence, 
PC = PE, angle CPD =: angle DPE, and 
Angle PCD = angle PED. q. jl d. 

Query.— How does the equality of PE and PC follow from (129) ? 




Fio. 117. 



PROPOSITION V. 

138. Theorem. — Iffrwn a point without a line a perpendicti- 
lar be drawn to the line, and also from the same point two oblique 
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lines making equai angles with the perpendicularj the oblique lines 
are eqvM to each other ^ cut the litis at equal distances from the foot 
xf the perpendicular^ and make equal angles with it.* 

Deh.— PD being a peipendicular to AB, and angle CPD equal to angle 

DPE, PC equals PE, CD equals DE, and PCD 
equals PED. 

Revolve the figure PDE upon PD as an 
axis, till it falls in the plane of PDC. Since 
angle EPD = angle CPD, PE will take the 
direction PC, and E will fall somewhere in 
the indefinite line PF. But, since PDE and 
PDC are right angles, DE will fall in DA (126) 
and E will fall somewhere in the indefinite 
line DA. Now, as E falls at the same time in 
PF and DA, it must fall at their intersection 

C. Hence, PE cohicides with PC, and DE with DC. Therefore PE = PC, DE 

= DC, and angle PED = PCD. q. B. d. 




Fio. 11& 




PBOPOSITION YL 

139* Theorem. — Iffrwn a point without a line a perpendicular 

be let fall on the line, and two oblique 
lines be drawn, the oblique line which cute 
off the greater distance from the foot of 
the perpendicular is the greater, 

Dem. — Let AB be any straight line, P any point 
without it, and PC and PF two oblique lines of 
which PF cuts off the greater distance fh>m the 
foot of tlie perpendicular; that is DF > DC. 
Then is PF > PC. 

Produce PD, making DP' = PD, and draw PF and P'C, prodndng the latter 
until it meets PF in H. Revolve the figure FPD upon AB as an axis, untU it 
falls in the plane on the opponte side of AB. Since PP' is perpendicular to AB, 
PD will faU in DP' ; and, since PD = DP\ P will fall at P'. Then P'C = PC 
and PT = PF. Now the broken line PCP' < than the broken luie PHP', sinee 
the straight line PC < the broken line PHC. For a like reason the broken line 
PHP'<PFP'. since HP' < HFP'. Hence POP < PFP', and PC the half of 
POP' < PF the hall of PFP'. <i. B. D. 

ScH. — If the two oblique lines to be compared lie on different sides of the 
perpendicular, as PF and PE, DF being greater than DE, lay off DC = DE, and 
draw PC. Then since PC = PE, if it is found less than PF, as in the demon- 
stration, PE is less than PF. 

^ Thin proposition Is the convene of the Ust. Tho (dgnlflcancA of this statement wtU be 
oiora ftilly dercloped (hither on ( 1S4). 
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140. Cob. 1. — From a given point without a line^ there can not 
be two equal obliqtie Knee drawn to the line on the same side of a per- 
pendicular from the point to the line, 

141. CoK. 2. — Two equal oblique lines drawn from the same 
point in a perpendicular to a given line, cut off equal distances 
on that line from the foot of the perpendicular. 

Dmc — ^For, if the distances cat off were unequal, the lines would be unequal 



EXERCISES. 

1. Having an angle given, how can yon constrnct its supplement ? 
Draw any angle on the blackboard, and then construct its supple- 
ment 




Fia. 190. 

2. The several angles in the figure are such parts of a rignt angle 
as are indicated by the fractions placed in them. If these angles 
lae added together by bringing the vertices together and causing 
the adjacent sides of the angles to coincide, how will MA and CN 
lie?: 'Construct seven consecutive angles of these several magni- 
tudes. How do the two sides not common lie ? Why ? 

8, If two times A, B, two times D, three times E, three times C, three 
times C two times F, in the last figure, are added in order, how will 
AM and CN lie with reference to each other ? Why ? 

Ans. They will coincide. 

4. If you place the vertices of any two equal angles together so 
that two of flie sides shall extend in opposite directions and form 
one and the same straight line, the other two sides lying on opposite 
sides thereof, how will the latter sides lie ? By what principle ? 

5. Upon what principle iu this section may the common method 
of erecting a perpendicular at the middle of a straight line (39, 44) 
be explained ? Upon what the method of letting fall a perpendicular 
upon a straight line from a point without {4S) ? 



70 ELEMENTABT FLAKE OEOMETBT. 

6. A and B start at the same time, from the same point in a certain 
road ; A travels directly to a point in another road at right angles to 
the first, and at ten miles from their intersection, and B travels di- 
rectly toward a second point in the second road, which point is seven 
miles from the intersection. Both reach their destination at the 
same time. Which travels the fester ? What principle ifl involved ? 
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PROPOSITION L 

142. Theorem. — Two straight lines lying in the same plane 
a7id perpendicular to a third line are parallel to each other. 

DsM.— Let AB and CD be two straight lines 
lying in the same plane and each perpendicn- 
lar to FE ; then are they paralleL 

For if AB and CD are not parallel, they 
will meet at some point if 8u£9lciently pro- 
duced (66). But, if they could meet, we ahould 
g have two straight lines from one point (their 

Fio. 121. point of meeting), perpendicular to the same 

straight line, which Ib impossible (iJ^T). There- 
fore, as the lines lie in the same plane and cannot meet how far soever they be 
prodoeed, they are parallel, q. B. D. 

143. Cob. 1. — Through the same point one parallel can always 
be drawn to a given line, and only one, 

Dem. — ^Let AB be the given line, and the given point, there can be one 
and only one perpendicular through G to AB (127-) Let this be FE. Now 
through one and only one perpendicular can be drawn to FE. Let this be 
CD. Then is CD parallel to AB by the proposition. That there is only one 
such parallel, we shall assume as axiomatic* 

144. CoR. 2. — If a straight line is perpendicular to one of two 
parallels, it is perpendicular to tJie other also. 

Dbm.— If FE is perpendicular to AB it is perpendicular to CD. For, if 
through where FE intersects CD, a perpendicular be drawn to FE, it is par- 

* Nona regaiderona cette propoaition comme iriDBNTX. P.-F. Coxpasnox. So al^fv-^. 

Cbatttott. ^ 



] 
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allel to AB by the propoeition. But, by Cor, 1, there can be but one line 
throngh G parallel to AB. Hence the perpendicular to FE at G coincides with, 
oris, the puullel CD. 



PROPOSITION n. 

14:S, Theorem, — Two straight lines tvhich are parallel to a 
third, are parallel to each other. 

Dkm.— Let AB and CD be each parallel to EF ; 
then are they parallel to each other. 

For draw HI perpendicular to EF ; then will it 
be perpendicular to CD because CD is parallel to 
EF. For a like reason HI is perpendicular to AB. 
Hence CD and AB are both perpendicular to HI, 
and consequently parallel, q. e. d. 

Fio. 132. 
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146* Definitions. — ^When two lines are cut by a third line 
the angles formed are named as follows : 

Exterior Angles are those without the two 
lines, as 1, 2, 7, and 8. / 

Interior Angles are those within the two / 

lines, as 3, 4, 5, and 6. ^ — 

Alternate Exterior Angles are those — - — ^____ 
without the two lines and on different sides of the y 

secant line, but not adjacent, as 2 and 7, 1 and 8. / 

Alternate Interior Angles are those 
within the two lines and on different sides of ^**' '^ 

the secant line but not adjacent, as 3 and 6, 4 and 5. 

Corresponding Angles are one without and one within the 
two lines, and on the same side of the secant line but not adjacent, 
as 2 and 6, 4 and 8, 1 and 5, 3 and 7. 



PROPOSITION m. 

147* Theorem* — If two Imes are cut by a third line, making 

the sum of the interior angles on the same side of the secant line 

equal to two right angles, the two lines are parallel 

Deic.— Let AB and CD be met by the line EF, making ECD + FKB = two 
right angles; then are AB and CD parallel. 
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Fig. 134. 



For, through P, the middle of CK, draw HI 
perpendicular to AB. Since HPG and KPI ar« 
vertical angles, they are equal by (134). Algo» 
since CKB and CCK are both Bupplcments of 
DCK, the former by hypothesis, and the latter 
by (133), CKB = CCK. Now, conceive the 
portion of the figure below P, while remaining 
in Uie same plane (the plane of the paper), to 
revolve upon P (as a pivot) from right to left till 
PK falls in PC .♦ Smce PK = PC, K will fall at C. Again, since KPI = CPH 
PI will take the direction PH, and I will fall in PH, or PH produced ; and, since 
PKI = PCH, Kl will take the direction CH, and I will fall somewhere in GC. 
Hence, as I falls in both PH and CO, it must fall at their intersection H ; and 
KIP coincides with, and is equal to PHC. But KIP is a right angle by construc- 
tion ; hence GHP is a right angle. Therefore, AB and CD are both perpendic- 
ular to HI, and consequently parallel by (ld2). q. e. d. 

148. Cor. 1. — If two lines are cut hy a third, snaking the sum of 
the two exterior angles on the same side of the secant line equal to two 
right a^igles, the two lines are parallel, 

Deic.— For, if FQD + EKB = two right angles, EKB is the supplement of 
FGD; so also is KQD (131,133). Hence EKB = KGD. Again, for like 
reasons, FGD and GKB are both supplements of EKB and therefore equal 
Hence, when FGD + EKB = two right angles, GKB + KQD = two right angles, 
and the lines are parallel by the proposition. The same is true for FQC and 
AKE. [Let the student prove it.] 

149. Cor. 2. — If two lines are cut hy a third, making eith^ 
two alternate interior, or either two alternate exterior, or any two 
corresponding angles, equal to each other, the lines are parallel 

Dem.— If CCK = CKB, KCD + CKB = two right angles, since CCK + KGD 
= two right angles. Hence the lines are parallel by the proposition. So also if 
KCD = AKC, or FCD = AKE, or CCF = EKB, or FCD = CKB, or CCF = 
AKC, the two lines are parallel. [Let the student show the truth in each case.] 





"A E 

Fio. 1«5. ^»o- 1*- 

♦ The accompanying figures will aid the student in getting this conception. Fig. Itf 
rfpre^eiitH the position of the line* after the revolution has gone about half a right angle, and 
Fig. 136 when the revolution Is almost completed. 
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PROPOSITION rr. 

ISO. Theorem* — If two parallel lines are cut by a third line, 
the sum of the interior angles on the same side of the secant line is 
equal to two right angles. 

Dbm.— Let the parallels AB and CD be cnt by EF, then is DCK + GKB = two 
right angles. 

For, if DCK is not the supplement of GKB, 
let LM be drawn through C so as to make 
MCK that supplement Then, by the preced- 
ing proposition, LM is parallel to AB ; and we 
have two parallels to AB through the point C, 
which is impossible (143). Hence» as no line 
but a parallel can make this interior angle the 
supplement of the other, the parallel makes it 

^' ^' *• ^' Pw m. 

[Let the student demonstrate this proposi- 
tion as the preceding was demonstrated. In this case CD and AB are parallel 
by hypothesis, and HI being drawn perpendicular to one is perpendicular to the 
other also. When K falls at C, Kl falls on CG, since from a point without a 
line only one perpendicular can be drawn to that line.] 

ISl* Cor. 1. — If two parallel lines are cut by a third line, the 
sum of either two exterior angles on the same side of the secant line is 
equal to two right angles. 

Deic— FQD + EKB = two right angles. For FQD and GKB are both sup- 
plements of DQK (133 f 160), and therefore equal to each other. For like 
leasons, EKB = KGD. Therefore, FQD + EKB = GKB + DGK - two right 
angles, by the proposition. 

152 • Cob. %.—rIf two parallel lines are cut by a third line, either 
two alternate interior, or either two alternate exterior, or either ttoo 
corresponding angles, are equal to each other. 

DEaL—lf CD and AB are parallel, CGK = GKB. For each is the supplement 
of KGD, the former by (I3i), the latter by (150), [Let the student show in 
like manner that AKG = KGD, FGD = AKE, CGF = EKB, FGD - GKB, and 
CGF = AKG.] 

1S3b Cob. 3. — Of the eight angles formed when one line cuts two 
parallels, the four acute angles are equal each to each, and the four 
obtuse angles; or, in case any one angle is a right angle, all the 
others are right angles. 
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154, SoH.— The last two propositions and their corollaries are the conwne 
of each other; i. e., the hypotheses or data and the conclusions or things proved 
are exchange^* Thns, in Prop. III., the hypotheds is, that The aum of the two 
interior angles on the tame side of the secant line is equal to two right angles ; and 
the conclusion is, that The two lines are paraUd, Now, in Prop. IY., the hypoth- 
esis is, that 7^ two Unes areparaUd; and the conclusion is, that The sum of the 
two interior angles on the same side of the secant Une is two right angles.* [A clear 
conception of this scholium will save the student from confounding these prop- 
ositions.] 

PROPOSITION T. 

ISS* Theorem* — If two straight lines are cut by a third line 
making the sum of the interior angles on one side of the secant line 
less than two right angles^ the two lines will meet 07h this side of the 
secant line, if sufficiently produced. 

Dbh.— Let AB and LM be cut by EF making 
MGK + FKB < two right angles; then will 
AB and LM meet on the side of EF on which 
MGK and FKB lie, if sufficiently produced. 

For the angle which a parallel to AB 
through G makes with EF is the supplement 
of FKB. But by hypothesis MGK is less than 
this supplement Hence the portion GM, of 
the lin^ LM, lies within GD, and will meet 
KB if sufficiently produced, q. s. d. 




Fio. 1S8. 



PROPOSITION TL 

ISO* Theorem* — Two parallels are everywhere equally distant 
from each other. 

Dbh.— Let E and F be any two points in the line CD, and EG and FH per- 
pendiculars measuring the distances between the parallels CD and AB at these 
points ; then is EG = FH. '^ 

For, let P be the middle point between E and F, and PO a perpendicular at 



* The learner may think that, if a propoaiUon is tme, it» converse la necessarily true ; and 
hence« that when a proposition has been proved, its converse may be assomed as also proved. 
Now this is by no means always the case. Although in a great variety of mathematical prop* 
ositions, it happens that the proposition and Its converse are both true, we never assome one* 
lh>m having proved the other ; and we shall occasionally And a proposition whose convene ia^ 
Dot tmo. ^ 
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this point Reyolve the portion of the figure on the right of PO, upon PO as 

an axia, until it falls upon the plane of the 

paper at the left Then, since FPO and EPO 

are right angles, PD will fall in PC ; and, as 

PF = PE, F will fall on E. As F and E are 

right angles, FH will take the direction EC, 

and H will lie in EC or EC produced. Also, 








Fio. 199. 

as POH and POC are right angles, OB will faU in OA, and H falling at the same 
time in EC and OA is at their intersection C. Hence FH coincides with and is 
equal u> EC. q. B. D. 



EXERCISES. 

1. I^rob* — Through a given point to draw a line parallel to a 
given line, hy the principle contained in Pbop. I. of this section. 

Bug's.— Draw a straight line on the blackboard. Designate with a dot some 
point without the line. To draw a line through the designated point and par- 
allel to the given line, is the problem. Let fall a perpendicular upon the line 
from the point Then through the given point draw a line perpendicular to 
this perpendicular. The latter liue will be parallel to the given line. (By what 
proposition ?) 

2. 'Prob. — Through a given point to draw a parallel to a givefn 
line hy Prop. III. 

8vo*8. — Through the given point draw an oblique line cutting the given line. 
Then draw a line through the given point making an angle with the oblique 
line equal to the supplement of the angle which is included between the oblique 
line and the given line, and on the same side of the former. [Of course the 
student will be required io do the work on the blackboard, guearing at nothing.] 

3. Prob* — Through a given 
point to draw a line parallel to a 
given linCy upon the principle that 
the alternate angles made by a 
secant line are equal {1S2). 

4 A bevel is an instrument much 
used bj carpenters, and consists of 
a main limb AB, in which a tongue 
CD is placed, so as to open and shut 
like the blade of a knife. This 
tongue turns on the pivot 0, which 
is a screw, and can be tightened so 
as to hold the tongue firmly at ^^' ^*' 

any angle with the limb. The tongue can also be adjusted so as 




mt 
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to allow a greater or less portion to extend on a given side, as CB^ of 
the limb. Now, suppose the tongue fixed in position, as represented in 
the figure, and the side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side n of the tongue. What will be the relative position of 
these lines? Upon what proposition does their relative position 
depend ? How can the carpenter adjust the bevel to a right angle 
upon the principle in Prop. L, Sec. 1 ? At what angle is the bevel 
set, when, drawing two lines from the same point in the edge of the 
board, one with one edge m of the bevel against the edge of the 
board, and the other with the other edge m', these lines are at right 
angles to each other ? 

5. Are the two walls of a building which are carried up by the 
plumb line exactly parallel ? Why ? 

6. Pass a circumference through three given points, as in {38)f 
and show from principles contained in one of the preceding sections, 
that is equally distant from A, B, and C ; and hence that, ifa cir- 
cumference be drawn from o as a centre with a radius OA, it will 

> pass through A, B, and C. 

/ 7. Construct two triangles of unequal sizes, but having the sides 
of the one respectively parallel to the sides of the other. Are they 
shaped alike ? 



/ 



8. Construct two triangles of unequal sizes, but having the sides 
of the one respectively perpendicular to the sides of the other. Are 
they shaped alike ? 

9. Construct a parallelogram, two of whose sides are 6 and 10. 
Can you construct different-shaped figures with the same sides ? 



N 



SYNOPSIS OF THE THREE PBEOEDINa SECTI02)a 



77 



Perpbndic- 

ULAB& 



Bxbucisbs. " 



05 



H 

o 

s 

o 
o 



00 

o 
> 

H 



SYNOPSIS OF THE THREE PBECEDDre SECTIONS. 

Definition (43). 

Pbop. L One and only one ( Cor, 1. Second perp. 

to a given line at < Cor, 3. If one angle is right 
a given point ( Cor, 8. One of 4 angles right 

Pbop. XL Revolved perpendicnlar. 

Prop. III. From a point without a line. 

Pbop. IV. Shortest distance from a point to a line. 

iCoT, Two points equal« 
ly distant from ex. 
tremitiesofa line. 
Prob, To erect a perpendicular. 
Pro&. To bisect a line. 
Fnib. To let fall a perpendicular. 
Other exercises. 

!>»«« T a.,« ^9 o/iio ( 0^' Sum of consec. angle* 
^''^' ^- ?r^ ^L\^ \ on one side of line. * 

cent angles. ^^ Supplement 

Pbop. U, 0pp. angles equal, j ^^' ^^^^ ^^^^^ * 

Prop. III. Supplemental angles made adjacent 
Prop. IV. Cutting equal distances from loot of perpen- 
dicular. 
Prop. V. Making equal angles with perpendicular. 

(Cor, 1. Not two equal 
on same side 
of perpendic. 
Cor. 2. Two equal ob- 
lique lines. 

EXXRCI8B& 

Definition (60. 

fCor, 1. One parallel 
through a point 
Cor, 2. A perp. to one 
of two parallels. 

Prop. XL Two lines parallel to a third. 

f Exterior, Interior, Alter- 

DerB of angles formed, j "*'* ^'''"""■■' ^^ 



OBiiiquB 
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Prop. in. Sum of Inter, 
anffles, two 
ri^t angles. 



temate Interior, Cor- 
responding. 
Cor. 1. Sum of two Ex- 
terior angles, two 
right angles. 
Cor, 2. Two Alt Inter., 
Alt Exter., or 
Correspond'g an- 
gles equal. 
Cor, 1. Converse of 
Cor. 1., Prop. III. 
Cor, 2. Converse of 
Cor. 2., Prop. III. 
On; 8. Of the eight 

angles. 
8eh, Meaning of Con- 
verse. 

Prop. V. Sum of Inter, angles < 2 right angles. 

Prop. VL Everywhere equidistant 
.|^XBBCMB8.— iVo&i. 1, 2, 8. Methods of drawing. 



Prop. IV. Converse of IIL 
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SECTION IV. 



OP THE RELATIVE POSITIONS OP STRAIGHT LINES AND 

CIRCUMFERENCES. 



PROPOSinoir i. 

1S8. Theorem,. — Any diameter divides a drch, and also its 
circumference^ into two equal parts. 

Dbm. — ^Let AB be any diameter of the 
circle AmBn ; then is the figure AmB equal to 
AnB. 

For revolve AnB upon AB as an axis until it 
fitlls on the plane of AmB. Then, since every 
point in AnB is at the same distance fh>m the 
centre C, as every point in AmB, the figures 
will coincide, and are, consequently, equal. 
Hence surface AtiB = surfkce AmB, and arc 
AnB = arc AmB. q. E. D. 




PROPOSITION IL 

1S9» Theorem, — A radius which is perpendicular to a chord 
bisects the chord and also th& subtended arc. 

Dem.— Let AB be any chord and OE a radiuf 
perpendicular to it at D ; then AD = BD, and 
AE = BE .• 

For, drawing the radii OA and OB, revolve 
the semicircle QBE upon the diameter CE until 
it falls on CAE. The semicircles wiU coincide 
(158); and since AB is perpendicular to OE, 
DB will fall in DA. Moreover, as there cannot 
be two equal oblique lines from a point to a line 
on the same side of a perpendicular, OB and OA 
must coincide. Hence BD coincides with AD, 
and BE with AE. Therefore AD = BD, and AE 

= BE. Q. E. D. y.- 

•To avoid oonftaBingthe pnpil byamnltlpllclly of deUilft, the deinon»tratlonf In this iec- 
tloQ are generally limited to the consideration of arci» lees than a eeml-clrcnmference. All the 
propositions, except Prop. V., are equally true whatever the arcs, and the demonstrations can 
easily be applied to cases In which the arcs are greater than seml-clrcomferenoes. Bat this ha4 
better not be done till a review is taken, for the reason given above. 




Fio. 182. 
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160. Cor. 1. — A radius which is perpendicular to a chord bisects 
the angle subtended by the arc of that chord. 

Thus OE bisects AOB, since BOE is found to coincide with AOE in the 
demonstration above. 

161. Cor. 2. — Conversely, A radius which bisects an arc is per- 
pendicular to the chord of that arc at its middle point. 

Dem. — If OE bisects arc AS at E, when semicircle CBE is revolved on CE 
till it fiUls on CAE, EB will coincide with EA ; and as D remains fixed and B 
falls on A, BD coincides with DA. Hence OE has two points, and D, each 
equidistant firom the extremities of AB, and is, consequently, perpendicular to 
it at its middle point 

162. Cor. 3. — Also, conversely, A radius which bisects a chord is 
perpendicular to the chord and bisects the subtended arc. 

For it has two points, each equidistant fh)m the extremities of the chord. 

163. Cor. 4 — The line OD measures the distance of the chord AB 
from the centre; since by the distance from a point to a line is 
always meant the shortest distance. -^ n 

)ri oi )ht oiycl(^.l/l(/\ / 

PROPOSiTioir m. 

164. Theorem. — In the same or in equal circles^ eqtcal chords 
are equally distant from the centre. 

Dem.— Let and 0' 
be two equal circles, and 
chord EF = chord CH ; 
then are the perpendicu- 
lars LO and NO', which 
measure the distances 
of the chords from the 
centre {16S\ equal. 

For, smce FE is per- 
pendicular to LO and 
CH to NO', and LF = N H ^**- ^^ 

(169), the equal oblique lines FO and HO^ cut off equal distances from the foot 
of each perpendicular (141)1 Tlierefore LO = NO', q. b. d. 

Kon'CorJr In k^- (* '"^ c."^?e ^r m £<?-«? 
CEnlrc. CL.YF ^ou^ ' 





^ 
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PROPOSCnON IT. 

163. Theorem. — In the same or in equal circles, equal arcs have 
equal chords; and conversely, equcS chords subtend equal arcs. 

Dem.— Let O and O' be 
the centres of two equal 
circles, and arc AmB =: arc 
CnD; then chord AB = 
chord CD. 

Apply the circle O' to 
^ the circle O, with 0' at 0, 
' and C at A. Since the cir- 
cumferences coincide, all 
the points in each being 
equally distant from the 
centre, and smce arc AmB =: arc CnD by hypothesis, D will fall at B. Hence 
AB = CD. 

Conyersely, if chord AB = chord CD, arc AmB = arc CnD. Draw the per- 
pendiculars OL and O'N from the centres to the chords. Conceive the pUrne 
of circle 0' placed upon circle 0, so that CD shall fall upon its equal AB, and 
O' be on the same side of AB as 0. Since L and N are the middle points of 
the equal chords, they will coincide ; and as LO and NO' are perpendiculars to 
the respective chords, and equal (164), 0' will fall at 0. As the circles are 
equal, the circumferences will coincide, and consequently the arc AmB coin« 
cides with CnD. 





Fxo. 184. 



PROPOSITION T. 

166. Theorem. — In the same, or in equal circles, the less of 
two arcs has the shorter chord ; and, conversely, the shorter chord 
subtends the less arc. 

Dem.— Let and 0' be the centres of two equal circles, and arc AmB be less 

than arc CnD ; then is 
Qf Q chord AB < chord CD. 

Drawing the diameters 
AL and CM, place circle 
O' upon circle O, witli 
CM upon AL. Take arc 
AD' = arc CnD and 
draw AD", OB, and OD'. 
AD' = CD by (lOS). 
Now AB < AN -(. NB. 
Al8oOD'<ND' +N0; 
Fio. laB. or, as OD' = OB, OB < 

ND' + NO. Subtracting NO from both members, OB - NO (or NB) < ND'. 

Hence, we may substitute ND' for NB in the inequality AB < AN + NB and . 

have AB < AN •(- ND' or AD', which equals CD. 
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Conversely, if chord AB is less than chord CD, arc AmB is less than arc 
C»D. For if arc AtoB = arc C»D, chord AB = chord CD (16S). And, if arc 
AmB > arc CnD, chord AB > chord CD. Bat both of these conclusions are 
contrary to the hypothesis. Hence, as arc AmB can neither be equal to nor 
greater than arc CnD, it most be less. 



* . 



PBOPOSmON TL 

167 • Theorem. — In the same or in equal circles^ of two unequal 
chords, the less is at the greater distance from the centre. 

Dem. — Let CE < AB, then is the perpendicular OD, which measures the 
distance of CE fh>m the centre, greater than OD' 
which measures the distance of AB from the centre. 

From A lay off AE' = CE, and draw the perpen- 
dicular OD". Then OD" = OD, since equal chords 
are equally distant from the centre. As arc AE' < 
arc AB, AB cuts OD" in some point as H. Now OH 
> OD' since the former is oblique and the latter per- 
pendicular to AB. Also OD" > OH. Much more 
then is OD" > OD'. Therefore OD (which equals 
OD") > OD'. q, E. D. Fw. 180. 

168* Cob. — Conyersely, 0/ two chords which are unequally 
distant frotn the centre, that which is at the greater distance is the 
less* 

DsM.— Thus, if CE is at a greater distance from the centre than AB, CE < 
AiB. For, if CE were equal to AB, it would be equally distant from the centre. 
And if CE were greater than AB, it would be at a less distance from the centre. 
Hence, as CE cannot be at an equal distance from the centre with AB, nor at a 
Uu distance, it must be at a greater. 




PBOFOSinON TIL 

169. Thearenu~~A straight line can intersect a circumference 
in only two points. 

Dex.— The distances from the centre to the hiterscctions, bemg radii, are 
equal Hence, as there can be only two equal straight lines drawn from a 
point to a straight line, there can be only two faLtersections. q. b. d. 

6 
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PROPOSITION Tm. 

170. Theorem. — A straight line which intersects a drcumfer^ 
ence in one paint intersects it also in a second point 

Drm. — Iiet LM intersect the circumference at A; 
then does it intersect at some other point, as B. 

For, since LM ' intersects the circumference, it 
passes within it, and has points nearer to than A. 
The radius OA is, therefore, an oblique line. Now 
two equal oblique lines can be drawn from O to the 
straight line LM. But all points in the plane at the 
distance OA from 0, are in the circumference. Hence 
there is a second point, as B, common to LM and the 
circumference, o. jl d. 

Pio. 187. 

171. Cor. — Any line which is oblique to a radivrS at its extremity, 
is a secant line* 




PBOPOSmON 

172. Theorem. — A straight line which is perpendicular to a 
radius at its extremity is tangent to the circumference. 

Dex. — ^The line touches the circumference because the extremity of the 
radius is in the circumference. Moreover, it does not intersect the circum- 
ference, since, if it did, it would have points nearer the centre than the extremity 
of the radius; but these it cannot have, as the perpendicular is the shortest 
distance from a point to a line. Hence, as a line which is perpendicular to a 
radius at its extremity touches the circumference but does not intersect it, it te 
a tangent (53). q^ b. d. 

173. Cor. — Conversely, A tangent to a circumference is perpen- 
dicular to a radius at the point of contact. 

For, as a tangent to a circumference does not pass within, the point of contact 
is the nearest point to the centre, and hence ift the foot of a perpendicular from 
the centre. 



^'' 
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PBOPOSmON X, 
174:. Theorem. — Two parallel secants irUercept equal ares. 

I>Bif.— Let the parallels LM and RS intersect the circumference AECF ; then 
ikre the intercepted arcs AB and DC equal. 

Draw the diameter EF perpendicular to one 
of the parallels, as LM, whence it will be per- 
I>endicular to the other {14^\» Draw the radii 
OB and OD. Reyolve the portion of the figure 
on the right of EF, upon EF until it falls on the 
plane on the left of EF. Then, since RS and 
LM are perpendicular to EF, IS will fkll in IR, 
and HM in HL. Moreover, as there cannot be 
two equal oblique lines on the same side of a 
pcvpendicular, and from the same point (1^0), 
OD and OB must coincide, and D fall at B. In like manner C fiUls at A, and 
CD coincides with AB. Therefore CD = AB. q. & d. 




Pw. US. 
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PBOPOSITION 

17 S» Theorem. — If a secant he parallel to a tangent^ the arcs 
intercepted between the intersections and the point of tangency are 
equal. 

Dkm.— Let the secant LM be parallel to 
the tangent RS ; then is CP = EP. 

For, draw the radius OP to the point of 
tangen<7; it will be perpendicular to the 
tangent {173)^ and also to the parallel 
LM (144:y But a radius which is perpen- 
dicular U> a chord, as OP to CE, bisects the 
subtended arc (IM), hence CP = EP. In 
like manner, if VU is parallel to LM, 
CB = EB. q. B. D. 

170» Cob. — Two parallel tangents include equal arcs between the 
points of tangency ; aiid these arcs are semi-drcumferences. 
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EXERCISES. 

1. Draw a circle ana divide it into two equal parts. What proposi- 
tion is inyolved ? 

2. Given a point in a circumference, to find where a semi-circum- 
ference reckoned &om this point terminates. What proposition is 
iiiTolved ? 

« 

3. Frob. — To bisect a given arc 

Solution. — ^Let AB be an arc which we wish to 
bisect.* Draw its chord AB» and erect 00' bisecting 
the chord, by (130). Now, as 00' is perpendicular 
to the chord at its middle point, it bisects the arc by 
n& {^^^)j Buace there can be but one perpendicnlar at the 
middle point of the chord. The arc AB is, therefore, 
FiQ. 140. bisected at C, i, e., AC = CB. 

4. JProb* — To bisect a given angle. 

Sua. — The method of solving this is given in Part I. The student should 
doUhA there directed, and then point out the principle upon which the method 
depends. 

5. In a circle whose radius is 11 there are drawn two chords, one 
at 6 from the centre, and one at 4. Which chord is the greater ? By 
what proposition ? 

6. In a certain circle there are two chords, each 15 inches in 
length. What are their relative distances from the centre ? Quote 
the principle. 

7. There is a circular plat of ground whose diameter is 20 rods. 
A straight path in passing runs within 7 rods of the centre. What 
is the position of the path with reference to the plat ? What is the 

position of a straight path whose nearest 
point is 10 rods from the centre ? One 
whose nearest point is 11 rods from the 
centre ? 

8. Pass a line through a given point, 
and parallel to a given line, by the prin- 
ciples contained in (:f73]Fand {165)* 

Fio. 141. 

■■■!■ ■ hj lll I ■!■» 

^ Thl0 iolaiion and many others an given, not bo mnch that ft is feared that toe student 
will not be able to Mlve the problemf , as to afford modcld for describing th^^roc^^. In 
this case an arc shoald be drawn first, and all trace of the centre obliterated. jn«A proceed aa 
directed. r 
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9. PTObm — To draw a tangent to a circle 
ai a given point in the circumference. 

SoLunoK. — Let P be the point at which a tan- 
^t is to be drawn. Draw the radius OP to the 
giyen point of tangency, and prodaoe it any oon- 
▼ei^ent distance beyond the circle. Erect a per- 
pendicular to this line at P, as MT; then is MT a 
tangent to the circle (172). 




Fie. 141^. 



10. JPTOb. — To find the centre of a circle whose circumference is 
Icnownj or of any arc of it 

8xjo. — The proo0M is given in Pabt L Do the work as there directed, and 
then show upon what proposition in this section it is founded. 
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SYNOPSIS. 

DiAHBTEBa Prop. L How divide circles and circumferences. 

(Cor, 1. Bisects angle. 

Cor. 2. Converse of Prop. 
Ow. 8. " •* " 

Cor. 4 Dist from centre. 

CnoBDe. \ Prop. IIL Distance of equal chords from centre. 

Prop. IY. Equal arcs, and converse. 

Prop. V. Unequal arcs. 

PBOP.VL Un^»ld>ord^^L>.|^. converge. 

(Pbop. VIL Intersect in only two point*. 
Prof. VIIL U.line interBecUnone ) ^^ ^ine oblique 
KnliSlr^} to radius at extr. 

j Prop. IK. I^P^^^icnljiMo | O.. Converse. 

Prop. X. Parallel secants intercept equal arcs. 
Prop. XI. Secant par. to tangent ) ^ J^JT""*^ 

iVoft. To bisect an arc 

Prob, To bisect an angle. 

Prob. To draw a tangent at a point in circumference. 

Prcb. To find centre ofdrcumference or arc 



Sbcahts. 



Tahgerts. 
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PROFOfiniON IL 

181. Thearem^n-Two circumferen-' 
ees which intersect in one point, intersect 
also in a second point. 

Dek.— Let M intersect N at P. As M passes 
from without to within the circle N, it has pohits 
both without and within. Now, for M to re- 
tain hito itself finom any point within N, as Y, 
to any point without, as X, it must intersect N ; 
tnit it cannot intersect in P, for a circumference 
does not intersect itself Hence, it intersects in 
a second point, as P. q. b. d. 




Fxa. 14S. 



FBOFOSinOlf HL 

182. Th€arefn.—If a straight line be drawn through the cen- 
tres of two circles, of the intersections of either circumference with 
that line, the one on the side toward the centre of the other circle is 
the nearest point in this circumference to that centre, and the one on 
the opposite side is the farthest point from thai centre. 

Dem.— Let M and N, or M' and N', be two chrcumferences whose centres an 
and (y. Draw an indefinite line through these centres. Let A and H be the 
faitenections of M or M' with this line, of which A is on the side of M or M' 
toward the centre 0', and 

H is on the opposite side. |y| i^^ 

Then is A the nearest point ..x^ ^N^ _ ^, r!^ 

in M or M' to C, and H the 
fiurthest point from 0'. 

FirUy To show that A is 
nearer (X than any other 
point in the circumference. 
A will lie between and 0', 
in 0', or beyond 0'. When 

A lies between and 0', as in M, let P be any other point in M, and draw OP 
and O'P. Now 00' being a straight line, is less than OPO', a broken line. 
Subtracting OA from the former, and its equal OP from the latter, we haye AO' 
< PO'. When A fiiUs at O' the truth is self-eyident When A lies beyond 0^ 
as in M', let P be any other point in M', and draw OP and O'P. Now O'P + 
OO' > OP (= OA). Subtracting 00' from both, we have O'P > OA - Oa 
f=r O'A). Hence, in any case, A is the nearest point in M or M' to 0'. 
Seamd^ To show that H is the fiirthest point in M or M' frt>m 0'. In elthcf 




Fia.144. 
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figure, let P be any other point in the circumference than H, and draw OP^ 
and O'P'. Now, FO ^ 00' > PO'. But PO = HO. Hence HO + OO' C= 
HOO > PO' 



PBOPOsmoir it. 

1S3. Theorem,. — Wh&a the distance between the centres of two 
circles is greater than the sum (^ their radii, the circumferences arc 
wholly exterior the one to the other. t 

Dbm.— Let M and N be the circumferences of two circles whose centres aru 

O and 0'. Let 00' be greater than thi. 
sum of the radii. Then are M and M 
wholly exterior the one to the other. 

For A, the intersection of M witi 
00', is between O and O', since OA : 
00'. Now, by hypothesis, 00' > Ol* 
+ BO'. Subtracting OA from both, we 
have AO* > BO'. Hence, as the nearest 
point in M is farther from 0' than the 
circumference of the latter drcle, M lies wholly exterior to N. q. b. D. 

184. Cob. — Conversely, When two circtimferences are exterior the 
one to the other, the distance between their centres is greater than the 
sum of their radii. 

DsM.— For, Join the centres 00' with a straight line. Now the point A 
where this line cuts the circumference M is the nearest point in this circumfer- 
ence to the centre O'. But, by hypothesis, this (and every other point in ci^ 
cumference O) is without circle 0'. Hence, AO' > BO'. To each add OA^ 
and OA + AO' (or 00') > OA + BO'. 



< 




FBOPOSinON T. 

18S. Theorem. — When the distance between the centres of two 
circles is equal to the sum of their radii, the circumferences are tan* 
gent to each other externally. 

Dem.— -Let M and N be two,circumferences, and 00', the distance between 
their centres, be equal to 00 + O'C, the , sum of their radii ; then are the cir- 
cumferences tangent to each other externally. 






wOP" 

f 



art 






M^^ N Sl /^e c ; re tc 7;7 /£ re^/c 5 cA 
•^Of A e :^ ;;f€ T^^-i^iLcS o f Ay ^ r fO: ra( 

tf N. (A/r ii> if CCZ.OA -ho^^'^c/y 0/^ - c?J3 

Tor: if /VI /s oJPtcPPu s.^Je'yJoy 



/' 



fj 



y 



a 






t-7? - 



Pvi ujitlini/n iff en CO\OA(p OlB (/Q^-J. £*^c]• 

^acP of J^es e foLfi(pc^J /)ov9.0ab^ P 
/C c c^^ c (^i ( 5) ens co'f^a ri • j q J/i v h t 



-J)c??i o/,7 



■/ 



C^'C 






The 
ing the 
OA < 
ifl the 
Agafa^ 
from tl 
theotli 
the ci] 
tnd a 
from < 
18 eDt 
other 



li 

toea 
&$» 

Di 

mtttt 
Mne 
poini 

1 

exit 

1 . 



1 
ein 

roc 


M 
th 
< 










J 



J 



BELATIVE POSmONS OF OIBOUMFERENOES. 



89 




Fie. 140. 



The point A, where M cuts the line join- 
ing the centres, is between and (y, since 
OA < 00' by hypothesis. Moreover, A 
W the nearest point in M to the centre O' 
Again, as 00' = OC + O'C, subtractmg OA 
fit)m the first member, and its equal OC from 
^e oOier, we have O'A = O'C; that is, A is in 
the circumference N. Hence, as A Hes hi N 
and all other pomts in M are more distant 
from O' than the length of the radius O'C M 

186. Con. l—ConTereely, Wkm tm drcumfmncea are tangent 
to each other extemaUy, the distance between thdr emtrea is eaual to 
the sum of their radii. i^«c« »« 

r«^~V^^u^, '^f'"* ^ ** «tenially, the point in M nean»t the centre 0' 
rnnst be in N. while all other points in M are exterior to N. Now, the pomt in 
M n«tt«,t to C is A on the Une joining their centres (182). A is therefore the 
point of tangency, and 00' = OA + O'A. «"cra«re uie 

J«y. Cob. 2.— When tm circumferences are tangent to each other 
externally, the point of tangency is in the line joining their centres. 
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PROPOSITION TI. p^ Jy. V 1 ^ 

188. Theorem.— When the distance between the centres of two 
circles is less than the sum and greater than the diff&rmce of their 
radii, the two circumferences intersect. 

DEar--Let M and N be the circumferences of two cfatiles whose centfes are 
and 0'. Let the radius of 
M be equal to or greater than ^^- — ^-.^ ki 

the radius of N. Now, if 00' 
<0A + O'B, and > OA-O'B, 
M and N intersect 

For, when 00' > OA, 00' 
< OA + O'B gives 00' - OA 

(= AOO < O'B ; and when Fw. 147. 

00' < OA. 00' > OA - O'B gives O'B > OA - 00' (= AO^). Hence the 

°?^! ^!!?i '"^ ^ ^"^ ^' ^^^ ^^"^^'^ N- ^«^i°' to ^^^ <*r8t member 
or 00 > OA - O'B add HO, and to the second its equal OA, and we 

have 00' + HO (= HO') > 20A - O'B. Now. since O'B < OA,* by hypothesis 

the difference 20A - O'B > O'B. Hence, HO' > O'B, and H lies without N. M 




* Read " O'B Is equal to or lees than 0A-" 
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therefore, M has oue point at least within N and one withoat, M and N inter- 

sect Q. B. D. 

189» Cob. — Conversely, W?ien two cireumferences intersect^ the 
distance between their centres is Use than the sum and greater tJian 
the difference of their radiu 

Deu.*— Let the radius of N be equal to or less than the radius of M. As tlie 
circumferences intersect the farthest point H' of N from must be farther from 
O than the length of the radius of M, t. 0., must lie without that circle. 80 we 
have by hypothesis H'O > OA. Subtracting H'O' firom the first member and its 
equal BO' firom the second, we have H'O — O'W (= 00') > OA - BO' ; that is, 
the distance between the centres is greater than the difibrence of the radii. 
Again, as the nearest point in M to 0' must lie within N, we have AO' < BO', 
and adding OA to both members, OA + AO' (= 00') < OA + BO'; that is, the 
distance between the centres is less than the sum of the radU. 



PBOPOsmoN Tn. 

190. Theorem. — Wlt^en the distance between the centres of two 
unequal circles is equal to the difference of their radii, the less cir- 
cumference is tangent to the other internally. 

Dsac.— Let M and N be the chrcumferenoes of two circles whose centres O and 

0' are so situated that 00' = OC — O'C ; then are the 
circles tangent to each other internally. 

For, let N be the circumference of the less circle, so 
that 00 > O'C. Let HH' be a diameter of M. By 
hypothesis 00' ^ 00 — O'C. Now, subtracting each 
member of tliis eq i^lity from OH', we have OH' — 00' 
(r= O'H') = O'C. Whence it appears that H', the point 
in N at the greatest distance from O, is in M ; and, con* 
Fx«. 148. sequently, that every other point in N is within M. 

Hence, N is tangent to M internally, q. B. D. 

191. Cob, 1. — Conversely, When a less circumference is tangent to 
a greater int^rnallyy the distance between their centres equals the 
difference of their radiu 

Dbm.— The less circumference N being tangent to the j^reater M, internally, 
the point in N at the greatest distance from the centre of M, must be in M, 
while all other points of N lie within M. Now H' in the line passing through 
the centres is the point of N at the greatest distance from 0. Hence we ob- 
serve that 00' := OH' — O'H', i, 0., the difference between the radlL 
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1929 Cob. 2. — When one circumference is tangent to another in* 
temally, the point of tangency is in the line passing through their 
centres. 

193m ScH.— If the radii are equal the two circamfereaces coincide. 
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FBOPOsrriON jwu 

194. Theorem. — When the distance between the centres of two 
unequal circles is less than the difference of their radii, the less cir^ 
cumference is whoUy within the greater. 

DsiL—Let N be a less circumference than M, and 00', 
the distance between their centres, be less than OA —O'H', 
the difference of thehr radii ; then is N wholly within M. 

For, to each member of GO' < OA - O'H' add O'H', and 
wehaveOO'+0'H'<OA. ButOO'+0'H'=OH'. Henoe 
0H'< OA, and H^ the fkrthest point in N from 0, is with- 
in M, and consequently N lies wholly witliin M. <^ b. p. ^^^ ^^ 

195. CoH. — ^Conversely, When a less circumference is wholly 
within a greater, the distance between their centres is less than the 
difference of their radii. 

Dkic.— If N lies wholly within M, the fkrthest point in N from 0, the centre 
of M, must be nearer O than is any pointin M, «. e,, 0H'< OA. Kow, subtract 
(yw from each member, and we have OH' - O'H' (= 00') < OA - O'H'. 

4|. E. D. 

196» ScH.— If the centres coincide so that 00' = 0, the circumferences are 
flaid to be eoneentrie. If, at the same time, their radii are equal, they are eoin- 

pBOPOsmoir ix, 

197. Theorem. — When two circumferences intersect, the line 
which passes through their centres isper* 
pendicular to their common chord at its 
middle point. 

DBic^Let the circumferences M and N 
intersect in the points P and P (181) ; let 
PP be the common chord, and LR the line 
passing through the centres and 0'; then is 
LR perpMKHcnlar to PP. 




Fw. 18C. 
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For 0' is equally distant from the extremities P and P^jJUmd O is also equally 
distant from P and P. Hence, as LR has two points equally distant from the 
extremities of PP, it is perpendicular to 99* at its middle point, q. s. d. 



PROPOSITION X. 

19Sm Theorem* — When ot^ circumference is tangent to another, 
either externally or internally, tk^y have a common rectilinear* tan- ' 
gent at their comm^on point 

Deh. — Since the radii of the two circles drawn to the common point form 
one and the same straight line (1879 •^^^)* & ^^ perpendicular to one at its 
extremity is perpendicular to the other also. And a line which is perpen- 
dicular to a radius at its extremity is tangent to the circle (17^)* Q* b. d. 

* 109. OoE. — All circumferen.ces having tJieir centres in the same 
line, and having but one common point, are tangent to each other, and 
have a common rectilinear tangent at the common point. 



EXERCISES. 

1. Proh. — To pass a circumference through three given points 
not in the same straight line,^ 

Suo.^The process should be gone'^through with as learned from Pabt L» 
and then the reasons for the proce^ given as ftimished by this section. 

2. To pass a circumference through • two giyen points, whose 
center shall be in a giyen line. 

3. JProft«~7b circumscribe a circumference about a given triangle, 
and give the reasons for the process, 

4. The centres of two circles whose radii are 10 and 7, are at 4 
flrom each other. What is the relative position of the circumfer- 
ences? What if the distance between the centres is 17? What if 
20? What if 2? What if 0? WhatifS? 
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5. Giyen two circles and 
O', to draw two others^ one 
of which shall be tangent to 
these externally, and to the 
other o^ which the two given 
circles shall be tangent in- 
ternally. Give aZ/ the princi- 
ples inTolved in the construc- 
tion. Give other methods. 

' 6. Given two circles whose 
radii are 6 and 10, and the 
distance between their centres 20. To draw a third circle whose 
^radius shall' be 8, and which shall be tangent to the two given cir- 
cles ? Can a third circle whose radius is 2 be drawn tangent to 
the two given circles ? How will it be situated ? Can one be drawn 
tangent to the given circles, whose radius shall be 1 ? Why ? 
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SYNOPSIS. 

Oor, 1. A circf. can be passed. 
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im 



?BOF. L Through three points. < Cor. 2. A circf. determined by. 

( On', 8. Intersections of two circf 's. 

Pbop. II Two circumferences which intersect in atie point. 

Prof. UL Points in one circumference nearest to and farthest from the 
centre of another. 



is 

« 



Prop. 
Prop. 
Prop. 



lY. Greater than sum of radlL-t Cor, Converse. 
V. Equal to sum of radii I g;:: 1; Co^^^Sfi 



tangency. 



VI. Less than sum and greater than j /^«. r»«««««.,« 
difference of radU. ^ Cbr. Converse. 



( Cbr, 1. Converse. 
Prop. YII. Equal to diff of radii. < Qyr, 2. Point of tangency. 

( 8ch, Radii equal 

^ Pbop. Vm. Le«8 tt«m dlffi of radlL { ^; ^»SSc,Coinddent 



Prop. IX. Perpendicular to common chord. 

Prop. X. Common tangent to two circle» tangent to each ) q^ ip^ ^ 
other. J 

•p.«iMMiiMi» i ^^'^' '^° P.*^^ circumference through three points. 
^ jiixKiHWHHh ^ p^^ yq circumsciibe a triUBgle with a circumference. 
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SECTION VL 

OF THE MEASUREMENT OF AKGLB9. 



.\# 



\ '.^ 



200* Angles are said to be measttred by arcs, aocord^i|[ to the 
principles developed in the three following propositions. 
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201. Theorem. — In the same or ifi equ^ circle^,- equal area 
subtend equal angles ai the centre. > 



DEifi^-Jn the equal circles M snd N, let arc AB = are t>t; ften will the 

angles and d', Cttlltd angles at 
the centre, be equal Tor, ptacing 
N upon M so that 0' shall fall 
on O, and O'O on OA, since 
the ciK^ areeqvkMi'D will &Xk 
on A^ and since, by hyptotbetlSi 
arc DC ="aiv AB, C will fall on 
B, Hence, O^ will comctde 
With OB».and <&n^ O' => mnffis 
O, because they coincide when 
applied. <^ K.'D.' 
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202. Cor. 1. — Conversely, In (he iame^ or in equal cifTl^,e^ual 
angles at the centre int^c^t equai^arcs^ ,y , , . 

Dem.— If, by hypothesis, angle C = angle O, In the eqi^al circles' W| and N, 
arc DC = arc AB.- For, placing circle N upon M, so that 0' 8haU fait on O, 
and CD on its equal OA, D falls on A, and, since angle O' =r angle 6,' 0'6 takes 
the direction OB, and, being eqifal to it, C follson B, Hence, DC and AB co- 
incide and are equal • • 

203. Cor. 2. — A right angle at the centre intercepts a quarter f/^ a 
a circumference^ and is said to he measured by it. ffence, t^ '9emii:ii 
circumference is the measure of two right angles, and a whole drcum^ 
ference of four. 
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PROPOSITION IL 

1S04. The&refn.—In the same^or in equal circleSy arcs which are 
in the ratio of two whole numbers subtend angles at the centre which 
have the same ratio, whence the angles are to each other as the arcs 
tohieU subtend them. 

Dev.— In the equal circles M and N, let the arcs EF and IH, which subtend 
the angles and 0' at the centre, be m the ratio of 5 to 8 ; then are the angles 
O and 0' In Uie ratio of 5 to 8, . , 

andwBhg^^ * ' ' "' *"' ' ?m N h 

• / ,* • » 

angUO langkQ' :: arcEF: ah;IH. '^ 

For, divide EF Into 5 equal 
parts, as Co, oft, etc., then IH can 
be dirlded faito 8 such parts, \e, . 
^, etc. Draw the radii Oa, 06, 
Oc, etc.» and (Xe^ 0/, 0'^* etc. ; 
and, since these Jpartlal arcs 
are equal, the partial angles 
irhicU they imbtcnd are equa^ 
by the preceding proposition. K'ow, is composed of of these angles, and 
CT of 9; whence, , . . . • 

,angW'0 : afngleCy :: 5 :^ 
]3;(l^afv EF J are IH :: 5 : 8., 

Heoee, ttie t#o nttos being equal, we have . 

angle C ; angle :': are IH : are EF. 

• * • -* 

As the same method could be pursued in ca^e the area were to each other m 
amy elher two frtiole numbers, the argument is* general 

20d. OoBc—ConYQTsely^ /n the sam^ or %n equal circlesy angles at 
the centre which are in the ratio of two whole numbers are to each 
ai^er as. tlieir. intercepted arcs* 

Dkm.— Thus, let angle 0' be to angle O in the ratio of 8 to 5. Conceive O' 
divided into 8 eqgal.partial angles, then will.O l)e divisible into 6 such partial 
angles. Kow, the partial angles being f qiial» their intercepted arcs are equal, 
by the preceding proposition, Oor. V Wlience, 

.^,» . are IH : ar§ EF : : 8 r 5. 

But, angle 0' : angltO : : 8 : 5, by hjrpothesis. 
Hence, are IH : arc EF : : angle O' : angle 0. 

Aii9 ftte same method coiild b* pursued with angles having the ratio of any 
oOimwlioic wmnben. 
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206^ Theorem^ — In the same circle or in equal circleSy two in^ 

commensurable arcs are 
to each other as the angles 
which they subtend at tJie 
centre. 

Dbic.— In tUo equal cir- 
cles M and N, let EF and IH 
be incomnuinflilimble arcs. 
Now there is aoaio arc to 
which EF beams th« same 
ratio as cmgle lb ^mgU 0\ 
If that arc is not IH let it be 11^ an arc 26m than IH, so that 

an^ : angle CX :: arc EF : art IL * 

Conceiye EF divided into eqnal parts, each of which is less than LH,f the as* 
sumed difference between IH and IL Then conceive one of these equal parts 
to be applied to I H as a measare, beginning at I. Since tlte measure is less 
than LH, at least one point of division must foil between L and H. Suppose K 
to be such a point Draw O'K. Now, the arcs EF and IK itfe commensurable, 
and by the last proposition 

a-ngle O : angle lO'K : : arc EF : arc IK. But we nijiinaiMttht 

an^le : atigle lO'H :: arc EF : arc IL. 

In these proportions the antecedents being alike, the consequenU rtiould be pro- 
portional, so that 

angle lO'K should be to angU lO'H : : arc IK : ore 11^ 

But tliis proportion is false, since 

angle lO'K < angle lO'H, whereas arc IK > are lU • 

In a manner altogether similar (the student should supply It) we can show 
that . 

angle is not to angle 0' : : arc EF : any are greater than IH. « 

Hence, as the fourth term of the proportion cannot be less or greater than IH, it 
most be IH itself; and 

angle O : angfs 0' : : arc EF< arc IH. q. b. d. 

207* OoE. — Conversely, In the same or in equal circles^ two inconi- 
mensurable angles ai the centre are to each other as the arcs which 
they intercept. 

* This is a fldse hypothesis, and the object of tke aigament followlog is to show Its 
fclslty. • ^ 

t This can be done by svppesiDg; EF blpeeted, then the hslves bisected, then the ftmrth* 
bisected, and this proeees ef WsecttoB coBtinned mtil the parts are each less thin LH. 
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Dmc.— In the equal circles M and N, and O' being incommensurable 
angles at the centre, are to each other as the arcs EF and IH. If not, let us sup- 
pose 

are EF : arc IH : : angle : angle lO'L, an angle less than 0'. 

Divide O into equal partial angles, each less than LO'H, the assumed differ- 
ence between lO'H and lO'L Also conceive this angle to be applied as a 
measure to lO'H, beginning at O'l. At least one line of division will fall be- 
tween O'L and O'H. Let O'K be such a line. Now, as and lO'K are com- 
mensurable, we have by (205), 

, areEF :are\K:; angle : 091^20 lO'K. 

But by supposition 

,, (« arc EF ; arc IH : : angle -: angle lO'L. 

Therefore, since the antecedents are the same, 

ore IK should be to arc IH : : angle lO'K : angle lO'U 

But this is false, since 

arcXK < arc IH, whereas angle lO'K > angle 10' L 

Whence we learn Miat the fourth term of the proportion cannot be less than< 
angU lO'H. In a similar manner it can be shown (let the student do it) that it' 
cannot be graail^teSence it must be lO'H itself; and 

ore EF : are IH : : angle O : angle lO'H. 

208. ScH.— Out of the truths developed in the three preceding proposi- 
tions grows the methpd of representing angles by degrees, minutes, and seconds,. 
as given in Trigonometry (Part IV., S~6). It will be observed, that in all 
cases, if arcs be struck with the same raditts, from the vertices of angles as 
centres, the angles bear the same ratio to each other as the arcs intercepted by 
their sides. H^nce the arc is said to measure the angle. Though this language 
is convenient, it is not quite natural ; for we naturally measure a quantity by 
another of Uke land. Thus, distance (length) we meiisure by disianee^ as when 
we say aline is 10 inches long. The line is length ; and its measure, an inch, 
is length also. 80, likewise, we say the area of a field is 4 acres : the quantity 
measured is a mirface ; and the measure, an acre, is a eurfaee also. Tet, not- 
withstanding the artificiality of the method of measuring angles by arcs, 
instesXT of directly byaugles, it is not only convenient but universally used; and 
the student must know Just what is meant by it For example, a circumference 
ia conceived as divided into 860 equal arcs, called degrees. Hence, as a right 
angle^at the centre is subtended by one-fourth of the circumference, it is called 
ai» angle of 00 degrees. 180 degrees is the measure of two right angles, 45 de- 
grees, of half a rifht angle, etc. Thus we get a perfectly definite idea of the 
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magnitude of an angle from the statement of the number of degrees which 
measure it; and, for brevity, the angle is spoken of as an angle of the same 
number of degrees as the intercepted arc. 



* » 



209m An Inscribed Angle is an angle whose yertex is in a 
circumference^ and whose sides are chords, or a chord and diameter* 
of that circumference. A polygon is said to be inscribed when all 
its angles are inscribed. 

FROPOSinOir 17. 

210* Theorem. — An inscribed angle is measured by half the 

arc interested between its sides. 

Dem. — Ftrgt, when one side is a diameter. Let APB 
be an inscribed angle, and PB a diameter ; then is APB 
measured by one-half of arc AB. For, through the 
centre 0, draw the diameter DC parallel to the chord 
PA; then COB = POD {134\ whence arc OB = are 
PD (202), also COB = APB (152\; and are PD = are 
AC {174), whence PD =CB = ^AB. Now COB is 
measured by CB {208); hence APB is measured by 
Fio. 166. CB = ^AB. Q. E. D. 





Second, wJten both sides are chords and the centre qf the 
eirde lies between them. Let APB be such an angle. 
Draw the diameter PC. Now, by the preceding part, 
APC is measured bylAC, and CPB by iCB. Hence 
APC + CPB, or APB, is measured by iAC + ^CB, or 

iAB. Q.E.D. 




Third, when loth sides are chords and the centre lies 
mihout tJie angle. Let APB be such an angle. Draw the 
diameter PC. Now APC is measured by iAC, and BPC 
by i BC. Hence APC — BPC, or APB, is measured by 
iAC — i BC, or i AB. q. b. d. 
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211. Cor. — In the same or equal circles all 
angles inscribed in the same segment, intercept 
equal arcs, and are consequently equal If the 
segment is less than a semicircle, the angles are 
obtuse; if a semicircle, right; if greater than a 
semicircle, acute. 

lLL.^In each separate figure the angles P are equal, 
for thej are each measured bj half the same arc ... In 
O, each angle P is acute, being measured by ^m, which 
is leas than a quarter of a drcumferenoe. ... In 0', each 
angle P is a right angle, being measured by ^m', which 
is a quadrant (quarter of a circumference). ... In 0'', 
each angle P is obtuse, being measured bj im'\ which is 
greater than a quadrant. 

8cH. — ^The conyerse of this proposition Is usuallj taken 
lor granted ; i.e., that if the seyeral angles P, P, etc., are 
equal and subtended bj the same chord, their vertices lie 
in the drcumference.' This is readily proved rigorously 
after the next two propositions. Thus, if vertex P were 
without, the angle would be measured by }AB — i the 
other intercepted arc; and if within, by ^AB + i the other 
intercepted ara 

PBOPOsrnoK y. 

212* Theorem* — Any angle formed by two chords intersecting 
in a circle is measured by one-half the sum of the arcs intercepted 
between its sides and the sides of its vertical, or opposite, angle. 

DEM.~Lct the chords AS and CD intersect at 
P; then^is APDj or itjs equal CPB, measured by 
i(AO +CB); and APC, or its equal BPD, is measured 
by i (AC + BD). 

For, through C draw CE parallel to BA; whence 
ECD = APD {152), and CB = EA (174). But ECD is 
measured by \ ED (210), which equals \ (AD + EA) =s 
i(AD + CB). 

That APC, or its equal BPD, is measured by 
i(AC + BD), appears fVom the fact that the sum of the 
four angles about P being equal to four right angles, is measured by a whole 
circumference (208\ But APD + CPB is measured by AD + CB; whence 
APC + BPD, or 2 APC, is measured by the whole circumference minus (AD + CB) ; 
that is, by AC + BO. Then is APC measured by i (AC + BD). 



Fig. 158. 




Fio. 159. 
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213, ScH. — ^The case of the angle included between two ci&ords passes 
into that of the inscribed angle in the preceding propoution, by oonoeiving AB 
to move parallel to its present position until P aniyes at C and BA coincides 
with CE. The angle APO is all the time measured by half the sum of the in- 
tercepted arcs ; but, when P has reached C, CB becomes 0, and APD becomes 
an inscribed angle measured by half its intercepted arc. 

In a similar manner we may pass to the case of an angle at the centre, 
by supposing P to moye toward the centre. All the time APD is measured by 
|(AD 4- CB); but, when P reaches the centre, AD = CB, and i(AO + CB) s= 
i (2A0) = AO ; ». «., an angle at the centre is measured by its intercepted ara 

M 

PROPOSITION TL 

214. Theorem. — An angh formed by two secarUs meeting with^ 

out the circle is measured by one-half the difference of the intercepted 

arcs* 

Dbh. — ^Let APB be an angle formed by the two se- 
cants AP and PB ; then is it measured by i(AB — CO), 
i. «., one-half the intercepted arcs.« 

For, draw CE parallel to PB ; then CO = EB (17^ 
and ACE = its oonesponding angle APB. But ACE la 
measued by \ aE=| (AB^EB)=| (AB— CO). <^ & IX 




215. ScH.— This case passes into that of an in- 
scribed angle, by oonceiving P to move toward C, thus 
diminishing the arc CD. When P reaches C, the angle 
becomes inscribed ; and, as CD is then 0, i(AB — CD) 
= iAB. Also, by conceiving P to continue to move 
along PA, CO will reapp^r on the ether tide cf PA, 
hence will change its sign,* and |(AE — CO) will become i(AE + CO), as it 
should, since the angle is then formed by two chords intersecting within the 
circumference. 
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21Q. Theorem. — An angle formed by a tangent and a chord 
drawn from the point oftangency is fneasured by one-half the inter- 
cepted arc 

• In accordUmce with the law of poeitlve mnd negatlTe qnaotitles m used in iiuithematic«, 
wbenerer a contiDaoasly Turing qoantlty is conceiTed as diminishing till It reaches Ot and 
then as appearing by the^same law of change, it mnst change iui sign. 
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Dku. —Let TPA be an angle formed by TM 
tangent at P, and the chord PA; then is TPA 
meaaared by one-half the hitercepted arc AP. 
For, draw any chord CO parallel to TM and 
cutting AP. Then CEA = TPA. Bat CEA is 
measured by ^ (AC + PD). Hence, as PO = CP 
(17S), TPA is measured by i (AC + CP), or i 
AP. q. B. D. 

Show that APM is measured by i arc AinP. 

Also, observe how the case of two secants 
i^l4) passes into this. 




Fia. 161. 



pBOPOsinoy Tm. 

217* Theorem. — An angle formed by two tangents is measured 
by one-half the difference of the intercepted 
arcs. jP 

Dek. — Let APB be an angle formed by the 
two tangents AP and PB ; then is it measured by 
\ (are CmO — are CnD), ». «., one-half the diffeiv 
enoe of the intercepted arcs. For, through one of 
the points of tangency, as C, draw a chord, as CE, 
parallel to the other tangent. Now, ACE is 
measnred by \ arc CE, by the last proposition. 
But ACE rz APB, and art CE = CmO — OmE = 
CfiiD — CnD, since CnD =: EffoD (ITS). Hence, 
APB is measured by i (CmD — CnD). q. b. d. 

218. ScH.— -The case of two secants (214) 
passes into this by supposing the secants to 
separate until they become tangents. ; 
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EXERCISES. 

1. Prob.-^TTiroiigh a given point to draw a parallel to a given 
liney on the principles contained in (149), (201), and {16S)- 

• 

SoLunoK.— Through P to draw a parallel to AB. From P as a centre, with 
any radius greater than the distance 
from P to AB, describe an arc cut- 
tini» AB, as ae. From a as a centre, ^ . 
with the same radius, strike an arc 
through P, intersecting AB, as Pb, 
Take the chord Pb and apply it 
from a on the arc ac, as aO. These 
chords being equal, the arcs Pb and 
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aO are equal {16S). Again, angle Pab =: aD^]« 
OPa, since they are measured by equal arcs struck 
with the same radius {20iy These tdtemate 
angles being equal, MN is parallel to AB {149). 

2. In Fig. 164 there are 4 pairs of equal 

angles. Which are they, and why ? Show 

also that COB = ABD + CDB, by (210), 

and (212). Show also that DOB = ABC + 
DAB. 



, 3. Probm — From a point without a circle to draw a tangent to 
the circle. 

Solution. — Let be the given circle, and P the given point Join P with 
the centre 0, and upon PO as a diameter describe a circle. Let T and T' be 

the intersections of the two cirr 
cumferences. Now, if lines be 
drawn from P through T and T', 
they will be tangent to the cii' 
cle O. For OTP and OT'P, 
being inscribed in semi-circles, 
are right angles (2ll\ Hence, 
PM is perpendicular to radius 
OT at its extremity T, and 
is therefore a tangent {172). 
In- like manner FT is shown 
to be a tangent, and we see 
that from a point wUhout a dr- 
ele two tangents can be drawn to 
thedrde. 




Fio. 165. 



4. Pvob* — On a given line, to construct a segment which shall 

contain a given angle. 

Solution. — Let AB be 
the given line, and the 
given angle. At one ex- 
tremity of the given line, as 
B, Construct an angle ABC 
equal to the given angle O, 
which shall lie on the oppo- 
si te of AB ftom that on which 
the required segment is to 
lie. Erect a perpendicular 
to the line CB at B, and also 
a perpendicular bisecting 
AB. Let FB and FE be 




\ 
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, perpendiculars, intersecting at F. From F as a centre, with a radius 

\ jal to FB, describe a circle. Then is AHB the segment required. For, 

W'B being perpendicular to radius FB at its extremity, is tangent to the 

circle, and angi^ ABC (= wngU O) is measured by \ of arc AmB (216), Now, 

any angle inscribed in the segment Amfm"B, as AHB, has i AmB for its 

measure, and is, consequently, equal to 0. 

Anotheb SoLunoK. — On the side of AB on which the segment is to lie, draw 
an§ line through either extremity of AB, 
mqking an acute angle with AB. Let CB 
be such a line. At anp point in CB, as 
C, draw a line CE, making angle ECB = 
the giveu angle 0, F^, 166. Through A 
pass a parallel to CE (see Ex. 1), as AD. 
Pass a circumference through A, D, and 
B. Any angle inscribed in segment AmB 
is equal to O. [Let the student give all 
the reasons, and make the construction. 
The requisite marks for the construction 
are made in the figure. Why is it said, 
make CBA an acute angle f When would 
a right angle answer? When an obtuse 
angle?] Fia. m. 
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SYNOPSIS. 

" How angles, are measured. 

Prof. L Equal arcs subtend equal ( ^; ^ ^^,Z%r 1, 3, and 
angles at the centre. ] 4right angW. 

Prop. II. Commensurable arcs in the same ratio ) ^ Converse 
as their subtended angles. f 

( (Xw. Converse. 
Prof. m. Incommensurable arcs. < JSch, Method of measuring 

( angles. 

Inscribed angle, what ? 

Prop. IV. Inscribed angle, how measured. | ^' ^^^^J^i^^' "^'^^ ^ 

Prop. V. Angle between two chords. \Sch. Compared with preceding. 

Prop. VL Angle between two secants. ^JSch. Compared with Prop. IV. 

Prop. VII. Angle between tangent and chord. 

Prop. VIIL Angle between two tangents. \ ScK Compared with Prop. VL 

f Prob. To draw a parallel through a rfven point 
Tj. ^^^„__ J Prob. To draw a tangent to a circle from a point without 
jiiXERCiBKs. i 2Vo6. To construct a segment on a given line which shall 

contain a given angle. 

I- . 
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SECTION VII 
OF THE ANGLES OP POLYGONS, AND THE RELATION BETMTjIn 



THE ANGLES AND SIDES. 



OF TRIANGLES. 




PROPOSITION L 

919» Theoretn* — The sum of the three angles of a triangle is 

two right angles. 

Dem. — Conceiye a circumference passed throagh 
the vertices of the triangle, as abc, through the, ver- 
tices of tlie triangle ABC (68). The angle A is 
measured by i aro a, B by i 6, and C by i e. Hence, 
A + B + C is measured by i (a + 6 + e\ or a 
semi-circumference, and is equal to two right angles 
(203). q. E. D. 

ria. 168. 220, Cor, 1. — A triangle can have only 

ene right anghy or one obtuse angle. Why ? 

221* Cor. 2. — Two angles of a triangle^ or their suniy being 
given, the third mag be found by subtracting this sum from two right 
angles, i. e.^ either angle is the supplement of the other two. 

222* Cor. 3. — The sum of the two acute angles of a right-angled tri- 
angle is equal to one right angle; i.e., they are complements ofeacli other. 

223* Cor. 4. — If the angles of a triangle are equal each to each, 
any one is oiie-third of two right angles, or two-thirds of one right angle. 



PROPOSITION n. 
224. Theorem* — The sides of a triangle sustai7i the same 
GEis^RAL relation to one another as their opposite angles; that is, the 
greatest side is opposite the greatest angle, the second greatest side 
opposite the second greatest angle, and the least side opposite the least 
angle. 



1 





ItfrQ.SJoi'i Mf a Dc^he 



OU.H off cc (^.{/n^^^ijj; ^ ho'ic /;;Scr>i- 






CL-i^ ?j9 jte y£ nce" tivuJ ootstruay cx)» HjiCfle. a ^ /? k^ ^ i K 



^^ 



A-« 










7 



07 »e- 









tt>-e. H ejice JK^ )}tsc>)i^^ a ^^ 9^<^' CS^S 'CB/i-(^^?ch ifjJ^aJs 



1 . 



7m Fowler. 
Wabash, Ind. 



\ 



\ 



. 1 



Sn Fiff. 172.a^ 
bat side 019 ^ 
it it gretisr. \ 
relation vhil 
an/^les. \ 



y 



/ 




ie,tke 
'est sid9 
the least 



>. 



OF THE AKOLEIS OF TRIANGLES. 



Dkm.— In the triangle ABC let C > B > A be 
the order of the values of the angles ; then AB > 
AC > BC is the order of the values of the sides. 

For, circumscribe the circumference abe. The 
angle C being greater than B, the arc c^ the half of 
'Which measures C, is greater than tlie arc b, the 
half of which measures B. Now, the greater arc 
bas the greater chord. (100). Hence, AB > AC. 
In like manner, if B > A, arc 6 > arc a, and AC > 
BC. If either angle, as C, is obtuse, AB is greater 
than AC or BC, because it lies nearer the centre (167y 
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225. CoE. 1.— Conversely, TJie order of the magnitudes of the 
sides heitig AB > AC> BC, the order of the magnitudes of the angles is 
C> B > A. 

[Let the student give the demonstration in form.] 

226* Cos. 2. — An equiangular triangle is 
also equilateral ; and, conversely, an equilateral 
triangle is equiangular. 

Dem.— If A = B = C, arc a = arc ft = arc c, and, 
consequently, chord BC = chord AC = chord AB. 
Conversely, if the chords are equal, the arcs are, and 
hence the angles subtended by these arcs. 







1 




227* Cor. 3. — In an isosceles triangle the 
angles opposite the equal sides are equal; 
and, conversely, if two angles of a triangle 
are equal, the sides opposite are equal, and 
the triangle is isosceles. 

Deic. — If AB = BC, arc a =r arc ; and hence, 
angle A, measured by i a, = angle C, measured by 
i e. Conversely, if A = C, arc a = arc e ; and hence 
chord BC = chord AB. 

228* SCH.— It should be observed that the proposition gives only the general 
relation between the angles and sides of a triangle. 
It 18 not meant that the sides are in the same ratio 
as their opposite angles : this is not true. Thus 
in Fig. 172 angle is twice as great as angle A; 
bnt side eU not tunee as great as side a, although 
it M gretOfir, Trigonometry discovers the eoMct 
relation whicl^ exists between the sides and 
angles. 



\ 
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PROPOSITION IIL 

229. Theorem. — If from any point within a triangle lines 

be drawn to the extremities of any side, the 
included angle is greater than the angle of the 
triangle opposite this side. 

Dem.— Let OA and OB be two lines drawn from 
any point within the triangle ABC, to the extremi- 
ties of the side AB ; then angle AOB > ACB. 

For, circumscribe a circle about the triangle. Now, 
ACB is measured by | AnB, but AOB is measured by 
i(AnB + EfnD). Therefore, AOB > ACB. q. e. d. 




230* An Exterior Angle of a polygou is an angle formed 
by any side with its adjacent side prodaced, as CBD^ Fig, 174. 



, PBOPOsrrioN iy. 

231* Theorem. — An exterior angle of a triangle is equal to the 

sum of the two interior non-^jacent angles. 

Dbm. — ^Let ABC be any triangle, and CBD an ex- 
terior angle; then CBD = A + C. 

For CBD is the supplement of CBA by {131), and 
CBA is the supplement of A + C by (221). Hence, 
CBD = A + C. Q. B. D. 

Pio. 174. 232, Cor. — Either angle of a triangle not 

adjacent to a specified exterior angle, is equal 
to the difference of this exterior angle and the other non-adjacent 
angU. 

Thus, since CBD r= A + 0, by transposition, CBD — A = C, and CBD -- C 
= A. 




I 
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OF qUABRILATEBALS. 



PBOPOSinON T. 

233, Theorem. — The sum of the angles of a quadrilateral is 
four right angles. 

Dem. — Let ABCD be any quadrilateral ; 
then DAB + ABC + BCD + CDA = four 
right angles. 

For, draw either diagonal, as AC, di- 
viding the quadrilateral into two triangles. 
Then, as the sum of the angles of the two 
triangles is the same as the sum of the an- 
gles of the quadrilateral, and the sum of 
the angles of the triangles is twice two 

right angles (219) ; the sum of the angles of the quadrilateral is four right 
angles. <^ b. d. 




PBOPOSITION TL 

234. Theorem.— The apposite angles of any quadrilateral 
which can be inscribed in a circle are supplementary. j) 

DsH. — ^Let ABCD be any inscribed quadrilateral ; 

then A + C = two riglU angles^ and D + B = two 

right angles. 

For, A is measured by i are BCD, and C is meas- 
X ured by | are DAB (210), Hence, A + C is meas- 
^ ured by one-half a circumference, and is, therefore, 

equal to two right angles (203). In like manner D 

is measured by i are ABC, and B by | are ADC. 

Ck>nsequently, D + B is measured by one-half a cir- 
cumference, and is, therefore, equcd to two right 

angles. 



<3? 




i<* » 



PBOPOSITION TIL 

23S. Theorem. — The opposite angles of a parallelogratn are 
equal, and the adjacent angles are supplementary, 

DsBL— ABCD,^. 177, being any parallelogram, A = C, B = D, and B + C, 
C + D, D + A, and A + B, each = ttoo right angles. 



. 108 ei£mei{ta.b; plane GEOiorrBT. 

For, produce uy Bide, u AB, fonn- 

Ing tbe two exterior angles EAD and 

9' "7^ CBF. Since CB And DA are paraUel, 

/ / aad FE eata them, the eorreapondlng an- 

g- -sj- ^- f. glea, OBF and DAB are eqnal (!««). 

ViB. 117. Again, eince CF uid DC are parallel, and 

CB cats them, the alternate interior* 

angloa CBF and C are equal (ISZ). Hence, al DAB and C aie each eqnal to 

CBF, ihej are equal to each other. In a elmilar mauiier D can be prored equal 

to CBA. [Let the student give the proot] 

That the angles B and C of the parallelogram arc snppleraental ia evident 
from (ISO), which proTcs that tbe sum ot two inierior angles on the aame side 
of a secant caiting two parallels Is two right angles. For a like reason A ->- D 
= tteo right angle*, etc 



ni\ 



236. Cob. 1. — The two angles o/ a trape- 
zoid adjacent to either one of the two aides 
not paraUel are supplemental. 

[Let tbe student show why.] 

237. Cor. 3. — If one angle of a parallelogram is right, the others 
are also, and the figure is a rectangle. 



PBOFOSITION Tm. 

238. Tlieorem. — Conversely to the last, If the adjacent angles 
of a quadrilaieral are supplementary, or the opposite angles equal, 
the figure is a parallelogram. 

Dek.— If A + D = two right angles, AB and DC are parallel by {1*7). 
For a like reason, if D + C = (wo right 

n, yQ angles, DA and CB are parallel. Again, 

/ / If A = C and D = B, by adding we 

/ / have A + = C + B. ButA + D + 

t A B "F C + B = four right angles (»SS>. 

Hence, A + D = two right anglee, and 

■ AB and CD are parallel. So, also, A + 

B can be shown to be eqnal to two right angles; and, consequently, AO and 

CB are parallel 

• lalerlor wllh rafennce to the pualleli (l*)- , yf*^ '"' " 
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PBOPOSinON 

239, Theorem, — If two opposite sides of a quadrilateral are 
equal and parallel, the figure is a parallelogram. 

Dem.— -In (a) let DC be equal 
and parallel to AB ; then Ib ABCO 
a parallelogram. 

For, drawing the diagonal 
AC, it makes the angles ACD and 
CAB equal, since they are altern- 
ate interior angles (15^). Con- 
ceive the quadrilateral divided 
in this diagonal into two tri- 
angles, as in (6). Reverse the 
triangle ACB and place it as in 
{€). Draw DB. Since angle OCA 
=r angle CAB, and DC = BA, if 
CBA be revolved upon AC, AB 
will take the direction CD, B will 
&11 in D, and CBA will coin- 
cide with ADC. Hence, angle 
ACB = angle DAC. But in (flQ 
these are alternate interior an- 
gles made by AC with AD and BC. Therefore, AD is parallel to BC {149), 
q. K. D. __, ._. 

T •: < 

PROPOSITION X. 

240* Theorem, — If the opposite sides of a quadrilateral are 
equal, the figure is a parallelogram. 

DsML— In (a) let AB = DC, 
and AD = BC ; then is ABCD a 
parallelogram. 

For, divide the quadrilateral 
in the diagonal AC, and revers- 
faig the triangle ABC, place it 
as in {€\ and draw DB. Since 
AB = CD, and CB = AD, DB is 
perpendicular to CA (130), 
Now, revolving ABC upon CA, 
it Will coincide with ADC. Hence, 
angle DCA =: angle CAB, and 
AB is parallel to DC. Also, 
angle DAC = angle BCA, and 
AD is parallel to BC. There- 
fore» ABCD is a parallelogram. 




Fm. ISt' 
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PBOPOsrriON xl 

ii41. Theorem. — Conversely to the last, The opposite sides of 
a parallelogram are equal 

D C Dem.-— Let ABCD be a paral- 

lelogram; then AB = DC, and 
AD = CB. 

Since DC is parallel to AB, an- 
gle DCA= angle CAB. Also, since 
AD is parallel to BC, angle DAG 
= angle ACB {152). Now, divide 
the parallelogram (a) in the di- 
agonal, and place ABC as in (c). 
Revolve ABC on AC, until it falls 
in the plane on the other side of 

AC. Since angle BAC = angle 
ACD, AB will take the direction 
CD, and B will fall in CD, or CD 
produced. Since angle BCA = 
angle DAC, CB will take the 
direction AD, and B will fall in 

AD, or in AD produced. There- 
fore, as B falls at the same time in AD and CD, it falls at the intersection D, and 
the triangles coincide. Hence, AB = CD, and AD = CB. q. b. d. 

242 • Cob. 1. — ParalUls intercepted between parallels are equal. 

243m Cob. 2. — A diagonal of a parallelogram divides it into two 
equal triangles. 




FXG.18S. 



PBOPOSinoir xn. 

244. Theorem. — The diagonals of a parallelogram bisect each 
other, 

Dem.— Let AC and DB f)e the diagonals of 
the parallelogram ABCD (a), and Q their inter- 
section ; then, DQ = QB, and AQ = QC. 

For, take the triangle AQB, and apply it to 
DQ'C, by placing BA in its equal DC, B falling at 
D, and A at C, with the vertices Q and Q' on the 
same side of this common line, as in (&). Now, 
since angle QBA = Q'DC (152), BQ will take the 
{*) direction DQ', and Q will fall in DQ', or in DQ' 
produced. For a like reason 0(6i wiU take the 
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direction CQ', &hd'Q will fall in CQ', or in CQ' produced^ Hence, as Q falls 
at the same tinto in DQ' and CQ', it falls at their intfjrgection Q'; whence 
BQ =r DQ', and AQ = CQ'. q. b. d. 
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PROPwmoN xnL 

245, Theorem^ — Tlie diagonals of a rhombus bisect each othet 
at right angles. 

I>sic.— Let AC and DB be the diagonals of the 
rhombus ABCD; then are they at right angles to 
each other, and bisected at Q. 

For, since AS = AD, and DC = CB, AC has two 
of its points equally distant from D and B, and is, 
therefore, perpendicular to DB, at its middle point 
(130), In Wke manner D and B are each equidistant 
from A and C, whence Q is the middle i)oint of AC. 

246. Cob. — The diagonals of a rhombus bisect its angles. 

For. revolve ABC upon AC as an axis, and it will coincide with ADC. Hence 
angles A and C are bisected. In like manner revolve DAB upon DB, and it will 
coincide with DCB. Hence D and B are bisected. 



/■'■■" 
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PROPOSITION XIY. 

247* Theorem. — Tlie diagonals of a rectan- 
gle are equal. 

DEK.^Let AC and DB be the diagonals of the rectan- 
gle ABCD ; then AC = DB. 

For, upon AC as a diameter describe a circle. Since 
D and B are right angles, they are inscribed in semicir- 
cles (Zll), and DB is a diameter. Therefore, AC = DB. 

q.S. D. 




Fio. 186. 



248. Cor.— Conversely, If the diagonals of a parallelogram are 
equcUy the figure is a rectangle, 

Dem.— Since the diagonals of a parallelogram bisect each other, if they ar« 
equal, a circumference described from their intersection as a centre, with a 
radius equal to half of a diagonal, will pass through the vertices of the parallel- 
ogram. Hence the diagonals will be diameters, »md the angles will be inscribed 
in semicircles, and consequently will be right angles. 
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OF POLYGONS OF MORE THAN FOUR SIDES. 

249m A Salient Angle of a polygon is one whose sides, when 
produced^ can only extend without the polygon. 

2S0. A JRe^entrant Angle of a 

polygon is one whose sides, when pro- 
duced, can extend within the polygon. 

III.— In the polygon ABCDEFC, all the an- 
gles are salient except D, which is re-entrant 

261. A Convex Polygon is a 

polygon which has only salient angles. 
Fig. 188. A polygon is always supposed to be con- 

yex, unless the contrary is stated. 

252. A Concave or Me^entrant Polygon is a polygon 
with at least one re-entrant angle. 




PROPOSITION XT. 

253, Theorem. — The sum of the interior angles of a polygon 
is equal to twice as many right angles as the polygon has sides, less 
four right angles. 

Dbh. — Let n be the number of sides of any 
polygon ; then the sum of its angles is 

n times two right angki— A right angles. 

For, from any point 0, within, draw lines tn 
the vertices of the angles. As many triangles 
will thus be formed as the polygon has sides, that 
is, n. The sum of the angles of these triangles is 

n times two right angles {219), 

But this exceeds the sum of the angles of tlie 
polygon by the sum of the angles at the common vertex O, that is, by 4 right 
angles. Hence the sum of the angles of the polygon is 

n times two right angles — 4 right nnglee, <^ B. d. 

254. ScH. 1. — The sum of the angles of a pentagon is 5 times two r^hi an- 
gles — 4 right angleSy or 6 right angles. The sum of the angles of a hexagon is 
8 right angles; of a heptagon, 10 ; of an octagon, 12, etc. 

\ 
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2SSm ScH. 2. — This proposition is equally applicable to triangles and to 
quadrilaterals. Thus the sum of the angles of a triangle is 3 times two righX 
angie» — 4 fight angles (or 6 — 4) = 2 right angles. So also the sum of the 
angles of a quadrilateral is 4 times tioo right angles — 4 right angles^ or 4 right 
angles. 

2&€. ScH. 8. — To find the value of an angle of an equiangular polygon, 
that is, one whose angles are equal each to each, divide the sum of all the 
angles by the number of angles. 



PBOPOSITION XTL 

2S7. Theorem. — If the sides of a polygon le produced so as to 
form one exterior angle {and only one) at each vertex, the sum of 

these exterior angles is four right angles. 
4 
Dbm. — Let n be the number of sides of any 
polygon. At each of the n angles, there is an 
interior and an exterior angle, whose sum, as 
A + a, is two right angles. Hence the sum of 
all the exterior and interior angles is n times itoo 
right angles. Now, from this sum subtracting 
the sum of the exterior angles, the remainder 
is the sum of the interior angles. But, by the 
preceding proposition, 4 right angles subtracted 
from n times itBo right angles^ leaves the sum 
of the interior angles. Therefore the sum of 
the exterior angles is 4 right angles, q. s. d. Fie. 188. 
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OF REGULAB POLTGONS. 



PBOPOSmON XYII. 

2S8. Theorem. — The angles of an inscribed equilateral polygon 
are equal ; and the polygon is regular. 

Dbm.— Let ABCDEF be an inscribed polygon, with A^ = BC = CD, etc: 
then is angle A =: B = C = D, etc., and the polygon is regular. 

For, from the centre of the circle draw OF, OA, and OB, and also the per- 
pendiculars Oa and Ob, Revolve OFA upon OA as an axis, until it falls in the 

8 
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plane of OAB. Since the chords FA and AB are equal, the are FA = arc AB, 

and F falls at B. Hence the triangles OFA and OAB 
coincide. The angle A of the ix)lygon is therefore 
bisected by OA ; that is, OAF = OAB. In the same 
manner OBA can be shown eqoal to OBC. More- 
over, since OA and OB are equal oblique lines drawn 
from a point in the perpendicular, angle OAB = 
angle OBA. Hence, as the half of A equals the half 
of B, A = B. In like manner, B can be shown equal 
to C, C to D, D to E, etc. Therefore the polygon is 
equiangular, as well as equilateral, and oonsequenUj 
regular (117y Q. »• ». 




pROPOsiTiQN rnn. 

2S9. Theorem.— The sides of an inscribe equiangular polygon 
are equal when their number is odd ; and the polygon is regular. 

Dem.— Let ABCDEFC be an inscribed equianguhir polygon of an odd 

number of sides ; then is side AB i= BC = CD, etc. , 
and the polygon is regular. 

For, from the centre of the circle draw the 
radii OA, OB, etc., to the vertices of the polygon, 
and Oa, 06, etc., perpendicular to the sides. Re- 
volve the quadrilateral OCAa, upon Oa as an axis 
until it falls in the plane of OCBa. Bince Oa 
is perpendicular to the chord AB, Aa = aS, and 
A will fall at B. Also, as the angle A of the poly- 
gon = B, AC will fall in BC. Now C falls at the 
same time in the arc BCD (158) and in BC, and 
hence falls at their Intersection C. Therefore AC 
= BC. In like manner revolving OBCc upon Oc 
as an:axi8, BC is found equal to ED. So also we 
can show that ED = FC ; then that fC = AB ; .then that AB = DC ; and finally. 
thatDC = EF. HencewehaveCA = BC = ED = FC = AB = DC=EF;and 
as the polygon ia equiangular by hypothesis, It is regular (117)- QT »• »• 

260. ScH.— It is easy to see that the above argu- 
ment would fail in the case of a polygon of an even 
number of sides, because, in going around the second 
time the wfiw sides would coincide as hi going around 
the first time. Moreover, we can readily inscribe an 
equiangular polygon of an ewn number of sides which 

shall not be regular. 
Fia. 191. 
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FBOPOfilTION XIX. 

261* Theorem. — The sides of a circumscribed equiangular 
polygon are equal ; and the polygon is regular. 

Dem. — ^Let ABCDEF be a circumscribed polygon, with angle A = B = C, 
etc. ; then is AS = BC =r CD, etc, and the polygon is regular. 

For, from the centre of the circle, draw OA, OB, 
etCL, to the vertices of the polygon, and Oa, 06, etc., 
to the points of tangency. The latter will be per- 
pendicular to the sides by (17 S), Now reverpe the 
triangle AaO, and apply it to A60, placing Oa in its 
equal Ob ; oA will take the direction 6A. Then will 
OA of the triangle AoO, fall in OA of the triangle 
AK), since there cannot be two equal oblique lines on 
the same side of 06 (IM)* Hence angle 6A0 = angle 
oAO, and 6A = oA. In the same way it can be 
shown that 0B» OF, etc., bisect the other angles, and that 6B = Bd, etc. 
Whence, as the polygoif is equiangular, these halves are equal, that is, OAa 
= OFa, etc. Then, as OA and OF make equal angles with AF, they cut off 
equal distances from a, and Aa =r aF. So, likewise, we can show that A6 = 6B, 
and that each side is bisected at the point of tangency. Therefore, as the halves 
of the sides are equal, the polygon is equilateral, as well as equiangular, and 
oosfleqaently regular (il7). <2« e. d. 

rr 
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PROPOSinoif XX. 
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262* Theorem. — The angles of a circumscribed equilateral 
polygon are equal wlien their number is odd ; and the polygon is 
regular. 

DEM.—Let ABODE be a circumscribed polygon 
with AB = BC = CD, etc. ; then is angle A = B 
^ C = D, etc., and the polygon is regular. 

In the same manner as in the preceding demon- 
stration, we may show that OA, OB, etc, bisect 
the angles of the polygon. [The student should 
go through the process.] Then revolve the tri- 
angle AOE upon AO as an axis till it falls in the 
plane of ^^ ; and as angle OAE = angle OAB, 
and AE =t''AB, the triangles will coincide Hence 
angle OEA, the half of angle E of the polygon, 
equals angle OBA the half of B, and E = B. In like manner revolving A06 
upon OB, we can show that A = C. So also we find B = D, and D = A. 
Therefore the polygon is equiangular as well as equilateral, and consequently 
regular, q. b. d. 
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263^ ScH. — That the above style of argument fails in the case of a polygon of 

an even number of sides, may be observed by attempt- 
ing to apply it Thus, from F^. 192, we would have 
A = C, B = D, C = E, D = F, E = A, and F = B. 
From these we have A = C = E, and B = D = F. 
But the process will not give any one of the first three 
Fio. 194. angles equal to any one of the second set That is, 

It Joes not follow that two ou^acerU angles are equal in case the number of sides 
is eoen. We can readily construct a circumscribed equilateral polygon which 
shall not be equiangular. 

PROPOSITION XXL 

264* Theorem. — A circumference may de circumscribed about, 
any regular polygon. 

Dbm. — ^Let ABCDEF be a regular polygon. Bisect'AF with a perpendicular 

Oa. Any point in this perpendicular is equidistant 
from A and F. Bisect AB, adjacent to AF, with a 
perpendicular, as Ob. Any point in tliis perpendic- 
ular is equidistant from A and B. Hence the inter- 
section of these perpendiculars, O, is equidistant from 

A, F, and B, and a circumference described from O as 
a centre, with a radius OA, will pass through F and 

B. Now revolve the quadrilateral FOM upon Ob as 
an axis until it falls in the plane of CO&B, bA will 
fall in its equal bS ; and since angle A = angle B, 
and side AF = side BC, F will fall at C. Thus it 
appears that the circumference described from O, 
and passing through F, A, and B, also passes through 

C. In a similar manner it can be shown that the same circumference passes 
through all the vertices, and hence is circumscribed, q. e. d. 

26S. Cor. 1. — A circumference may be inscribed in any regular 
polygon. 

Dmi. — ^For, having circumscribed one about it, the equal sides become equal 
chords, and hence are equally distant f^om the centre. If, therefore, a circle be 
drawn ftom as a centre, with Oa as a radius, it will touch every side of the 
polygon at its middle point 

266m Cor. 2. — The centres of the inscribed and circumscribed 
circles coincide. 

267. The Centre of a regular polygon is the common centre 
of its inscribed and circumscribed circles. 
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268m An Angle at the Centre of a regular polygon is the 
angle included by two lines drawn from the centre to the extremities 
of a side, as FOA9 AOB. 

269. Cor. 3. — The angles at the centre of a regular polygon are 
equal each to each; and any one is equal to four right angles divided 
iy the number of sides of the polygon. 

m 

' 27O9 The Apothem of a regular polygon is the distance from 
the centre to any side^ and is the radius of the inscribed circle. 



PBOPOsmoN xxn. 

271* Theorem. — The side of a regular inscribed hexagon is 
equal to the radius. 

Bbm.— Let ABCDEF be a regular inscribed hexagon ; then is any side, as 
BC, equal to 06, the radius. 

In the triangle BOC the angle O is measured by 
the arc BC, or ^ of a circumference, and hence is ^ 
of 4 right angles, or | of a right angle. Angle ABC 
ia measured by i arc CDEFA, or } of a circumfer- 
ence. Hence angle OBC, which is i of ABC, is 
measured by \ of }, or ^ of a circumference, and is, 
consequently, equal to BOC. 80 also OCB, the half 
of DCB, is measured by i of a circumference. Hence 
OCB is equiangular, and consequently equilateral 
(;?26), and BC = OB. q. b. d. 




272. A Broken Line is said to be Convex when no one of its 
parts will, when produced, enter the space included between it and 
a line joining its extremities. 



PBOPOSiTiON xxm. 

273. Theorem. — A Convex broken line is less than any broken 
line which etivelops it and has the same extremities* 

Dem.— Let MedB be a broken line enveloped 
by the broken line ACDEFB, and having the 
same extremities A and B ; then is hJbedB < 
ACDEFB. 

For, produce the parts of MedB till they meet 
the enveloping line, as Ad to 0, beio f, and ed 
to gr- Now, since a straight line is the shortest 
path between two points, he < kCe, bf < be0^f, 
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tg < cf^g^ and efB < d^. Hence, if a point starts from A to moye to B, A0DEFB 
will be a shorter path than ACDEFB, A^B shorter than A0DEF6, A^B shorter 
than A^B, and AdedB shorter than A6e^B. Therefore, A6c(2B is shorter than 
ACDEFB. Q. E. D. 

214:. Cor. 1. — Tli^ sum of any two sides of a triangle is greater 
than tlie third side. 

This is th\9 same as the aziom that the shortest distance betwe^i two points 
is a straight line. 

276. Cor. 2. — The difference between any two sides of a triangle 
is less than the third side, 

DEM.-^Let a, b, and e be the sides. By Corollary 1st, a-hb>e. Therefore, 
transposing, a> e^b, , 

276. Cor. 3. — If from any point within a triangle lines be 
drawn to the extremities of any side^ the sum of these lines is less 
than the sum of the other two sides of the triangle* 




EXERCISES. 

1. Giyen two angles of a triangle, to 
find the third. 

Bug's.— The student should draw two angles 
on the blackboard, as a and 6, and then proceed 
to find the third. The figure will suggest the 
method. The third angle is e. 

The solution is efifected also by constructing 
the two given angles at the extremities of alky 
line, and producing the sides till they meet 
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2. Two angles of a triangle are re- 
spectively f and ^ of a right angle. What is the third angle ? 

3. The angles of a triangle are respectively |, i, and f of a right 
angle. Which is the greatest side ? Which the least P Can you tell 
the ratio of the sides ? 

4. What is the value of one of the equal angles of an isosceles tri- 
angle whose third angle is ^ of a right angle ? 

6. Two consecutive angles of a quadrilateral are respectively f 
and t of a right angle, and the other two anj^es are equal to 
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each other. What is the form of the quadrilateral ? What the value 
of each of the two latter angles ? 

6. One of the angles of a parallelogram is f of a right angle. What 
are the values of the other angles ? 

7. The two opposite angles of a quadrilateral are respectively | 
and 4 of a right angle. Can a circumference be circumscribed ? If 
so, do it 

8. Two of the opposite sides of a quadrilateral are parallel, and 
each is 15 in length. What is the figure ? Do these facts determine 
the angles ? 

9. Two of the opposite sides of a quadrilateral are 12 each, and the 
other two 7 each. What do these facts determine with reference to 
the form of the figure ? 

10. What is the value of an angle of a regular dodecagon? 1^ 

11. What is the sum of the angles of a nonagon ? What is the 
value of one angle of a regular nonagon ? Of one exterior angle ? ^ 

12. What is the regular polygon, one of * whose angles is 1^ right 
angles? /y 

13. What is the regular polygon, one of whose exterior angles 
is } of a right angle ? u 

14. Can you cover a plane surface with equilateral triangles with- 
out overlapping them or leaving vacant spaces? With quadrilat- 
erals? Of what form? With pentagons ? Why? With hexagons? 
Why ? What insect puts the latter fact to practical use ? Can you 
cover a plane surface thus with regular polygons of more than 6 
Bides? Why? 

15. Is an equilateral hexagon circumscribed about a circle neces- 
sarily regular? A heptagon ? An octagon ? A nonagon ? 

16. Is an equiangular circumscribed quadrilateral necessarily reg- 
ular ? A pentagon ? A hexagon ? A heptagon ? 

17. Is an equilateral inscribed pentagon necessarily regular? An 
octagon? How is it if they are equiangular; are they necessarily 
equilateral and regular ? 



^^ 
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SYNOPSIS. 



a5 
O 

o 
o 

PR 

o 

M 

GQ 
Q 

O 






P3 



i 

OD 



O 

OQ 



o 
As 



Prop. L Sam of angles. 



Pbop. IL Sides and opp. angles. 



Chr, 1. Only one right or obtuse. 
Cor, 2. Two angles given. 
Cor, 8. Acute angles if right angled 
Cor. 4. One angle if equiangular. 
' Oor. 1. Converse. 
Cor, 2. Equiangular, equilat- 
eral, and converse. 
Cor, 8. Isosceles, equiangular, 

and converse. 
Sch. These only general rela- 
tions. 



Pbop. IIL Angle within a triangle. 

Def. Exterior angle. 

Pbop. IV. Exterior angle.— G?r. Kon-adl]acent interior. 
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Pbop. 
Pbop. 



' Prop. V. Sum of angles. 
Pbop. VI. Angles of inscribed. 

T^ \rrr a i p S Oor- 1- Of a trapezoid. 

Pbop. VII. Angles of j ^ g Of a rectangle. 

Pbop. VIII. Converse to last 

Pbop. IX. Two op. sides of a quadrilaf 1 equal and paralleL 
X. Opposite sides of a quadrilateral equal, iparaiieli. 

XTT r^ * 1^-* i Oor- !• Parallele intercepted bet. 

XI. Converse to last ^ ^ , DUgonalof aparaUelognun. 

(Pbop. XII. Bisect 
Diagonals. ) Pbop. XIII. Of a rhombus.— Ow. Bisect angles. 
(Pbop. XIV. Of a rectangle.— Cbr. Converse. 

r Dep'b.— Salient angle.— Re-entrant— Convex polygon.— Concave. 

iSch. 1. Application. 
8eh, 2. Applied to triangles. 
JSch, 8. Angle of equiangular poly- 
gon. 
Pbop. XVI. Sum of exterior angles. 

r Pbop. XVII. Equilateral inscribed, regular. 
Pbop. XVIII. Equiangular mscribed j Sch. P^ls for 

if odd No. of sides. \ even No. 
Pbop. XIX. Equiangular circumscribed, r^lar. 
Pbop. XX Equilateral cii-cbd. if j Sch, Fails for 

odd No. of sides. ( even No. 

Cor. 1. Inscribed. 
Cor, 2. Centres. 
Drf, Anffle at cntr. 
Cor. 3. value of an- 
gle at centre. 
Apothem. 
{ I Pbop. XXII. Side of inscribed hexagon. 



Kboulab. 



Pbop. XXI. Clrcf can be cir- 
cumscribed. 



2^. 
I Cor. 



Def. Convex Broken Line. 



Pbop. XXIII. Convex broken line < ^ 

than—. 



l^ EXBBCISB& 



r Cor. 1. Sum of two sides of tri- 
angle. 

On'. 2. Diff. of two sides of tri- 
angle. 

Q>r. 8. Lines from point within 
triangle. 
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SECTION VIII. 



OP EQUALITY. 



277 • EqtLolity signifies likeness in every respect. 

278m The eqnality of magnitudes is nsually shown by applying 
one to the other, and observing that they coincide. 



FBOFOSITION L 

279* Theorem,* — Two straight lines of the same length are 
equal magnitudes.* 

DEic.->Let AB and CD be two straight lines of the same length; then are 
they equal 

For, conceive the extremity C of CD placed at A, 

and the other extremity somewhere in AB, or in AB /\ B 

produced, as the case may be. Now, the point 

which traces AB passes through all points in the ^ ^ 

durection of B from A ; and hence, if CD is traced Tia. 198.* 

from A towards B, it will pass through the same 

points as fiur as they mutually extend. The lines therefore coincide, as far as 
they both extend ; and, being of the same length, D falls at B, and they coincide 
throughout ; they are, therefore, equal q. e. d. 

III. — The truth of this theorem is so evident, that 
the student may fail to see the point of the demonstra- 
tion. Let him see if he can say the same things of 
two curved lines AmB, and CnD, which are of the 
same length. 

The substance of the demonstration is as follows : 
A line has two properties, and only two, farm and 
magnitude. Straight lines, being of tJie same form, if ^*- *^- 

they are of tiie same magnitude, are alike in all respects; i. e., they are equal 
Now, a line, as a magnitude, has only one dimension, viz., length. If, there- 
fore, two lines have the same length, they have the same magnitude. 




* SeePrelkoe. 
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PROPOSITIOSf n. 

280* Theorem* — Two circles whose radii are of the same length 

are equal; i. e., the circumferences are equal, and 
the circles equdU 

Dem. — Let there be two circles whose radii AB and 
CD are of the same length ; then are the circles equal 

For, place the second circle on the first, with the centre 
C at A, and CD in AB. As CD = AB, D will fall at B. 
Now, every point in the plane at a distance AB from A is in 
the circumference of circle A. But every point at a distance 
D CD from the common centre is in the circumference of 
circle C. Hence, the two figures coincide, and the circles 
are alike in all respects, >. «., are equal, q. e. d. 

Fm. 900. 




OF ANGLES. 



PBOPOsmoN nL 

281. Theorem* — Two angles whose sides are parallel^ two and 
two, and lis in the same or in opposite directions frotn their vertices, 
are equal. 

"Dem. — Ist In (a) or (a') let B and E have BA and ED parallel, and extending 

in the same direction from the 
vertices, and also BC and EF; 
then are B and E equal. For, 
produce (if necessary) either two 
sides which are not parallel, till 
they intersect, as at H; then are 
the corresponding angles DHC and 
DEF, and DHC and ABC equal 
{152). Hence, ABC = DEF. 

2nd. In (6) and (p') let B' and T 
have B'A' parallel with E'F', but 
extending in an opposite direction 
from its vertex ; and in like manner 
Fi«. 901. B'C parallel with, but extending hi 

an opporite direction from ^D' ; then are B' and E' equal. For, produce (if neces- 
sary) two of the sides which are not parallel till they intersect, as at H' ; then 
D'H'B' = the corresponding angle D'ET', and also =: the alternate interior 
angle A'B'C ; whence A'B'C = D'E'F'/ q. b. D. 




c 
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PBOPOSITION IT. 

282. Theorem. — If two angles have two sides parallel and ex- 
tending in the same direction with each other, while the other two 
sides are parallel and extend in opposite directions from each other, 
the angles are supplemental, 

DsK.— Let ABC and DEF be two angles, 
having BC and ED parallel, and extending 
in the same direction from the yertices, 
and AB and EF parallel, and extending in 
oppoaite directions from the yertices ; then are 
ABC and DEF sapplements of each other. 

For, produce the two sides not parallel, if 
necessary, till they meet Now, BHD is the 
supplement of BHE by (1S1\ BHE = the al- ' 
temate interior angle DEF, and BHD = the 
oorresponding angle ABC. Therefore, ABC is 
the supplement of DEF. q. b. d. 

[This demonstration is adapted to the upper 
cat; let the student adapt it to the lower.] 

// 




PROPOSmON Y. 

283. Theorem. — If two angles have 
their sides respectively perpendicular to 
each other, the angles are either equal or 
supplementary. 

Dem.— Let BA be perpendicular to EF or 
to E'F', and BC to ED ; then is ABC » DEF. 
For, through B draw BO and BN, respectiyely 
parallel to ED and EF ; then by the preceding 
propositions NBC = DEF, and is the supple- 
ment of F'E'D. But NBA = OBC, since both 
are right angles. Take away DBA fit)m each, 
and we haye NBO = ABC; and as NBO is the 
saiH>]ement of F'E'D, ABC is also the supple- 
ment of F'E'D. q. B. D. 




Fn. 108. 
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OF TBIiNOLES. 



PBOFOSmON TL 

284* Theoretn. — Two triangles which have two sides and ths 
included* angle of one equal to two sides and the included angle of the 
other i each to each, are equal. 

Dbm.— Let ABC and DEF 
be two triangles, having 
AC = DF, AB = DE, and 
angle A r= angle D ; then 
are the triangles equal. 

For, place the triangle 
ABC in the position (6), the 
side AB in its equal DE, and 
the angle A adjacent to its 
equal angle D. Then re- 
volving ABC upon DB, until 
it falls in the plane on the 
opposite side of DB, since angle A = angle D, AC will take the direction DF ; 
and te AC = DF, C wiU fall at F. Hence BC will fall in EF, and the triangles 
will coincide. Therefore the two triangles are equal. <i. B, d. 

We may also make the application of ABC to DEF directly, as in {85), The 
method here given is used for the purpose of uniformity in this and the follow- 
ing. We may observe that in this, as in the other cases, DB is perpendicular to 
PC, and bisects it at 0. This fact might easily be shown, and the demonstra- 
tion be based upon It 

285. SCH.— This proposition signifies that the two triangles are equal in all 
respects, i. «., that the two remaimng sides are equal, as CB = FE; that angle 
C = angle F, angle B sangle E, and that the areas are equal 




7IO.804. 



PROPOSinOll TIL 

286* Theorem. — Two triangles which have two angles and the 
included side of the one equal to two angles and the included side of 
the other, each to each, are equah ^ 



EQUALITY OF TBIAKGLES. 
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Fio. 906. 



Dbk.— Let ABC and DEF 

be two triangles, having 
angle A = angle D, angle 
B = angle E» and side AB 
=r side DE; then are the 
triangles equal 

For, place ABC in the 
IK)6ltion (&), the side AB in 
its equal DE, the angle A 
a^acentto its equal angle D» 
and B adjacent to its equal 
angle E. Then reyolving 
ABC upon DB till it falls in the plane on the same side as DFE, since angle A = 
angle D, AC will take the direction DF, and C will fall somewhere in DF or 
OF produced. Also, since angle B = angle E, BC will take the direction EF, 
and C will Ikll somewhere in EF, or EF produced. Hence, as C falls at the 
same time in DF and EF, it falls at their intersection F. Therefore the two 
triangles coincide, and are consequently equal, q. e. D. 

287. Cor. — If one triangle has a sidey its opposite angle, and one 
adjacent angle, equal to the corresponding parts in another triangle, 
each to each, the triangles are equal 

For the third angle in each is the supplement of the sum of the given angles, 
and they are consequently equal. Whence the case is included in the pro- 
position. 

288. ScH.— A triangle may haye a side and one adjacent angle equal to a 
side and an adja- 
cent angle in 
another, and the 
second adjacent 
angle of the first 
equal to the angle 
opposite the equal 

side in the second, and the triangles not be equal. Thus, in the figure, AB = 
C'A', A = A', and B = B' ; but the triangles are evidently not equal. [Such 
triangles are, however, nmtZar, as will be shown hereafter.] 




PROPOSITION ym. 

2890 Theorem. — Two triangles which have two sides and an 
angle opposite one of these sides, in the one, equal to the corresponding 
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parts in the other, are equal, if of these two sides the one opposite the 
given angle is equal to or greater than the one adjacent. 

Deh.— In the triangles ABC and DEF, let AC = DF, CB == FE, A =s D, and 

CB (= FE) ^ AC (= DF) ; then are the triangles equal. 

For, apply AC to its equal 
C F DF, the point A falling at 

O and C at F. Since A = 
D, AB will take the direc- 
tion DE. Let fall the per- 
pendicular FH upon DE, or 
DE produced. Now, CB 
being ^ DF, cannot fall 
between it and the perpen- 
dicular, but must &11 in FD 
or beyond both. As there 
can be but one line on the 
same side of the perpen- 
dicular equal to CB, and as 

FE = CB, CB must fall in FE. Hence, the two triangles coindde, and are 

consequently equal q. b. d. 

290. ScH. l.-If A and D are acute and CB (= FE) = AC (= DF), the tri- 
angles are isosceles. If A and D are right or obtuse, CB (=FE) must be greater 
than AC (= DF), in order that there may be a triangle, since the right or obtuse 
angle is the greatest angle in a triangle, and the greatest side is opposite the 
greatest angla This impossibility appears also from the demonstration abore. 

291. Sen. 2.— If A and D are acuU^ and the side opposite A, ». 0., CB, is less 

than AC, it must be equal to or 

greater than the perpendicular CI 

(= FH) in order to have a trianglei 

Then, applying AC to DF, and ob- 

serying that AB takes the direction 

DE, and that EF, which = CB, being 

intermediate in length between DF 

and FH, may lie on either side of 

FH, we see that ABC may or may 

not coincide with DEF. Whether it does or not will depend upon whether 

angle C = angle F, or whether AB =: DE. This is the ambiouous cask in 

the solntiou of triangles, and should receiye special attention. 




/ 
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PROPOSITION 



292. Theorem » — Two triangks which have the three sides of 
the one equal to the three sides of the other y each to each, are equal 





Fio.a09. 



Dmc^Let ABC and DEF be two triangles, in which AB = DE, AC = DF, 
and BC = EF ; then are the 
triangles equah 

For, place the triangle 
ABC in the position (fr), and 
the side AB in its eqaal DE, 
80 that the other equal sides 
shall be adjacent, as AC ad- 
jacent to OF, and BC to EF. 
Draw FC. Now, since DC 
= DF, and EC = EF, DB is 
perpendicular to FC at its 
middle point (Jf^O). Hence, 
leToIving ABC upon DB, it 

wUl coincide with DEF when brought into the plane of the latter Therefore 
the two triangles are equal q. b. d. 

293* Cob. — In two equal triangks^ the equal angles lie opposite 
the equal sides. 

294:. ScH.^If the triangles compared, as in the 
three preceding propositions, have an obtuse angle, and 
the two sides first brought together are sides about the 
obtuse angle, the figure will take the form in the mar- 
gin ; but the demonstration will be the same. When 
the three sides are the given equal parts, the form of 
figure given in the demonstration above can always be 
•secured by bringing together the two greatest sides. 




Fw. SlO. 



V-^ 



V. 



PROPOSITION X. 

29S. Theorem* — If two triangles have two sides of the one 
respectively equal to two sides of the other, and the included angles 
unequal, the third sides are unequal, and the greater third side 
belongs to the triangle having the greater included angle. 
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Dem.— Let ACB and DEF be two tri- 
angles haying AC = DF, CB = FE, and 
C > F; then is AB > DE. 

For, placing the side OF in its equal 
AC, since angle F < angle 0, FE will fall 
within the angle ACB, as in CE. Then let 
the triangle ACE = the triangle DFE. Bi- 
sect ECB with CH, and draw HE. The 
triangles HCB and HCE have two sides 
and the included angle of the one, respec- 
tively equal to the corresponding parts of 
the other, whence HE = HB. Now AH + 
HE > AE; but AH + HE = AH + HB s 
AB. Therefore, AB > AE. q. b. d. 

296. Cob. — Conversely, If two 
Yta, Ml. ^^^ ^f ^^ triangle are respectively 

equal to two aides of another^ and the 
third sides unequal^ the angle opposite this third side is the greater 
in the triangle which has the greater third side. 

Dem.— If AC = DF, CB = FE, and AB > DE, angle C > angle F. For, if 
C = F, the triangles would be equal, and AB = DE (284) ; and, if C were less 
than F, AB would be less than DE, by the proposition. But both these conclu- 
sions are contrary to the hypothesis. Hence, as C cannot be equal to F, nor * 
less than F, it must be greater. 

H 




PBOFOSinON 

297m Theorem. — Two right angled triangles which have the 
hypotenuse and one side of the one equal to the hypotenuse and one 
side of the other ^ each to each, are equal 

De&[.— In the two triangles ABC and DEF, right angled at B and E, let AC 
= DF, and BC = EF ; then are the triangles equal. 

For, place BC in its equal 

Q PC ^^» 80 ^A^ ^e right angles 

shsll be ac^acent, the angles 
A and D lying on opposite 
sides of EF, as in {b\ Since 
E and B are right angles, 
DA is a stndght line. Kow, 
since equal oblique lines, as 
Pi«, 219. FD and CA, cut off equal 

distances from the foot of 
the perpendicular (141), DE c= BA; and revolving CAB upon FB, the two 





EQUALITY OF QUADRILATEBALS. 129 

triangles will coincide when CAB falls in the plane on the side D. Therefore, 
the triangles are equal, q. s. d. 



PROPOSITION XIL 

298 • Theorem* — Two right angled triangles having the hypo^ 
ienuse and one acute angle of the one equal to the hypotenuse and 
an acute angle of the other ^ are equal 

Dex.— One acute angle in each being equal, the other acute angles are 
equal, since they are complements of the same angle (222). The case is, then, 
that of two angles (the acute angles in each), and then: included side (the hy- 
potenuse), and falls under {28€), 



PROPOSITION xm. 

299» Theorem. — Two right angled triangles having a side and 
a corresponding acute angle in each equal, are equal. 

This also falls under (286). Let the student show why. 



OF QUADRILATERALS. 



PROPOSITION XIV. 

300. Theorem* — Two quadrilaterals are equal when the follotv^ 
ing parts are equal, each to each, in both quadrilaterals, and similarly 
arranged : 

1. The triangles into which either diagonal divides the quadrilaterals. 

2. The four sides and either diagonal, 

3. The four sides and one angle. 

4. Three sides and the two included angles, 

5. Three angles and any two sides, if the other two sides are non- 
parallel. 

Dem.— 1. This case is demonstrated by applying one qaadrilatenl to the other. 

2. This case is reduced to the former by (292), 

8. Drawing the diagonal opposite the known angle, this case is reduced to 
the first by (284), and (292). 

4 This is demonstrated by applying one quadrilateral to the other ; or, draw, 
ing a diagonal, it may be reduced to case first by (284). 

5. In this case the quadrilaterals are mutually equiangular by (25S). If, 
then, the two sides are adjacent, by drawing the diagonal joining their extremi- 

9 
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ties the case is broaght under the first by (284), and (286). If, howoreT, the 
^ ^ two known sides are non-adjaoent, by pro- 

ducing the unknown sides two triangles 
are formed in each figure, which are mu- 
tually equal by (286), and the case comes 
under the axiom concerning equals sub- 
"fw MB " ^ ' tracted from equals. 

[Let the pupil draw the figures and give 
the demonstrations in full form. Trapeziums should be used; although it 
should be seen in each case— except the fifth— that the truth applies to any 
other form of quadrilateraL] 





PROPOSITION XT. 

301. Theorem. — Two parallelograms having two sides and His 
included angle of the one equal to two sides and the included angle 
of the other, each to each, are equal 

Dbic.— Jjet AC and EC be two parallelograms, with AO = EH, AB = EF, and 

A = E ; then are they equal. 

For, applying the angle E to A, since EH 
n: AD, H will fall at D ; and since EF = AB, 
F will fall at B. Now, through D but one 
line can be drawn parallel to AB ; hence HC 
will fall in DC, and C will be found in DC, 
or in .DC produced. In like manner, since but 
one parallel to AD can be drawn through B, 
Yi^^ 814. FC must fall in BC, and C be found in BC, 

or in BC produced. Therefore, as G falls at 
the same time in DC and BC, it falls at C, and the parallelograms coincide. 

302* Gob. — Two rectatigles of the same base and aUitu4e are 
equal . 

OF POLYGONS. 
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PROPOsrrioir xtl 

303. Theorem. — Two polygons of the same number of sides, 
having ail the parts of the one except three angles, known to be respeo- 
tivdy equal to the corresponding parts of the other, are equal 

Dbm. — If the two polygons AE* and A'E', have all the parts of the one equal 
to the corresponding parts of the other, each to each, except three angles ; then 
are the polygons equal. 

* It Is often mora conrenient to raid a polygon hj two letten. Instead of all those at the 
'Tcrtices. 



EQtAIITY OF POLTOON& 



131 




Fxo. 216. 



Ist When the three un- 
known angles are consecn- 
tive, as G, F, E, and C, P, 
E'. Draw CE, and G'E'. 
Apply polygon A'E' to AE, 
beginning with p* in its 
equal g: A' = A, and a* = 
a; hence, B' falls at B; B' 
= B, and h' = b, hence, C 
fidls at C ; etc. Thus, we 
may show that the perime- 
tere coincide till we reach E' and E. Then will G'E' = GE, and the triangles 
CFE and G'F'E', having their corresponding sides respectively equal, are them- 
selves equal, and the polygons coincide throughout 

2d. When two of the unknown angles are consecutive, and the third not con- 
secutive with these, as G, E, D, and G', E', D'. From the angle which is not 
consecutive with the other two, draw diagonals to the other angles, us GE, CD, 
and C'E', G'D'. Now, G'A'B'C'D' can be applied to GABCD, and G'F'E' to GFE, 
in the ordinary way. Hence, the triangles G'E'D' and GED are mutually equi- 
lateral, and consequently equal. Therefore the polygons are equal. 

8d. When no two of the three unknown angles are consecutiye, as G, B, D, 
and G', B', D'. Jom the unknown angles by diagonals, as GB, GD, BD, and G'B', 
CD', B'D'. Now; polygon G'F'E'D' can be applied to GFED, D'C'B' to DOB, 
and G'A'B' to GAB in the ordinary way. Hence, the triangles G'D'B' and GDB 
are mutually equilateral, and consequently equal Therefore the polygons are 
equal.* 

304:. Cob. — Two quadrilaterals having their corresponding sides 
equalf and an angle in one equal to the corresponding angle in the 
other, are equal. 



PROPOSITION XYIL 



n 



i' 



30S. Theorentrn'^Two polygons of the same wuniber of sides^ 
having all the parts of the one except two angles and the included 
siddf known to be respectively equal to the corresponding parts of the 
other, are equal 

Dev.— Let the unknown parts be C, e, D, and C, &, D'. From any other two 
of the mutually equal angles, as G and G', draw the diagonals GC, GD, G'C, G'Cy, 



* Notice that In each case the unknown angles are to Ibrm the vertioefl of triangles, which 
the argnment shows to be eqnUatenl, and therefore eqnaL In Case Ist, we have to draw on^ 
one ttne In order to give the triangles, as two sides are sides of the polygon ; In Case 9d, wtt 
hare to draw two sides , and in Case 8d, three sides, for analogons reasons. 



/ 
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Fxo. 216. 



to the nnlmown angles. Then 
the polygon G'PE'D' can be 
£' applied in the ordinaxyway 
to GFED, /' bdng placed in 
/,etc. So alao G'A'B'C can 
be applied to GABC, begin- 
D' ning with ^ in its equal g. 
Hence, angle PG'D' = FGD, 
A'G'C=AGC; and, adding, 
PG'D' + A'G'C = FGD + 
A G C. Snbtracting these 
equals from G' = G, we have C'G'D' = CGD. Whence the triangles C'G'D' and 
CGD have two sides and their included angle equal in each, and are equal; 
therefore the polygons are equal in all their parts. 

^00. 8cH.— When the unknown 
angles are both separated from the 
imknown side, the polygons may or 
may not be equal — the case is am- 
biguous. Thus, if C and E are the 
unknown angles and AH the un- 
known side, the polygons ABCDEFG, 
and A'B'CD'EFG fulfiU the condi- 
tions, but are not equal. By draw- 
. ing CE, CA, and EH, the case is re- 
^ duced to that of two quadrilaterals 
having all the parts equal, each to 
each, except two angles and their 
non adjacent side ; in which case the quadrilaterals are not necessarily equal. 

So, also, when one of the unknown angles is adjacent to the unknown 
Bide and the other separated, the polygons may or may not be equal Thua, let 





the unknown parts be D, c, C, and D', C. G'. From the separated angle draw the 
diagonals to the extremities of the unknown side, as GC, CD (or CD.), and CO , 
CD'. In the usual way C'A'B'C can be applied to CABC, and C'F'E'D' to 
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CFED. Whence C'C = CC, CD' = CD, and angle C'C'D' = CCD. Thus the 
case is reduced to that of two triangles having two sides and an angle oppo- 
site one of them mutually equal, and Is, therefore, ambiguous. The polygon 
(a) may have the part corresponding to C'F'E'D' situated as CFED, or as 
CFiEiDi. In the former case the polygons are equal, in the latter not 

307» Cob. — Two quadrilaterals having three sides and the corre- 
sponding angles included by these sides equals are equal 

This falls under the 1st case. 

308» 8cH. — ^If the three unknown or excepted parts are all sides, the poly- 
gons are not necessarily equal, as will appear by an inspection of the figure. The 





Fie. S19. 

unmarked sides being the excepted ones, the polygons may be those included by 
the continuous lines, or those included in part by the broken lines, all the parts 
being equal in each two, except the three unknown ones. 

P 

PROPOSITION XTm. -^ ' ^ 

309» Theorem, — Two polygons of the same number of r' .::, 
having two adjacent sides and the diagonals drawn from the included 
aTigUy in tJie oncy respectively equcd to the corresponding parts in the 
other, and their corresponding included angles equal, are equal 
figures. 

Dek.— The demonstration is based upon (284), Let the student draw the 
figures, and make the applications. 



PROPOSITION 

310* Theorem* — Two polygons of the same number of sides, 
having aU the parts {sides and afigles) of the one respectively equal 
to the corresponding parts of the other, except two parts, are equal, un* 
less the excepted parts are parallel sides. 



/ 
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DEic-^Tbe demonstration can be supplied by the pupil, as it is similar to the 
several preceding. The cases will be, 1st, When two angles are excepted, 
[a) they being consecutive, (b) they not being consecutive ; — ^2d, An angle and a 
side, (a) consecutive, {b) not consecutive ; — 8d, Two sides, (a) consecutive, (b) not 
consecutive. . 



EXERCISES. 

1. Froh* — Having two sides a?id their included angle given, io 
construct a triangle. 

Bug's. — The student should draw two lines on the blackboard, and a detached 
angle, as the given parts. Then, malting an angle equal to the given angle 
{200\ he should lay off the given sides from the vertex on the sides of the 
angle, and join their extremities. The triangle thus formed is the one required, 
for any other triangle formed with these two sides and this angle will be just 
like this by (284), 

2. Prob, — Having two angles and their included side given, to 
construct a triangle. 

3. JProb* — Having tlie three sides of a triangle given, to construct 

the triangle. 

Solution. — Let a, b, and c, be the given 
sides. Draw an indefinite line CX, and on 
it take CB = a. From C as a centre with 
5 as a radius, describe an arc as near as can 
be discerned where the angle A will falL 
From B, with a radius c, describe an arc 
intersecting the former. Then is ABC the 
triangle required, since any other triangle 
having the same sides would be equal to 
ABC (292), 

4. Prob* — To inscribe a circle in a given triangle. 

Solution.— For the method of doing it see Part I. {79), To prove the 

method correct, we observe that the triangles 
ODB and QBE have OB common, and are 
mutually equiangular ; hence they are equal, 
and CD = OE. In like manner triangle 
DEC = OFC, and OE = OF. [Triangle OFA 
= ODA ; but we do not need the fact in the 
demonstration.] Since OD = OE = OF, the 
circumference struck fh>m O as a centre with 
a radius OD, passes through E and F. More- 
over, since each side of the triangle is per- 
pendicular to a radius at its extremity, it is tangent to the drcle {172) ; and 
the circle is inscribed. 
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5. JProb. — Having two sides and an angle opposite one of theni 
ffiveUf to construct the triangle. 

Solution. — 1st. When the givea angle is right or obtuse, the side opposite 
mnst be greater than the side adjacent, as the greatest side is opposite the 
greatest angle (22^, and the greatest angle in such a triangle is t^^* right or 




my 




obtuse angle. In this case let m and o be the given sides, and the angle oppo- 
site o. Draw an indefinite line O'X, construct 0' equal to 0, and take GKN' 
equal to m. From N' as a centre, with a radius equal to O, describe an arc cut- 
tmg (yX, as at M'. Draw N'M'. Then is N'M'O' the triangle required, since 
all triangles haying their corresponding parts equal to m', o\ and O' are equal. 

2d. When the given angle is acute, as A, there will be iu> solutum if the 
given side, a, opposite A, is less than the perpendicular ; one solution if a =r p, 
or if a > than both p and b, and two solutions if a > p, and less than \ Thia 
will appear from the construction, which is the same as in Case 1st 

6. If a perpendicular be let fall from the 
right angle C of the triangle ACB npon the 
hypotenuse, as CD, show from {222) that 
the three triangles in the figure are mntnally 
equiangular. 

. 7. Given the sides of a triangle, as 16, 8, and 5, to construct the 
triangle. 

8. Given two sides of a triangle a = 20, J = 8, and the angle B 
opposite the side b equal ^ of a right angle,* to construct the triangle. 

9. Same as in the 8th, except * = 12. Same, except that * = 25. 

10. Construct a triangle with angle A = | of a right angle, angle 
B = -j^ of a right angle, and side a opposite angle A, 15. 

11. Construct a right angled triangle whose hypotenuse is 16, and 




* To eonttruct this angle, blMCt an angle of an eqnilateral triangle. 
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one of the other sides 7. The same with one acute angle } of a 
right angle^ and a side about the right angle 12. Will there be any 
difference in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site ? Will there be any difference in the size f 

12. Construct a right angled triangle having its hypotenuse 20, 
and one acute angle ^ of a right angle. 

13. Construct a quadrilateral three of whose sides are 20, 12, and 
15, and the angle included between 20 and the unknown side | of a 
right angle, and that between 15 and the unknown side | a right 
angle. 

Bug's.— Make A = } of a right angle, and b = 20, Prom D as a centre, with 

a radias 12, strike the arc an. At any 
point on side a, make an angle B' = 
i a right angle. Take B'm = 15, and 
draw Cm parallel to AB'. From the 
intersection C draw CB parallel to 
mB\ Draw CD. Then is ABCD the 
quadrilateral required. 

Queries. — If (2 + is less than the 
perpendicular from D upon AB, then 
what? If equal to the perpendicular, 
then what ? Is it necessaiy to consider angle B in answering the two pre- 
ceding queries ? 

14. Construct a parallelogram whose two adjacent sides are 6 and 
8, and whose included angle equals 1^ right angles. 

15. Construct a heptagon whose sides in order are a = 4, 4 = 6, 
/j = 5, d=6, e= 6,/= 3, 5^ = 4; and the angle included between 
a and J, 1\ right angles; between h and c. If ; c and dyl\\ d and 

8uo*6.— See Fig. 187. Proceed in ordei, laying oflf the parts as given, from A 
to F. Draw AF. From F as a centre, with a radius/ = 3, strike an arc, and also 
from A, with a radius ^ = 4. The intersection of these arcs will determine C. 

Qu^MS.— What is the limit of the sum of the possible values of the given 
angles ? What tlie limit of the sum of tiie sides included between the unknown 
angled? 
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SYNOPSIS. 



''What? How shown? 
Prop. I. Of straight linee. 
Prop. IL Of circles. 



f 
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Prop. m. Sides parallel. Direction same or opposite. 
Prop. IV. " ** " one same, other opposite. 

Prop. V. ** perpendicular. 




" Prop. VL Two sides and included angle. -{ 8eh, All parts equal. 
Prop. VH. Two angles and j ^'"- ®^^.^; ^°® a<yacent and one oppo- 

inclulHiside.}^^^^^^^^^^^^^^ 

Prop. VIIL Two sides and angle j Sch. 1. When isosceles. 

opposite one. ( Seh, 2. When ambiguous. 

Prop IX. Three ridea. \ ^T" 5^^*^ *°?^^ opposite equal sides. 
fROP. lA. inree sides. ^ ^g^ ^^^ of obtuse angle. Form of i?l^. 

Prop. X. Two sides equal, included angles ua- j. q^ Converse. 

& S r ^^^' ^^ Hypotenuse and one side, 
o i -I Prop. XH. Hypotenuse and one acute angle. 
^ ^^ [ Prop. XIIL Side and one acute angle. 

Prop. XIV. Three sides and non-included angles equal 

Prop. XV. Two parallelograms having two ( Oor. Rectangles of 
sides and the included angles •{ same base 

and altitude. 
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Prop. XVL Three angles excepted. -{ Oar, Quadrilaterals. 

r»«^« -v-iTTT m-. 1 ^ ^ ( Sch, 1. The ambiguous case. 

Prop. XVH. Two angles and one » ^ Quadrilaterals! 

side excepted. {sch,2. Three sides excepted. 

Prop. XVni. Two sides and hicluded diagonals. 

Prop. XIX Any two parts excepted. 



' iVo&. In a triangle, given two sides and included angle. 
Prob, " •* " angles " side. 

Prob. " ** " sides and angle opposite one. 

Prob. " " •* three sides. 

Prob, To inscribe a circle in a triangle. 
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SECTION IX. 



OF EQUIVALENCY AND AREA, 



311. Equivalent Figures are such as are equal in magni- 
tude. 



PROPOSITION L 

312. Theorem. — Parallelograms having equal bases and equal 
altitudes are equivalent, 

Dem. — Let ABCD and EFCH be two parallelograms having equal bases, BC 
and FC, and equal altitudes ; then are they equivalent. 

f-^r- j^ I 1 BC ; and, since the altitudes 

/ \ / / / are equal, the upper base EH 

/ \ / / /will fall m AD or AD pro- 

/ a/ L y duced, as E'H'. Now. the 

B C F 5 two triangles AE'B and DH'C 

Pm. iss.* nfQ equal, because the three 

sides of the one are respectively equal to the three sides of the other. Thus AB 
= DC, being opposite sides of the same parallelogram. For a like reason, E'B 
= H'C. Also, E'H' = BC = AD. From AH' taking E'H', AE' remains, and 
taking AD, DH' remains. Therefore AE' = DH'. These triangles being equal, 
the quadrilateral ABCH' - the triangle AE'B = ABCH' ~ DH'C. But ABCH' 
- AE'B = E'BCH' = EFCH ; and ABCH' - DH'C = ABCD. Hence, ABCD = 
EFCH. q. B. D. 

313. Gob. — Any parallelogram is equivalent to a rectangle having 
the same base and altitude. 



PROPOSITION n. 

314. Theorem. — A triangle is equivalent to one-half of any 
parallelogram having an equal base and an equal altitude with the 
triangle. 
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Ihoc.— Let ABC be a triangle. Through C draw CD parallel to AB ; and 
through A draw AD parallel to BC. Then is 
ABCD a parallelogram, of which ABC is one- 
half (2dS). Now, as any other parallelogram 
having an equal base and altitude with ABCD 
is equivalent to ABCD (312), ABO is equiva- 
lent to one-half of any parallelogram having 
an equal base and altitude with ABC. q. 
B. D. ^•^ *•*• 

3 IS* Cob. 1. — A triangle is equivalent to one-half of a rectangle 
having an equal hose and an equal altitude with the triangle. 

316. Cob. 2. — Triangles of equal bases and equal altitudes are 
equivalent, for they are halves of eqniyalent parallelograms 




PBOPOSFTION nL 

317* Uieorenim — The square described on a line is equivalent to 
four times the square described on half the line, nine times the square 
described on one-third the line, sixteen times the square on one-fourth 
the line, etc. 

• DEic^Let AB be any line. Upon it describe the square ABCD. Bisect AB, 
as at d, and AD, as at a. Draw de parallel to AD, and ab parallel to AB. Now, 
the four quadrilaterals thus formed 
are parallelograms by construction, 
hence their opposite sides and angles 
are equal ; and as A, B, C, and D are 
right angles, and Aa = A(2 = (2B = 
IB = etc., the four figures 1, 2, 3, 4, 
are equal squares. Hence kdoa = \ 
ABCD. In like manner it can be 
shown that the nine figures into which 
the square on A'B' is divided by draw- 
ing through the points of trisection of the sides, lines parallel to the other sides, 
are equal squares. Hence k'o\ the square on i of A'B', is t of the square 
A'B'C'D'. The same process of reasoning can be extended at pleasure, show* 
ing that the square on i a line is iV the square of the whole, etc. 




Fio. SSfi. 



FROPOSinON IT. 

318. Theorem. — A trapezoid is equivalent to two triangles 
having for their bases the upper and lower bases of the trapezoid, and 
for their common altitude the altitude of the trapezoid. 
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Dem.— By constructing any trapezoid, and drawing either diagonal, the 
stndout can show the tnith of tliis theorem. 



PROPOSITION T. 

319. JProb.—To reduce any polygon to an equivalent triangle. 

BoLXjnoN.--Let ABCDEF be a polygon which it is proposed to reduce to an 
equivalent triangle. Produce any side, as BC, indefinitely. Draw the diagonal 

EC and DH parallel to it. 
^ Draw EH. Now, consider the 

triangle CDE as cut off from 
the polygon and replaced by 
CHE. The magnitude of the 
polygon will not be changed, 
since CDE and CHE have the 
same base CE, and the same 
altitude, as their vertices lie in 
DH parallel to EC. From the 
polygon thus reduced we cut 
the triangle FHE, and replace 
it by its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AC, we can replace FBA by its 
equivalent FGB. Hence, CFI is equivalent to ABCDEF. It is evident that a 
similar process would reduce a polygon of any number of sides to an equiva- 
lent triangle. 




ABEJL 



PROPOSITION TL 

320. Theorem. — Tfie area of a rectangle is equal to the product 
of its base and altitude, 

Dem.— Let ABCD be a rectangle, then is ils area equal to the base AB multi* 

plied by the altitude AC. 

If the sides AB and AC are 'commensurable, take 
some unit of length, as E, which is contained a whole 
number of times -in each, as five times in AC, and 
eight times in AB, and apply it to tlie lines, dividing 
them respectively into five and eight equal parts. 
From the several points of division draw lines through 
the rectangle perpendicular to its sides. The rect- 
angle will be divided into small parallelograms, 

which are all equal squares, as the angles are all right angles, and the sides all 
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M|iul to each otlier. Each square is a nnit of surface, and the area of the rect- 
angle ia expressed by the number of these squares, which is evidently equal to 
the number in the row on AB, multiplied by the number of such rows, or the 
number of linear units in AB multiplied by the number in AD. 

If the two sides of the rectangle are not commensurable, tak« some very 
small unit of length which will divide one of the sides, as AC, and divide the 
rectangle into squares as before; the number of these squares will be the 
measure of the rectangle, except a small part along one side, not covered by the 
squares. By taking a still smaller unit, Uie part left unmeasured by the squares 
will be still less, and by diminishing the unit of length E, we can make the 
part unmeasured as smiJl as we choose. It may, therefore, be made infinitely 
small by regarding the unit of measure as infinitesimal, and consequently is to 
be n^lected.* Hence, in any case, the area of a rectangle is equal to the pro- 
duct of its base into its altitude. Q. e. d. 

321. Cob. 1. — The area of a square is equal to the second power 
of one of its sides, as in this case the base and altitude are equal. 

322. Cob. 2. — The area of any parallelogram is equal to the pro- 
duct of its base into its altitude; for any parallelogram is equivalent 
to a rectangle of the same base and altitude {313)> 

323. Cob. 3- — The area of a triangle is equal to one-half the pro- 
duct of its base and altitude; for a triangle is one-half of a parallelo- 
gram of the same base and altitude (314)* 

324» Cob. 4. — Parallelograms or triangles^ of equal bases are to 
each other as their altitudes; of equal altitudes, as their bases; and 
in general they are to each other as the products of their bases by 
their altitudes. 



PROPOSITION YIL 

32S» Theorem. — 77ie area of a trapezoid is equal to the product 
of its altitude into one-half the sum of its parallel sides, or, what is 
the same thing, the product of its altitude and a line joining the 
middle points of its inclined sides. 

* This principle maj be thus stated : An infinitesimal is a quantity conceired, and to 
be tmJUd^ aa less than any atvignahle quantity ; hence, as added to or subtracted from finite 

qoantlUes, it has no Talne. Thus, suppose — ^a^m^ n, and a being finite qnantiUes. Let e 

represent an infinitesimal; then , or , or — =- , is to be considered as still equal to 

a, for to consider it to differ firom a by any amount we might name, would be to assign tonu 
Talue to e. 

t By this is meant the areat of the figures. 
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Deh.— In the trapezoid ABCD draw either diagonal, as AC. It is thus 

divided into two triaugles, whose areas are to- 
gether equal to one- half the product of their 
common altitude (the altitude of the trapezoidX 
into their bases DC and AS, or this altitude into 
i (AB + DC). 

Secondly, if oft be drawn bisecting AD and 
CB, then is oft = |(AB + CD). For, through 
a and b draw the perpendiculars om and pn^ 
meeting DC produced when necessary.. Now, the triangles aoD and Aam are 
equal, since Aa = aD, angle o = m, both being right, and angle oaO = kaan 
being opposite. Whence km = oO. In lilse manner we may show that Cp = 
nB. Hence, a& = K^p + mn)?r=i(AB + DC); and area ABCD, which equals 
altUude into i(AB + DC), = aUUude into ab. q. b. d. 



Fig. 298. 



PROPOSITION TIIL 

326* Theorem. — The area of a regular polygon is equal to one- 
half the product of its apothem into its perimeter, 

Dbic — Let ABCDEFG be a regular polygon whose apothem is Oa; then is 

its area equal to i Oa (AB + BC + CD + DE + EF 
+ FC + GA). 

Drawing the inscribed circle, the radii Oa, O^, 
etc., to the points of tangency, and the radii of the 
circumscribed circle OA, OB, etc. (264^ 26S), the 
polygon is divided into as many equal triangles as 
it has sides. Now, the apothem (or radius of the 
inscribed circle) is the common altitude of these tri- 
angles, and their bases make up the perimeter of the 
polygon. Hence, the area = ^ Oa (AB + BC + CD 
+ DE + EF + FG + CA). q. b. d. 

327. Cob. — The area of any polygon in which a circle can be 
inscribed is equal to one-half the product of the radius of the tn- 
scribed circle into the perimeter. 

The student should draw a figure and observe the fSu;t It is especially 
worthy of note in the case of a triangle. See Fig, GO. 




PROPOSITION 

328. Theoretn. — Ttie area of a circle is equal to one-half the 
product of its radius into its circumference. 
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Dbil — Let Oa be the radius of a circle. Circnm- 
scribe any regular polygon. Now the area of this 
polygon is one-half the product of its apothem and 
perimeter. Conceive the number of sides of the 
polygon, indefinitely increased, the polygon still 
continuing to be circumscribed. The apothem con- 
tinues to be the radius of the circle, and the perim- 
eter i4;>proaches the circumference. When, there- 
fore, the number of sides of the polygon becomes in- 
finite, it is to be considered as coinciding'with the cir- 
cle, and its perimeter with the circumference. Hence 
the area of the circle is equal to one-half the pro- 
duct of its radius into its circumference. Q. e. d. 

329* Def. — A Sector is a part of a circle included between two 
radii and their intercepted arc Similar Sectors are sectors in differ- 
ent circles, which have equal angles at the centre. 

330* Cob. 1. — TTie area of a sector is equal to one-half the product 
of the radius into the arc of the sector, 

33 !• Cob. 2. — The area of a sector is to the area of the circle as 
the arc of the sector is to the circumference^ or as the angle of the 
sector is to four right angles. 




EXERCISES. 

1. What is the area in acres of a triangle whose base is 75 rods 
and altitude 110 rods ? 

2. What is the area of a right angled triangle whose sides about 
the right angle are 126 feet and 72 feet ? 

3. If 2 lines be drawn from the vertex of a triangle to the base, 
dividing the base into parts which are to each other as 2, 3, and 5, 
how is the triangle divided ? How does a line drawn from an angle 
to the middle of the opposite side divide a triangle ? 

4. Beview the exercises on pages 49 and 50, giving the reasons, in 
each case. 
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SYNOPSIS. 

Definitioa. 

Prop. I. Of parallelograms. -{ Oor, Paral. and rectangle. 

T>»^« TT nr ♦*s«««i*i- i 0(fr. 1. Triangle and rectangle. 

Pbop. n. Of triangles. -J ^^ g. Of equal bases and equal altitudes. 

Prop. III. Square on t, 4f i a Iw^©! «te. 

Prop. IV. Trapezoid. 

Prop. V. To reduce a polygon to a triangle. 



Prop. VL Of rectangle. ^ 



' Chr, 1. Of square. 
Cdr, 2. Any parallelogram. 
Cor, 8. Of triangle. 

Cor. 4. Relation of parallelograms and 
of triangles. 



Prop. VIL Of trapezoid. 

Prop. Vm. Of regular polygons. J ^- ^^ "^^ly^""**^^ 

f Btf* Of sector. 

Of a circle, i ^- J- ^^J^^ ' 
[ Cor. 2. Relation 

EZBRCISBS. 



Prop. IX 



sector, 
of sector to circle. 



SECTION X. 

OF SIMILARITY. 

S32. The primary notion of similarity is likeness of form. Two 
figures are said to be similar which have the same shape, althongh 
they may differ in magnitude.* A more scientific definition is as 
follows : 

333. Similar Figures are such as hare their angles respec- 
tively equal, and their homologous sides proportional. 

334. homologous Sides of similar figures are those which 
are included between equal angles in the respective figures. 

* The student shoald be careftil, at the ontset, to mark the fiu^t that tivAkarity inwtvM 
two things^ BquALriT of anolss and phoportionalitt ot sidbs. It will appear that, In the 
case of triangles, if on€ of these fltcts exists, the other does also ; bat thia is not so in other 
polygons, as is iUastrated in Pabt I. 



OF 8IMILABITY. 



145 



In Similar Tbiastgles, the Homologous Sides are those 
opposite the equal angles. 
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PROPOSITION L 

33Sm Theorem,. — Triangles which are mutually equiangular 
are similar. 

Dbk.— Let ABC and DEF be two mu- 
InaUj equiangular triangles, in which 
Ar=D, B=E, and C=F; then are the 
sides opposite these equal angles propor- 
tional, and the triangles possess both 
requisites of similar figures ; t*. «., they 
are mutnaUy equiangular and have their 
homologous sides proportional, and are 
consequently similar. 

To prove that the sides opposite the 
equal angles are proportional, place tlie 
triangle DEF upon ABC, so that F shall 
coincide with its equal C, CE'ssFE, and 
CD'=FD. Draw AE', and D'B. Since angle CPCy=rCBA, D'P is paraUel to^ 
AB,and as the triangles D'E'A and D'E'B have a common base D'E' and the 
same altitude, their vertices lying in a line parallel to their base, they are- 
equivalent (31€), Now, the triangles CD'E' and D'E'A, having a common aiti*- 
tude, are to each other as their bases (324). Hence, 

CD'E' : D'E'A : : CD' : C^A. 

For like reason CD'E' : D'E'B : : CE' : E'B. 

Then, since D'E'A and D'E'B are equivalent, the two proportions have a com- 
mon ratio, and we may write CD' : D'A : : CE' : E'B. 

By composition CD' : CD' + D'A : : CE' : CE' + E B, 

or CD' : CA : : CE' : CB, or FD : CA : : FE : CB, 

In a similar manner, by applying angle E to B, we can show that 

FE : CB : : ED : BA. Therefore, FD : CA : : FE : CB : : ED : BA. q. B. D. 

336m Cor. 1. — If two triangles have two angles of the one respeo 
iively equal to two angles of the other, the third angles being equal 
{2fH)y the triangles are similar. 

337. Cor. 2. — A line drawn through a triangle parallel to any 
side divides the other sides proportionally. 

Thus D'E' being parallel to AB, it is shown in the proposition that 
CD': D'A ::CE':E'B. 

10 
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338. Cob. d.—If any two lines cut a series of parallels^ they are 

divided proportionally. 




o o 




I>EM.^If the two secant 
lines are parallel, as OA and 
O'B', the intercepted parts 
are equal, %. «., ac ^ hd^ ee 
^df,eg= A etc. {2^fS). 
Hence, ae : bd : : 00 : c^ : : 
eg : fh. Secondly, if the 
secant lines are not parallel, 
let them meet in some point, 
as O. Then, bj the propo* 
dtion, we have 



Oa : ac ::0b :bd (1), and also Oe : ee ::0d i ^ (2). 

Taking the first by composition, it becomes 

Oa -¥ ae : ae :: Ob + bd : bd, 01 Oe : ae :: Od ; bd (8). 

Now, as the antecedents in (2) and (8) are the same, we have 

€16 : bd :: ee : df,OTa6 i ee i: bd : €^, 

In like manner, we may show that 

ee \ ^iieg i fh, or ee i eg 11 ^ ifh. 



PROPOSITION IL 

339. ITieorem.— Conversely, If two triangles have their ear- 
responding sides proportional, they are similar. 
Dem.— In the triangles ABC and DFE, let FD : CA :: FE : CB : : DE : AB ; 

then are the triangles similar. . 

As one of the characteristics of simi- 
larity, viz., proportionality of sides, exists 
by hypothesis, we have only to prove 
the other, i. e., that the triangles are mu- 
tually equiangular. Make CD' equal to FD, 
and draw D'E' parallel to AB. By the 
preceding proposition CD' (= FD) : CA : : 
D'E' : AB. But, by hypothesis, FD : 
CA :: DE : AB. Whence, D'E' = DE. 
In like manner CE' : CB : : CD' (=FD) : 
CA. But, by hypothesis, FE : CB : : FD : 
CA. Whence CE' = FE ; and the trian- 
gle CD'E' is equal to the triangle FDE 
(292). Now, CD'E' and CAB are mutu- 
ally equiangular, since D'E' is parallel to AB {152)^ and C is common. Hence. 
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the triangleB ABC and DEF are mutaally equiangular, and consequently similar. 

q. K. D. 

340m 8cH. — Ka we now know that if two triangles are mutually equiangular, 
ihey are similar ; or, if they have their sides proportional, they are siipilar, it will 
be sufficient hereafter, in any given casei to proye either one of these facts, in order 
to establish the similarity of two triangles. For, either fact being proved, the 
other follows as a consequence. See Section VI., Pabt L, for fi^miMar illustra^ 
tions of this most important subject 



PROPOSITION IIL 

341. Theorem m — Two triangles which have the sides of the one 
respectively parallel or perpendicular to the sides of the other ^ are 
similar. 

Dsic— Let ABC and A'B'C be two triangles whose sides are respectively 
parallel or perpendicular to each other, 
then are the triangles similar. 

For, any angle in one triangle is 
dther equal or supplementary to the 
angle in the other which is included 
between the sides which are parallel or 
perpendicular to its own sides. Thus A 
either equals A', or A + A' = 2 right 
BSkg\e&(2Sl,2S2,283y Now, if the 
corresponding angles are all supplemen- 
tary, that is, if A + A' = 2 R.A., B + B' 
= 2RA.,andC + C = 2 RA., the sum 
of the angles of the two triangles is 6 
right angles, which is impossible. Again , 
if one angle in one triangle equals the 
coiresponding angle in the other, as A 
= A', and the other angles are supple- 
mentaiy, the sum is 4 right angles plus 
twice the equal angles which is impossible^ Hence, two of the angles of one 
triangle must be equal respectively to two angles of the other ; and, if two are 
equal, the third angle in one is equal to the third in the other {221). Hence, 
the triangles are mutually equiangular, and therefore similar (335), <^ s. d. 




Fie. 884. 



¥,m 



PROPOSITION IT. 

34:2* Theorem* — Two triangles, which have an angle in each 
equal, and the sides about the ^qual angles proportional, are similar . 
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FIO.S85. 



Drm.— In the trialigles ABC and DEF 
let C = F, and AC : DF :: CB : FE; 
then are the triangles idmilar. 

For, place F on its equal C, and let D 
IM at D'. Draw D'E' parallel to AB. 
Then AC t D'C (= DF) :: BC : CE' (887% 
Bat bj hypothesiB AC : DF : : BC : FE. 
.-. CE' = FE, and the triangles DXE' and 
DFE are eqnal (284). Therefore, D'CE' 
being eqaiangolar with ACB, is siniilai 
to it (885) ; and as DFE is equal to D'CE\ 
DFE is similar to ACB. <}. B. D. 



PROPOSITION T. 

343. Theorem. — In any right angled triangle, if a line be 
drawn fra^n the right angle perpendicular to the hypotenuse, it 
divides the triangle into two triangles, which are similar to the given 
triangle, and consequently similar to each other. 

* 

* Dem.— Let ACB be a triangle right-angled at C, and CD « perpendicniar 

upon the hypotenuse AB; then are ACD and COB 
similar to ACB, and consequently to each other. 

For,* the triangles ACD and ACB have the angle A 
common, and a right angle in each; hence they are 
mutually equiangular, and consequently similar(^d6). 
For a like reason CDB and ACB are similar. Finally, 
as ACD and CDB are both similar to ACB, they are 
q. B. D. ^ 




D B 
^lo. ns. 

similar to each other. 



344. Cob. 1. — Either side about the right angle is a mean propor- 
tional between the tohole hypotenuse and the adjacent segment. 

DBM.^ThlB is a direct consequence of the similarity of the partial triangles 
with the whole triangle. Thus, comparing the homologous sides of ACD 
and ACB, we have AD : AC : : AC : AB ;* and from CDB and ACB, we have 
DB : CB :: CB : AB. 

345. Cor. 2. — 77ie perpendicular is a mean proportional between 
the segments ofj the hypotenuse. 

Dbm.— This is a consequence of the similarity of ACD and CDB. Thus, 
AD : CD : : CD : DB. 

* Notioe UmU AO of the triangle ACD i" oppoeite mat^e ACD« uid AC« tta coii»eqiient. Is 
•f the triangle ACB*»And opposite the angle B« which eqaal» angle ACD* The atudent most 
he aore that.he knows (n what order to take the aides, and wkj/. 
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Querie$.^'To which tiiaiigle does the first CO belong ? To which the second ? 
Why is CD made the consequent of AD f Why, in the second ratio, are CD and 
DB to be compared? 

346. GoE. 3. — The square described on the hypotenuse of a right 
angled triangle is equivalent to the sum of the squares described on 
the other ttdo sides. 

Dbk.— From Cbr. 1, XS* := AB x AD 

and also CB*==AByDB. 

Therefore, adding, AC* + CS*=AB(AD + DB)= AB*. 

34:7. Cob. 4. — If a perpendicular be let fall from any point in a 
circumference upon a diameter, this perpendic- 
ular is a mean proportional between the seg- 
ments of the diameter, 

Dsif.— Tbns, AD : CD : : CD : DB, or CD* = AD X DB. 

For, drawing AC and CB, ACB is a right angle, 
and the case fiills under Cor, 2. 

The chords AC and CB are mean proportionals between the whole diameter 
and th^ adjacent segments by Cor. 1. 

348, 'ScH. — ^This proposition, with its corollaries, is i>erhape the most fhiit- 
All in direct practical results of any in Geometiy. Cor. 3 will be recognized 
as a demonstration of the Pythagorean proposition (109\ Pabt I. There are 
many other demonstrations of exceeding beauty, some of which will be giren 
in Part m. The one here given is the simplest, and shows best the way in 
which this truth grows out of the more general fact of similarity. 
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349. Theorem. — Regular polygons of the same number of sides 
are similar figures, 

Dbm. — ^Let P and R' be two regular polygons of the same number of sides,* 

«, 6, e, d, etc., being the sides of the former, and a\ b\ c\ d\ etc., the sides of 

the latter. Now, by the definition of regular polygons, the sides a, b^ e, d, 

etc., are equal each to each, and also a', 6', c', (f , etc. Hence, we have 

a ixi^ : : b : V '. I e : e^ : : d : d\ etc Again, the angles are equal, since n being 

the number of sides of each polygon, each angle is 

n X 2 right angles — 4 right angles yojr|»\ 

n \ h 

Hence the polygons are mutually equiangular, and have their sides proportional ; 
that is, th^ are similar, q. s. d. 

• The fttndent may convtrnct two regnUtr hexagons, if thought desirable. 
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350. Cob. 1. — The corresponding diagonals of regular polygons 
of the same number of sides are in the same ratio as the sides of the 
polygons. 

Let the student draw a figure and demonstrate the fact. 

351. Cob. 2. — The radii of the inscribed^ and also of the circum^ 

scribed circles^ of regular polygons of the 
same number of sides, are in the same ratio 
as the sides of the polygons. 

Dbm. — Since the angles F and/ are equal, and 
bisected by FOi the right angled triangles OSF, 
Otf are equiangular, and hence similar. There- 
fore FS : /» : : SO : «0 or FO : /O. Whence, 
doubling both terms of the first couplet, 
Fie. ttS. FA : /a : : SO : <0 or FO : /O. 





PBOPOSinON TIL 

3S2. Theorem* — Circles are similar figures. 

Dem.— Let Oa and OA be the radii of any 
two circles. Place the circles so that they shall 
be concentric, as in the figure. Inscribe the r^;a- 
lar hexagons, as abodefy ABCDEF. Conceive the 
arcs AB, 80, etc., of the outer circumference, bi- 
sected, and the regular dodecagon inscribed, and 
also the corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by (34:9). Now, as the process of bisecting the 
arcs of the exterior circumference can be con- 
ceived as indefinitely repeated, and the corresponding regular polygons as in- 
scribed in each circle, the circles may be considered as regular polygons of the 
same number of sides, and hence similar, q. e. d. 

353^ Cor. — ^Arcs of similar sectors are to each other as the radii 
of their circles; i. «., arc/e : arc FE : : 0/: OF. 

ScH.— The circle is said to be the LimU of the inscribed polygon, and 
the circumference the UmU of the perimeter. By this is meant that as the 
number of the sides of the inscribed polygon is increased itgapproaches nearer 
and nearer to equality with the circle. The apothem approaShes equality with 
the radius, and hence has the radius for its limit It is an axiom of great 
importance in mathematics that, Whaiewr can be shtnon to be true of a magnp 
iude as it approaehes its limit indefinitdy, is true cf that UmU, 
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EXEBCISE& 

1. JProb. — To divide a given line into parts 
which shall he proportional to several given 
lines. 

Solution. — Let it be required to divide OP into 
parts proportional to the lines A, B, 0, and D. Draw 
ON making any convenient angle with OP, and on it 
laj off A, B, 0, and D, in succession, terminating at 
M. Join M with the extremity P, and draw parallels to 
MP through the other points of division. Then by 
reason of the parallels we shall have 

A : B : : D : : a : 6 : <; : d, (338). 

2. Prob. — To find a fotirth proportional to three given lines. 
For the solution see (89). Repeat the process, and give the reasons. 

3. Froh. — To find a third propor- 
tional to two given lines, 

BoLunoN. — ^This may be solved as the two 
preceding. Thus, take any two lines, as A and 
8, for the given lines. We are to find a third 
line X, such that A : B : : B^: a;. The figure 
will suggest the details. 

The following is a solution based on (347), 
Draw an indefinite line AM. Take AD = A, 
and erect BD = B. Join AB, and bisect it by 
the perpendicular ON. Then with O as a cen- 
tre, and OA as a radius, describe a semi-circum- 

ference. This will pass through B. (Why?) M C O D 

Also AD : BD :: BD : CD (= x). (Why?) Fie.M;.. 

4. Draw any straight line on the blackboard, and divide it into 5 
equal parts, npon the principle used in the preceding solutions. 

5. Beview the exercises under (SO^ 90), and give the reasons. 

6. Frobm — To find a mean proportional between two given lines. 

For the solution see (110), Repeat the process, and give q. 
the reasons for the method. 

7. DE being parallel to BC, prove that the triangles 
DOE and BOO i^re similar, and hence that OD : 00 : : 
OE : OB. Ar^ the following proportions true ? 




OD : 00 :: OE : OB, OD : DE :: 00 : BC, 
OD : OE :: 00 : OB, OB : BC :: OE : DE. 




Fio.341 



152 



ELEMENTABT PLAHE GEOMETBT. 



& Show that if ABCDEF is a regular polygon, khcdef is also regular, 

he, cd, etc., being parallel to BC, CD, etc. 
Show that any two similar polygons may be 
placed in similar relative positions, and 
hence show that the cori*esponding diagonals 
are in the same ratio as the homologous 
sides. 

^ ^ B 9^ ipjie gides of one triangle are 7, 9, and 

Fie. MS. 11. The side of a second similar triangle^ 

homologous .with side 9, is 4^. What are the other sides of the 
latter ? 




10. The diameter of a circle is 20. What is the perpendicalar 
distance to the circumference from a point in the diameter 15 fix>m 
one extremity ? What are the distances from the point where this 
perpendicular meets the circumference to the extremities of the 
diameter.^ 



STNOPSIS. 



M 
M 

to 
O 



OQ O 



Primary notion of similarity. 

Definition of similarity. 

Homogeneity of sides. In general In triangles. 

( Om', 1. Two angles equal 
Pbop. L Mutually equiangular. < Cor, 2. A parallel to a side. 

( Cor, 8. Lines cutting parallels. 

Pbop. IL Sides proportional. 1 86k. Either of two fiicts sufficient 

Prop. III. Bides parallel or perpendicular. 

Pbop. IV. An angle equal in each, and sides proportional 

' Cor. 1. Side about right angle. 
Cor. 2. Perpendicular. 
Cor. 8. Square on hypotenuse. 
Cor. 4. Perpendicular on diameter. 
8ch. Importance of tliis Prop, and 
Cor'B. 

i Cor. 1. Corresponding diagonals. 
Pbop. VL Regular polygons similar. \ Cor. 2. Radii of inscribed and cir- 

( cumscribed circles. 

Pbop. VIL Circles simUar. \ Sch. Ch«le limit of polygon. • 

' Prob. To diyide a Ime into proportional parts. 
-Ev^.^... Prob' To find a fourth proportional 
^"™*'""*- ^ Prob. To find a third proportional. 
Prob. To find a mean proportional 



Pbop. V. Perpendicular ftom 
right angle upon 
hypotenuse. 
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SECTION XI. 

APPLICATIONS OP THB DOCTRINE OP SIMILARITY TO THE 
DEVELOPMENT OP GEOMETRICAL PROPERTIES OF FIGURES. 



3S4L. The doctrine of nmilarity, as preflented in the preceding 
eectiony is the chief reliance for the development of the geometrical 
properties of fignres. This section will be devoted to the investiga- 
tion of a few of the more elementary properties of plane figures, 
which we are able to discover by means of this doctrine. 



OF THE RELATIONS OF THE SEGMENTS OF TWO LINES INTERSECT- 
IN6 EACH OTHER, AND INTERSECTED RT A CIRCUMFERENCE. 



PROPOSITION L 

BS&* Thewrenh. — If two chords intersect each other in a circle^ 
their segments are reciprocally proportional; whence the product of 
the segments of one chord equals the product of the segments of the 
other, 

Dbm .—Let the chords AC and BD intersect at ; then is AG : BO : : DO : 
CO, whence AO x CO = BO x DO. 

For, draw AD and BC. The two triangles AOD and BOC 
are equiangular, and hence similar ; since the angles at O 
are vertical, and consequently equal (134), and D = C, 
because both are measured by i arc AB {210). (A = B 
because both are measured by i arc DC; butitianeceB- 
aaiy only to show that tuo angles are equal in order to ^ 
show that the triangles are equiangular, and hence simi- 
lar.) Kow, comparing the homologous sides (those oppo- 
site the equal angles), we have AO : BO : : DO : CO ; Fio. M4. 
whence, AO x CO = BO x DO. q. B. n. 

QuBRiB8.~Why is AO compared with BO? Why DO with CO? Would 
AO : CO : : 80 : DO be true? Wouhl AO : 00 : : BO : CO? What is the 
force of the word ** reciprocally," as used in the proposition? 




164 



XLEMENTABY PLANE GSOMETBY. 



PBOPOSinoii n. 

356. Theorem. — Iffram a point without a circle, two secants 
be drawn terminating in the concave arc, the whole secants are recip- 
rocally proportional to their external segments; whence the product 
of one secant into its external segment equals the product of the other 

Q, into its external segment, 

Deic^OA and OB being secants, OA : OB : : 
OC : OD, and consequently OA x OD = OB x 00. 
For, drawing AC and DB, the two triangles AGO 
and BDO have angle O common, and A = B, since 
both are measured by i 00 ; hence the triangles are 
similar, and we have OA : OB : : OC : OD, and 
consequently OA x OD = OB x OC. q. b^d. 

Same queries as under the preceding demonstra- 
F». 94S. tion. 




PROPOSITION nL 

3S7. Theorem. — If from a point without a circle a tangent he 
drawn, and a secant terminating in the concave arc, the tangent is a 
mean proportional between the whole secant and its external seg- 
O ment; whence the square of the tangent equals 

the product of the secant into its external seg^ 
ment. 

Dem.— OA being a tangent and OB a secant, OB : 

OA : : OA : OC, whence OA' = OB x OC. For, 

B drawing AB and AC, the triangles OAB and ACO have 

angle O common, and OAC = B, since each is measured 

by i arc AC ; hence the triangles are s^nllar, and OB : 

Fi«. M6. OA : : OA : OC, whence 6a' = OB x OC. <^ B. D, 




OF THE BISECTOB OF AN ANGLE OF A TmANCOiE. 



PROPOSITION IT. 

8S8. Theorem. — A line which bisects any angle of a triangle 
divides the opposite side into segments proportional to the adjaceni 
sides. 



BISECTOR OF AN ANGLE OF A TBIANGLE. 
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DKM.—Let CD bisect the angle ACB; then 
AD : DB : : AC : CB. 

For, draw BE parallel to CD, and produce it 
till it meets AC produced, as at E. Now, by 
reaaon of the parallels CD and EB, angle ACD 
= AEB, and angle DCB = CBE (152). Whence, 
as ACD = DCB by hypothesis, E = CBE, and 
CE =r CB (227)' Also, since CD is parallel to 

I, AD : DB : : AC : CE {337). Substituting 




for CE its equal CB, we have AD : DB : : AC : CB. (^ B. D. 



PROPOSITION Y. 

3S9. Theorem.— If a Um be dravm from any vertex of a 
triangle bisecting the exterior angle and intersecting the opposite 
side produced, the distances from the other vertices to this intersection 
are proportional to the adjacent sides. 

Deil— Through the vertex C let CD 
be drawn, bisecting the exterior angle 
FOB, and intersecting AB produced in 
D ; then AD : BO : : AC : CB. 

For, draw BE parallel to CD. By rea- 
aon of these parallels, angle FCD = CEB, 

and BCE = CBE ( 152). Hence CEB = Fio. 943. 

CBE, and CB = CE. Also, by reason of 
the parallels, AD : BD :: AC : CE, or its equal CB (335). Q. E. D. 




PBOPOSinON YL 

360. Theorem.— If a line be drawn bisecting any angle of a 
triangle and intersecting the opposite side, the rectangle of the sides 
about the bisected angle equals the rectangle of the segments of the 
third side, plus the square of the bisector. 

Deic.— Let CD bisect the angle ACB ; then AC x CB 

= AD X DB + CD^. 

For, circumscribe the circle about the triangle, pro- 
duce the bisector till it meets the circumference at E, 
and draw EB. ITie triangles ADC and CBE are simi- 
lar, sfaice angle ACD = ECB, by hypothesis, and A = E, 
because each is measured by i arc CB. Therefore, 
AC : CE : : CD : CB, whence AC x CB = CE x CD 
= (DE + CD) CD = DE X CD + CD*. For DE x 
CD, substituting its equivalent AD x DB (355), we 
have AC X CB =: AD X DB + CD*. <i. s. d. 
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PROPOSITION TIL 

361. Theorem. — The bisectors of the angles of a triangle aU 
pass through the same point, which is the centre of the inscribed 
circle. 

Dbm.— Draw two lines bisecting two of tlie angles, and from their inter- 
section draw a line to the other angle. Then show that the latter angle is 
bisected. By (Ex. 4, page 134) this point is shown to be the centre of the in- 
scribed circle. [The student should fill out the demonstration.] 



AREAS OF SDOLAR FIGURES. 



PROPOSITION TIIL 

3620 Theorem* — The areas of similar triangles are to each 
other as tJie squares described on their /wmologous sides. 

Dbm. — ^Let ABC and DEF be any two similar triangles ; then is 

ami ABC : area OEF :: CB" i fT : : AC* : dP :• AB*: DE* 

For, place the largest angle of the triangle 
DEF, as D, on its equal angle A, of the triangle 
ABC*; let E fall at E', F at F', and draw 
ET; Uien is triangle AET' =r DEF (i?^^), and 
ET' is parallel to BC. Let fall a perpendicular 
from A to CB. Then Al 1b the altitude of AE'F', 
and AH of ABC. Now, by similar triangles we 
hare CB : F'E' : : AH : Al. 
But iAH : iAI : : AH : Al ; and, multiplying 
corresponding terms, J AH x CB : iAI x F'E' : : AH* :'AI*. Whence, since 
iAH X CB = area ABC, and iAI x F'E' = area AE'F'= area DEF, and 

AH : Al : : CB : FE : : AC : DF : : AB : DE, or AH* ;"A|' : : CB* : fT : : AC* roP* 

: : AB* : : DE* ; we have 

oiwABCiareaDEF:: CB*: FE*::AC*: dPitAB*: DE*. Q. b. D. ^ 




\ 



PROPOSITION IX. 

363. Theorem. — The areas of similar polygons are to each 
other as the squares of the homologous sides of the polygons. 



• The only object In taking the largtst ani^le is to make the perpendlcalar ft\\ wUhin the 
triangle. Any two eqoal anglea may be i^pUed, and the demonstiation ia eeeentially the aame. 
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I>BM.— Let cMiif and ABCDEF 
be two siiiiilar polygons* Desig- 
nate the former by p, and the lat- 
ter by P. Then p-.P wW \ AB* 
or as the sqnaies of any other two 
homologoQa rides. 

For, from the equal angles a 
and A drawing the diagonals, the 
corresponding partial angles into 
-which a and A are divided are Fie. SSI. 

eqoaL [Let the student show why by 342^ Now take W=Lcb, and draw 
6 «', making angle Afr'e' = &. Then h'd = Ao, and A0' = oe, since the triangles 
aibc and A&'e' have two angles and the indnded side of one equal to two angles 
and the indnded ride of the other. In like manner draw 0'd' making angle 
6V«f = ftctf, 0'<f = Ml, and kX^ ad. So, also, making angle cfde^s^ ede^ and an^fie 
d^e'f* =zdtf,dif = de, e'f = tf, and /'A =/a. Hence the polygon W€d!ef'^ p, 
and its sides are respectively parallel to the corresponding rides of P. Now, let 
fa, a, 9, and % represent the triangles in whidi they stand, and M, N, O, and S 
the corresponding triangles of P, as AFE, etc. Triangles m and M being similar, 

and also a and M, we have 

f» : M : : Ad'' : AE", and n : N : : A<j'' : AE*. 
Whence m : M : : i» : N. 

In like manner we can show that n : N : : ^ : O, and that ^ : O : : • : S. 
Whence m : M : : n : N : * <> : : : # : S. 
By composition, (w+n+^+a) (or p) : (M + N + O f S) (or P) : : # : S. 

But # : S : \TP (or a?) :"AB*. Therefore p\P\ 'TcS : TB', or as the squares of 
any two homologous sides, q. e. d. 

S64:. Gob. 1. — Similar polygons* are to each other as the squares 
€f iheir corresponding diagonals. 

In the demonstration we have • : S : : A^* (oroc') : AC. Whence pxP::a6 : AC . 
The same may be shown of any other corresponding diagonals. 

36S» Cor. 2. — Regular polygons* of the same number of sides 
are to each other as the squares of their homologous sides; since they 
are similar figures {349). 

86S^ Cob. 3. — Regular polygowf^ of the same number of sides 
are to each other as the squares of their apothems. 

For .their apothems are to each other as their sides. Hence the squares of 
^Mr apothems are to each other as the squares of their rides. 

367. Cob. ^.—Circles are to each other as the squares of their 
radii {352)yand as the squares of their diameters. 



• Tbi* to ft common elliptical form for ''The arew of, etc" 
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OF PEKIMETEBS AND THE RECTIFICATION OF THE 

CIBCUMFEKENCE. 

368. The Sectification of a curre is the process of finding 
its length. 

The term recHfleaUon signifies making straight, and is applied as above, 
under the conception that the process consists in finding a straight line equal 
in length to the conre. 



PROPOSITION X. 

369. Theorem. — The perimeters of similar polygons are to 
each other as their hofnologous sides, and as their corresponding 
diagonals. 

Dem.— Let a, 6, c, ({, etc, and A, B, C, D, etc, be the homologous aides 
of two similar polygons whose perimeters are p and P ; then p : P : : a : 
k :: b : B : : c : C, etc. ; and r and R being corresponding diagonals, p i 
P ::r: R Since the polygons are similar, a: k :ib: B :: e :C i: d :D^ 
etc By composition, (a+6+c+rf+etc){orp):{A + B + C + D+ etc)(orP): :a: A, 
or as any other homologous sides. Also, as the homologous sides are to each 
other as the corresponding diagonals {3S0), p :P ::r : R q- K. d. 

370. Cob, 1. — The perimeters of regular polygons of the same 
number of sides are to each other as the apothem^ of the polygons. 

For the apothems are to each other as the sides of the polygons (351), 

371. Cor, 2. — The circumferences of circles are to each other as 
their radii, and as their diameters ; since they may be considered aa 
regular polygons of the same number of sides {3S2). 



PROPOSITION XL 

372. Theorem. — The circumference of a circle whose radius is 
ly is %7ty the numerical value of n being approximately 3.1416. 

Dbm. — We will approximate (he circumference of a 
circle whose radius is 1, by obtaining, 1st, the perim- 
eter of the regular inscribed hexagon ; 2d, the perim- 
eter of the regular inscribed dodecagon; 8d, the 
perimeter of the regular inscribed polygon of 24 sides ; 
then of 48, etc. 

In order to do this, let us find the relation between 

the chord of an arc and the chord of i the arc in a 

Fia. S6S. drclS whose radius is 1. Call the chord of an arc as 
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ABy (7, and the chord of half the arc, as CB, e. Now, BDO ia right angled at 
D. whence "BO* = BD" + Db*(S4€), or DO =r ^B0"-BD". But in the present 
case BO = 1 ; hence DO = -y/lHrC". Taking DO from CO, we have 00 = 1 — 
y^l — iC* Prom the right angied triangle BDC we have CB (or c) = 
V'bd' +'CD', or suhsUtntuig i O for BD, and 1 - \/T- iC» for CD, this re- 
dooea to c = ^%^ Vi^^, o'* [2— (4— 0^*]* 

B7 the use of this formula, we make the following oompntations : 

Kaiidet. Foim of CompatatloD. Len^hof 8ida Ptorlmeter. 

6. See (271) 1.00000000 6.00000000 

la. c = V3-V4=F= Vs^^l^, o' (2-8')* = .61768809 6.21165708 

$4. c = j a- [4-(a-8*)]* [* = [2-(a+8*)*]* = JQ6106288 6.26525722 

4ae = (2-{4-[2-(2+8»)»]f*)* 

= j|2-[2+(2+8*)»]*[* = .18080626 6.27870041 

96L c = (2- j 2+ [2+(2+8*)*]* }*)* . . . = .06548817 6.28206896 

192, c=[2-(2+-{2+[2+(2+8*)*]*}*)*]* . . = .08272846 6J88290510 

884. «= ]2-.[3+(2+ 1 2+ [2+(2+8*)*]* }*)*]*}* = .01686228 658811544 

768. « = (2-J2+[2+(2+{2+[2+(2+8*)]*[*)*]*[*)*= .00818121 6.28816941 

It now appears that the first four decimal figores do not change as the num- 
ber of sides is increased, but will remain the same haw far 9oef>er we proceed. 
We may therefore consider 6.28817, as approximately the drcuiaference of a 
dide whose radius is 1, i. d., a^r = 6.28817, nearly ; and v = 8.1416, nearly. 

373* ScH. — The symbol ir is much used in mathematics, and signifies, 
primarily, the temMreufftference of a cirde whose raditu is 1. i it is therefore 
a symbol for a quadrant, 90"*, or a right angle. ^ « is equivalent to 45'', etc., 
the radius being always supposed 1, unless statement is made to the contrary. 
The numerical value of x has been sought in a great variety of ways, all of 
which agree in the conclusion that it cannot be exactly expressed in decimal 
numbers, but ia approximately as given in the proposition. From the time of 
Archimedes (287 b.c.) to the present, much ingenious labor has been bestowed 
upon this problem. The most expeditious and elegant methods of approxi* 
mation are fUmished by the CalctUus. The following is the value of x extended 
10 fifteen places of decimals: 8.141592658689798. 



PBOPOSiTioN xn. 

374» Theorem. — The circumference of any circle is Zitr, r 
being the radius. 

Dem.— The circumferences of circles being to each other as their radii, and 
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2ie being the circamference of a circle whose radius is 1, we have 
2it : drcf, : : 1 : r, whence drtf, = 2;rr. 

37S* Cob, — The circumference of a circle is fcD, D being the 
diametefy Biiice 2^r = nir = nD, 

37^0on—Thc ore of a sec^o-r ?S Sicch cl 
par^ of IK^ lohvJe ciYCu-ntfey-encc- 

as /he a)}C})e of J'he seclo'y is of foi^^ 

(J' 

FBOPOSITION XnL 
876* TJieoretn. — The area of a circle whose radius is 1, is n. 

Dem.— The area of a circle is i r x drtfwmfermot (328). When r = 1, dr* 
mntferen/ee = %ic (S7f^\ hence 

area ofeiTcU tohaae radiut w 1 = | x dir = jr. <^ s. d. 




PROPOSinOIf XIT. 

377» Theorem. — The area of any circle is Ttt^, r being the 
radius. 

Dbm.— The areas of circles being to each other as the squares of tiieir radii* 
and ir being the area of a circle whose radius is 1, we have 

X : area cf any circle :: V : r", 

whence area af any (Ardt = irr". %. s. d. 

37 S. Cob. — The area of any sector is such a part of the area if 

the circle as the angle of the sector is of four right angles. 

879. ScH. — Ka the yalue of n cannot be exactly expressed in nnmbers, it 
follows that the area cannot Finding the area of a circle has long been 
known as the problem of Squaring (he Circle^ i. «., finding a square equal in area 
to a circle of given radius. Doubtless many hare-brained visionaries or igno- 
ramuses will still continue the chase after the phantom, although it has long 
ago been demonstrated that the diameter of a chcle and its circumference are 
incommensurable. It is, however, an easy matter to conceive a square of the 
same area as any given circle. Thus, let there be a rectangle whose base is 
equal to the circumference of the circle, and whose altitude is half the radius; 
its area is exactly equal to the area of the circle. Now, let there be a square 
whose side is a mean proportional between the altitude and base of tliis rect- 
angle ; the area of the square is exactly equal to the area of the circle. 
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EXERCISES* 

1. Show that if a chord of a circle is conceived to revolve, varying 
in length as it revolves, so as to keep ifcs extremities in the circum- 
ference while it constantly passes through a fixed point, the rect- 
angle of its segments remains constant. 

2. The two segments of a chord intersected hy another chord are 
6 and 4, and one segment of the other chord is 3. What is the other 
figment of the latter chord ? 

3. Show how Prop's L, IL, and III. may be considered as differ- 
ent cases of one and the same proposition. / 

Sno's.— By stating Propositions L and IL thus, Ths diitaneea from theirUer- 
aecUon of the Ujim to . their inUrseetion$ with the dreumferenee, what follows ? In 
F^. 245y if the secant AO becomes a tangent, what does OD become ? 

4. In a triangle whose sides are 48, 36, and 50, where do ihe bisec- 
tors of the angles intersect the sides ? 

5. In the last example find the lengths of the bisectors. 

6. Review the examples under (llJt^ 112, 113, lid), and 
give the reasons. 

'^ 7. In a circle whose radius is 20, what is the length of the arc of 
a sector whose angle is 30^ ? What is the area of this sector ? 

> 

8. If a circle whose radius is 24 is divided into 5 equal parts by 
concentric circumferences, what are the diameters of the several cir- 
cles ? If the radius is r, and number of parts n ? 

9. Prob. — To divide a line in extreme and mean ratio ; that is, 
90 that the whole line shall be to the greater segment, as the greater 
segment is to the less, 

SoLvnoH.— Let it be proposed to divide the line AB in extreme and mean 
ratio. At one extremity of the line, as B, erect 
a perpendicular equal to half the line, that is, 
make BO = i AB. With as a centre, describe 
a circumference passing through B. Draw AO, 
and take AC equal to AD. Then is AB divided 
in extreme and mean ratio at C, so that AB : 
AC : : AC : CB. To prove it, produce AO to E. 
Now, AE : AB : : AB : AD (357), or by inver- A C" B 

sion, AB : AE : : AD : AB. By division. AB : ^'**' ^• 

AE - AB (= AE - DE) (or AD) (= AC) : : AD (= AC) : AB - AD (= AB - AC) 
(or CB). That is, AB : AC : : AC : CB. 

11 
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10. Frob* — To inscribe a regular decagon in a circle^ and Jience €k 
regular pentagon, and regular polygons of 20, 40, 80, etc., sides. 

SoLunoK. — Divide tlie radius in extreme and mean ratio, as at (a). Then is 

the greater segment ao the chord of 

X y^""^^ ^'^'^^^ * regular inscribed decagon, as 

ABCD, etc. To prove this, draw OA 
and OB, and taking OfA=:ae = AB, 
a side of the polygon, draw BM. 
Now, OA : OM : : OM : MA by con- 
struction. As OM = AB, we havo 
OA : AB : : AB : MA Hence, con- 
sidering the antecedents as belong- 
ing to the triangle OAB, and the 
consequents to the triangle BAM 
we observe that the two sides about the angle A, which is common to both tri- 
angles, are proportional, hence the triangles are similar (3^2). Therefore, AB M 
is isosceles, since OAB is, and angle BMA = A = OB A, and MB = BA = OM 
This makes 0MB also isosceles, and the angle O = OBM. Again the exterior 
angle BMA = + OBM = 20; hence A, which equals BMA = 20. Hence also 
OBA, which equals A, = 20. Wherefore O is i the sum of the angles of the 
triangle OAB, or i of 2 right angles, = iV of 4 right angles. The arc AB is, 
therefore the measure of iSr of 4 right angles, and is consequently ^ of the 
circumference. 

To construct the pentagon, join the alternate angles of the decagon. To 
construct the regular polygon of 20 sides, bisect the arcs subtended by the sides 
of the decagon, etc. 

,11. The projection of one line upon another in the same plane 
is the distance between the feet of two perpendiculars let fall from 
the exti'emities of the foi*mer upon the latter. Show that this pro- 
jection is equal to the square root of the difference between the 
square of the line and the square of the difference of the perpen- 
diculars. 

12. In the triangle ^BC,p being a perpendicular upon BA, proYe that 

m + n {= c) : a •{- b :: a -^ b : m ^ n. 

State the fact as a proposition. Give the neces- 
sary modification when the perpendicular falls 
without the triangle. 

Suo. a* — m* = *• — n*, whence a* — *• = w* — n\ etc 

13. The three sides of a triangle being 4, 6, and 6, find the seg- 
ments of the last side, made by a perpendicular from the opposite 
angle. Ans. 3.75, and 2.25. 
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14. Same as aboye when the sides are 10, 4, and 7^ and the perpen- 
dicular is let fall from the angle included by the sides 10 and 4. 
Draw the figure. Why is one of the segments negative ? 

15. What is the area of a regular octagon inscribed in a circle 
whose radius is 1? What is its perimeter? What if the radius 

18 10? 

16. What is the side of an equilateral triangle inscribed in a circle 
whose radius is 1 ? Ctr^U , 
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Importance of this doctrine. 

Pbop. I. Of chords. 

Pbop. II. Of secants. 

Pbop. ni. Of secants and tangents. 
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Prop. IV. How divide sides. 

Pbop. Y . Of exterior angles. 

Prop. VI. Length of in relation to other parts. 
^ Prop. VII. All intersect atone point 
( Prop. VIII. Of triangles. 

!CoT, 1. As squares of diagonals. 
C<w'.4. Of circles. 
Definition of rectification. 

Prop. X. PjJ^,^^"^ | O^r. 1. Regular pol^^^^^^ 

similar poly- ) ^^ g Circumferences as radii, 
gons. ) 

Prop. XI. R<;ptifi(»tion of circuin- 1 ^^ Signification and 
ference whose radius J importance of jr. 

Prop. XII. Circumference of any circle ) q^ ^j^^ ^j^ 

= 2xrr. J 

Prop. XIIL Whose radius is 1. 

Prop. XTV. Of any circle, | ^ Sq^/ng the circle. 

xi,.^^ - (iVo6. To divide a line in extreme and mean ratio. 
*^""*""*' \ Preb. To inscribe a regular decagon, etc. 
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OHAPTEBH. 

SOLin GEOMETRY.^ 



SECTION I. 

OP STRAIGHT LINES AND PLANES. 



FEBPENBICULAB AND OBLIQUE UlfES. 

380* Solid Geometry is that department of geometry in 
which the forms (or figures) treated are not limited to a single 
plane. 

381. A Plane (or a Plane Surface) is a surface such that a 
, straight line joining two points in it lies wholly in the surface. 

III. — The surface of the blackboard is designed to be a place. To ascertain 
whether it is truly so, take a ruler with a straight edge, and apply this edge in 
all directions upon it. If it always coincides, i. e.^ touches throughout its 
whole length, the surface is a plane. Is the surface of the stove-pipe a plane? 
Will a straight line coincide with it in any direction? WiU it in eeerji 
direction ? 



PROPOSITION L 

382. Theorem. — Three points not in the same straight line 
determine the position of a plane. 

Dbic — Let A, B, and C be three points not in the same straight line ; then 
one plane can be passed through them, and only one ; i. «., they determine the 
position of a plane. 

* In some regpects. perhapt, "Oeemdry qf 8pa€e" ia prefenble to this term; Irat. m 
neither U free from objections, and M this has the sdTUita^ of aimpUcity and long use, the 
aothor prefers to retain it. 
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For, pass a straight line through any two of these 
points, as A and B. Now, conceive any plane con- *C 

taining these two points; then will the line passing 
through them lie wholly in the plane (381). Con- 
ceiye this plane to reyolve on the line as an axis until 
the point C fklls in the plane. Thus we haye one 
plane passed through the three points. That there B 

can be only one is evident, since when C I'alls in the 
plane, if it be revolved either way, C will not be in it ^le. ass. 

The same may be shown by first passing a plane through B and C, or A and C. 
There is, therefore, only one position of the plane in which it will contain the 
third point q, s. D. 

383. Cor. 1. — Through one line, or two points, an infinite num^ 
ber of planes can te passed. 

384^ Cor. 2. — Two intersecting lines determine the position of a 
plane, 

DEiL^For, the point of intersection may be taken as one of the three points 
requisite to determine the position of a plane, and any other two points, one in 
each of the lines, as the other two requisite points. Now, the plane passing 
through these points contains the lines, for it contains two points in each line. 

385. Cor. 3.— Two parallel lines determine the position of a 
plane. 

Dbic — For, pass a plane through one of the parallels, and conceive it 
revolved until it contains some point of the second parallel ; then as the plane 
cannot be revolved either way from this position without leaving this point 
without it, it is the only plane contaming the first parallel and this pomt in the 
second. But parallels lie in the same plane (66), whence the plane of the par^ 
allels must contain the first line, and the specified point in the second. There- 
fore, the plane containing the first line and a point in the second is the plane of 
the parallels, and is fixed in position. 

386. Cor. 4. — Tlie intersection of two planes is a straight line. 

For two planes cannot have even three points, not in the same etratght line, 
common, much less an indefinite number, which would be required if we con- 
ceived the intersection (that is, the conunon points) to be any other than a 
straight line. 



387^ A Perpendicular to a Plane is a line which is 
perpendicular to all lines of the plane passing through its foot. 
Conversely, the plane is perpendicular to the line. 
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PROPOSITION n. 

388. OCheorem. — A line which is perpendicular to two lines of 
a plane, at their intersection, is perpendicular to the plane. 

Drm. — Let PD be perpendicular to AB and CF at D ; then is it perpendicular 
to MN, the plane of the lines AB and CF. 

Let OQ be any other line of the plane MN, pasdng 
through D. Draw FB intersecting the three lines AB, 
CF, and OGL Produce PD to P', making P'D = PD, 
and draw PF, PE, PB, PT, P'E, and P'B. Then is 
PF = P'F, and PB = P'B, since FD and BD are per- 
pendicular to PP\ and PD = P'D (284). Hence, the 
triangles PFB and PTB are equal {292); and, if PFB 
be reyolyed upon FB till P falls at P', PE wiU fall in 
P'E. Therefore OQ has E equally distant from P and 
P^ and as D is also equidistant from the same points^ 
OQ is perpendicular to PD at D (130). Now, as OGt 
is anff line, PD is perpendicular to any line of the 
Fio. tM. plane passing through its foot, and consequently per- 

pendicular to the plane (387). Q- b. i>* 

389. Cob. — If one of two perpendiculars revolves about the other 
as an axis, its path is a plane perpendicular to the axis. 

Thus, if AB reyolyes about PP'as an axis, it describes the plane MN. 




PROPOSITION im 

390. TheoreniM — At any point in a plane one perpendicular 
can he erected to the plane, and only one. 

Dbh. — ^Let it be required to show that one perpen- 
dicular, and only one, can be erected to the plane 
MN at D. Through D draw two lines of the plane, 
as AB and CE, at right angles to each other. CE 
being perpendicular to AB, let a line be conceived as 
starting flrom tiie position ED to reyolye about AB as 
an axis. It wUl remain perpendicular to AB (389). 
Conceiye it to haye passed to FD. Now, as it con- 
tinues to reyolye, P'DC diminishes continuously, and 
at the same rate as P'DE grows greater; hence, in 
one position of the reyolying line, and in only one, as PD, PDE will equal 
PDC, and PD will be perpendicular to CE. Therefore, PD is perpendicular to 
two lines of the plane, at their intersection, and is the only line that can be 
thus perpendicular, whence it is perpendicular to the plane (388), and is the 
only perpendicular, q. b. d. 
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PROPOSITION IV. 

391m Theorem* — I/from any point in a perpendicular to a 

plane, oblique lines he dravrn to the plane, those which pierce the 

plane at equal distances frmn the foot of the perpendicular are equal; 

and of those which pierce the plane at unequal distances from the 

foot of the perpendicular^ those which pierce at the greater distances 

are the greater. 

Dem. — ^Let PD be a perpendicular to the plane 
MN, and PE, PE', PE", and PE'", be oblique lines 
piercing the plane at equal distances ED, E'D, E"0, 
and E'"D, from the foot of the perpendicular; then 
PE = PE' = PE" = PE"'. For each of the tri- 
angles PDE, PDE\ etc., has two sides and the in- 
cluded angle equal to the corresponding parts in 
the other. 

Again, let FD be longer than E'D. Then is 
PF > PE'. For, take ED = E'D ; then PE = PE', 
by the preceding part of the demonstration. But 
PF > PE by (139). Hence, PF > PE'. q. b. d. 

392. The Inclination of a line to a plane is measured by 
the angle which the line makes with a line of the plane parsing 
through the point in which the line pierces the plane and the foot 
of a perpendicalar to the plane from any point in the line. 

Thus PFD is the Inclination of PF to the plane MN. 

393* Cob. !• — The angles which oblique lifies drawn from a com- 
mon point in a perpendicular to a plane, and piercing the plane at 
equal distances from the foot of the perpendicular, make with the 
perpoidicular, are equal ; and the inclinations of such lines to the 
plane are equal. 

Thus the equality of the triangles, as shown in the demonstration, shows that 
EPD = E'PD = E"PD = E"'PD, and PED = PE'D = PE"D = PE"'D. 

394. CoR. 2. — Conyersely, If the angles which oblique lines 
drawn from a point in a perpendicular to a pla^ie, make with the 
perpendicular, are equal, the lines are eqiuil, and pierce the plane at 
equal distances from the foot of the perpendicular. 

DKit-Thus, in the figure, let DPE' = DPE"; then PE' = PE" and DE' = 
DE". For, reyolve DE'P about PD; DE' will continue in the plane MN, and 
when angle DPE' coincides with its equal DPE", PE' coincides with PE", and 
DE' with DE". 
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39S. Cor. 3. — Also, conversely, Equal oblique lines from ike 
saniepoini in the perpendicular, pierce the plans at equal distanci^ 
from the foot of the perpendicular. 

Dem.— Let PE' = PE" ; then is DE' = DE". For, let PDE' revolve upon PD 
until E'D falls in E"0 ; then, if DE' were less than DE", PE' would be less than 
PE" ; and, if DE' were greater than DE'\ PE' would be greater than PE". But 
both of these conclusions are contrary to the hypothesis. Hence, as DE' can 
neither be less nor greater than DE", it must equal it This coroUazy follows 
also from {297y 

39G. CoR. 4. — The perpendicular is the shortest line that can he 
drawn to a plane from a point without, and measures the distance of 
:he point from the p la^ie. 
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PROPOSIllON T, 

397 • Theorem. — From a point without a plane one perpendio- 
iilar can be drawn to the plane, and only one. 

Dem. — Let it be required to show that one perpen- 
dicular can be drawn from P to the plane MN, and 
only one. Take AB, any line of tlie plane, and con* 
ceive PD' perpendicular to it Through D' draw EF, 
a line of the plane, perpendicular to AB. Now, if 
PD'E = PD'F, they are both right angles, and PD' is 
perpendicular to two lines of the plane passing through 
its foot, and hence perpendicular to the plane (S88). 
If, however, PD'E does not equal PD'F, in the first in- 
stance, but PD'F < PD'E, conceive the line AB to 
move along the plane, continuing parallel to its 
primitive position, bo as to cause D' to move towards F, thus diminishing PD'E 
and increasing PD'F. At the same time observe that, if necessary in order to 
keep PD'A = PD'B*, EF can move along the plane parallel to its first position. 
Now, as PDF increases, passing through all successive values, and PD'E dimin- 
ishes in the same way, there will be some position of PD', as PD, in which 
PDF = PDE, and as by hypothesis PDA' remains = PDB', PD becomes perpen- 
dicular to two lines passing through its foot, and hence perpendicular to the 
plane. 

That there can be only one perpendicular is evident, since, if there were two, 
as PD' and PD, there would be two right angles in the triangle PD'D. ^ 

* According to the conception here used It would not be neceeaary. 
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395. Cor. 3. — Alao, conrenelj. Equal Mifue Umei from 
tame point in the perpendicular^ pierce the jUamM mt equal dix 
from the foot of the perpendicular. 

Dem.— Let PE' = PE" ; then is DE' = DE". For. let POT lerobre 
until E'D fitlls in E"D ; then* if DP were les tbsa De\ PT wcmMbe 
PE" ; and, if DE' were gieater than DE", PE' would be greater than 
both of these condoaions are contrary to the hypotheais. Hence, i 
neither be leaa nor greater than DE", it mmX eqnal it This ooroQary 
also from (;?l^ 

396. Cor. A.— The perpendicular is the $harteti line thai 
drawn to aplanefrotn a point without^ and measures tie 
the point from the p lane. 
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PBOPOSITIOX T. 

397. Theorem* — From a point without a plane one perpendic- 
ular can be drawn to theplancy and oniff one. 

Dkm.— Let it be required to diow that one perpen- 
|P ^Bcizlar can be drawn from P to the plane MN, and 

onlj oneu Take A8, any line of the plane, and cob- 
ceire PD' perpendicQlar to it Through D' draw EF. 
a line of the plane, perpendicular to AB. Now, if 
PD'E = PD'F, they are both right angles, and PD' is 
perpendieolar to two lines of the plane passing throogh 
its fool, and hence perpendicnlar to the plane {HS8^ 
If; howerer, PD'E does not eqnal PD'T^ in the first in- 
stance, bat PDT < PD'E, conceiye the line AB to 
moTe aloDs the plane, continning parallel to its 
priaithre pnsitiott. ao as to caoae CK to more towards F, thus diminishing PD'E 
and increasing PDT. At the saofte time oboenre that, if necessary in order to 
keep PO A = PD'B*. EF can moTe along the plane parallel to its first position. 
Xow, a$ PD F increases, pMsing tiuoogh afl a uccea si T e ralues, and PD'E dimin- 
ishes in the saose way, there will be aome positton of PD', as PD, hi which 
PDF = POE, and as by hypothesis PDA' remama = PDB', PD becomes perpen- 
dftmlar to two lines pMBiog throogh ila foot, and hence perpendicular to the 
ptane. 

That there can be only one pefpcndicnlar is erident, since, if there were two, 
*s PO* and PO. UMre wonM be two right angles in the triangle PD'D. 
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39S. Cor. 3. — Also, conversely, Equal oblique lines from ike 
ianie point in the perpendicular, pierce the plane at equal distanc^ 
from the foot of the perpendicular, 

Dem.— Let PE' = PE" ; then is DE' = DE". For, let PDE' revolve upon PO 
until E'D falls in E"D ; then, if DE' were less than DE", PE' would be less than. 
PE" ; and, if DE' were greater than DE". PE' would be greater than PE". But 
both of these conclusions are contrary to the hypothesis. Hence, as DE' can 
neither be less nor greater than DE", it must equal it. This corollary follows 
also from {297)' 

390. Cor. 4. — The perpendicular is the shortest line that can he 
drawn to a plane from a point without, and measures the distance of 
:he point from thepla7ie. 
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PROPOSITION T, 

597. Theorem. — From a point without a plane one perpendio- 
alar can be drawn to the plane, and only one. 

Deic. — Let it be required to show that one perpen- 
dicular can be drawn from P to the plane MN, and 
only one. Take AB, any line of the plane, and con- 
ceive PD' perpendicular to it Through D' draw EF, 
a line of the plane, perpendicular to AB. Now, if 
PD'E = PDT, they are both right angles, and PD' is 
perpendicular to two lines of the plane passing through 
its foot, and hence perpendicular to the plane {S88). 
If, however. PD'E does not equal PD'F, in the first in- 
stance, but PD'F < PD'E, conceive the line AB to 
move along the plane, continuing parallel to its 
primitive position, so as to cause D' to move towards F, thus diminishing PD'E 
and increasing PD'F. At the same time observe that, if necessary in order to 
keep PD'A =: PD'B*, EF can move along the plane parallel to its first position. 
Now, as PDF increases, passing through all successive values, and PD'E dimin- 
ishes in the same way, there will be some position of PD', as PD, in which 
PDF = PDE, and as by hypothesis PDA' remfdns = PDB', PD becomes perpen- 
dicular to two lines passing through its foot, and hence perpendicular to the 
plane. 

That there can be only one perpendicular is evident, since, if there were two, 
as PD' and PD, there would be two right angles in the triangle PD'D. ^ 

* According to the conception here used it would not be neceeaaiy. 




Fio. 250. 



J 



m< 






i 






^;^^>^^Co<An>^ Co 



onyuQ. 




0/ C< ^^if Cc«J^- 













}• 






'A-' 



/_/ 



Jj t'c^uc^Jy/ K A Qe.f> ^^^^ A P C^ < / /'^ i£Cc^^cXJl ^^T^C 




f ^ '"^ if ^ ' '■ 



J 



/ ' 



c>c<M 



a\ 






/ >.i n .^yJ"/^^ 



^-^ttJ /.I. J-T.-r^ .1 — El. 






^ . . .jLA r^ r:/^ . ^ , /^^TA-y^^V , . ' txjz >SL^ '^ 



jSt^'^ 



168 ELEKENTABT PLASE GEOKETBT. 

3QS, Cor. 3. — Also, conTersely, Equal oblique 
tamepointin the perpendicular, pierce the plane at 
from the fool of the perpendicular. 

Dbm.— Lei PE' = PE" ; tlien is DE' = DE". For, let POC 
UDtil E'D fallB in E"D ; then, if DE' were less Ihao DE", PE' i 
PE" ; and, if DE' were greater than DE ", PE' would be grcst 
both of these conclusiona are contrary to the hypothesis. I 
neither be leas nor greater than DE", it must equal it This 
also S'om (297). 

30G. Cor. i. — The perpendicular is the shortest I 
drawn to aplamfrotn a point without, and measures 
:he point from theplatie. 



PROPOSITION T. 

397. Theorem. — From a point without a plane 
alar can be drawn to the plane, and only ona. 

Dbh. — Let it be required to show 
dlcnlar can be drawn (Vom P to th( 
only one. Take AB, &ny line of tlie 
PD' perpendicular to iL Tlitoi 



. line of ilie plane, perpendicular t 
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PD'E = PD'F, they are both right 
perpendicular to two lines of the plant 
its foot, and hence perpendicular lo 
If, however, PD'E does not equal PD' 
stance, but PDF < PD'E, conceire 
more along the plane, continuing 
primmve portion, so as to cause 0' to moTe towards F, thus 
and Increasing PD'F. At the same Ume observe that, if nect 
keep PDA = PD'BVEf ««»'*'»"-'■' I '" ■' • 
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398 • Cob. — Through a given point in a line one plane can he 
j^c^sed perpendicular to the line, and only one. 

X>EM. — ^Let D be the point in the line PD. Pass two lines through D, as EF, 
and KB\ each perpendicular to PD ; the plane of these lines is perpendicular to 
PI>. Moreover, the required plane must contain both these lines, for if it passed 
tlirough D and did not contain DF, there would be one line of the plane, at 
least, which would pass through D and not be perpendicular to PD, which is 
liiiiK)Bsible. Hence, there can be no other plane than the plane of the two per- 
pendiculars EF and A'B' which shall be perpendicular to PD, through D. 



PROPOSITION TI. 

399. Theorem.— 1/ from the foot of a perpendicular to a plane 
a line be drawn at right angles to any line of the plane, and this 
intersection he joined with any point in the 
perpendicular, the last line is perpendicular to 
the line of the plane. 

I>Bic.— From the foot of the perpendicular PD let 
DE be drawn perpendicular to AB, any line of the 
plane MN, and E Joined with 0, any point of the per- 
pendicular ; then is OE perpendicular to AB. 

Take' EF = EC, and draw CD, FD, CO, and FO. 
Now, CD = DF (?)♦, whence CO = FO (?), and OE has 
O equally distant from F and C, and also E. There- '*'«• *W« 

fore, OE is peri>endicular to AB (?). q. s. d. 

400. Cob. — The line DE measures the shortest distance hetween 
PD and AB. 

For, if from any other point in AB, as C, a line be drawn to D, it is longer 
than DE (7) ; and if drawn from C to a, any other point in PD than D, Ca is 
longer than CD (?), and consequently longer than DE (?). 
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402 • Theorem. — One of two parallel lines is parallel to every 

plans containing the other, 

Dbil— AB being parallel to CD is pandlel to 
any plane MN containing CD. 

Since AB and CD are in the same plane (?)^ 
and as the intersection of their plane with MN is 
CD (?), if AB meets the plane MN, It mast meet 
Fia. i61. it in CD, or CD produced. But this is impossi- 

ble (?). Whence AB is parallel to MN. <^. £. i>. 

dOS. Cor. l. Through any given line a plane may-ie passed 

parallel to any other given line not in the plane of tlis first. 

For, through any point of the line through which the plane is to pass, con- 
ceive a line parallel to the second given line. The piano of the two intersecting 
lines is parallel to the second given line 




4:04. Gob. 2. — Through any point in space a plane may bepassed 
parallel to any two lines in space. 

For, through the given point, conceive two lines parallel to the given lines ; 
then is the plane of these intersecting lines parallel to the two given lines (?). 



PBOPOSinON TIIL 

405. Theorem. — If one of two parallels is perpendicular to a 
plancy the other is perpendicular also. 

Dem. — Let AB be parallel to CD, and perpendicular to the plane MN ; then 
is CD perpendicular to MN. 

For drawing BD in the plane MN, it is perpendicular 
to AB (?), and consequently to CD (?). Through D draw 
EF in the plane and peipendicular to BD, and join D 
with any point in AB, as A ; then is EF perpendicular 
to AD (?). Now, EF being perpendicular to two lines, AD 
and BD of the plane ABDC, is perpendicular to the plane, 
and hence to any line of the plane passing through D, 
as CD. Therefore CD is perpendicular to BD and EF, 
^ F» S69. and consequently to the plane MN (?). q. b. d. 

406. Gob. 1. — Two lines which are perpendicular to the same 

plane are parallel 

Thus, AB and CD being perpendicular to the plane MN, if AB is not parallel 
to CD, draw a line through B which shall be. By the proposition this line is 
perpendicular to MN, and hence must coincide with AB {390). 
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407, Gob. 2. — Two lines parallel to a third 
not in their own plane are parallel to each other. 

BsM.^If AB and CD are parallel to EF, they are par- 
allel to each other. Let MN be a plane passing through 
EF at F', and to which EF is perpendicular; then areAB 
and CO respectiTely perpendicular to MN (?), and hence 
parallel (?). (i. b. d. 




Fio. MS. 



4080 JParaUel Planes are such as do not meet when indefi- 
nite! j prodaced. 



FBOPOSmON 

409» Theorem. — Two planes perpendicular to the same line are 
parallel to each other, 

'DKM.^For, if they could meet in some point, as 0, conceive two lines drawn 
from O, one in each plane, to the points where the perpendicular pierces the 
planes. We should then have two lines from the same point, perpendicular to 
the same line(?), which Is impossible. Hence, as the planes cannot meet, they 
are parallel. <t. e. d. 



PROPOSITION X. 

410, Theorem* — If a plane intersect two 
parallel planes^ the lines of intersection are 
paraUeiL 

Deh. — ^Let AD intersect the parallel planes MN and 
PQ in AB and CD ; then is AB parallel to CD. For, if 
AB and CD could meet, the planes MN and PQ would 
meet, as eyery point in AB is in MN, and every point 
in CD in PGL Hence, AB and CD lie in the same 
plane, and do not meet how far soever they be pro- 
duced ; they are therefore parallel, q. e. d. 

411* Gob. — Parallel lines intercepted between parallel planes are 
equal. 

Thus ACsBD if they are parallel For, the intersections AB and CD, of 
the plane of these parallels, are parallel (?), and the figure ABDC is a paral- 
lelogram ; whence AC = BD (T). 
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PROPOSmON XL 

412m Theorem,. — A line which is perpendicular to one of two 
parallel planes^ is perpendicular to the other also. 
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Deic.— Let AB be perpendicular to MN ; then is it perpendicular to PQ, paral- 
lel to MN. For, pass two planes through AB, and let 
CA, DB, and EA, FB, be Uieir intersections with the 
planes MN and PQ. Now CA and EA are perpendica- 
lar to AB (?) ; hence DB and FB being parallel to CA 
and EA (?) are perpendicular to AB (?). Therefore AB 
is perpendicular to two lines of the plane PQ, and 
consequently to the plane (?). (^ b. d. 

dl3. Cor. 1. — Through any point out of a 
plane, one plane can be passed parallel to the 
Fie. 96S. given plane, and only one. 

Dbm. — To pass a plane through B parallel to MN, draw the perpendicular 
BA from B upon MN. Draw any two lines in the plane MN, through A, as CA 
and EA. Through B draw DB and FB parallel to CA and EA ; then is PQ, tlie 
plane of these lines, perpendicular to AB, and hence parallel to MN. As the 
plane parallel to MN must contain FB and DB, and as but one plane can be 
passed through these lines, there can be only one plane through B parallel to MN. 

did* The Distance between two parallel planes at any point 
is measured by the perpendicular. 
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dlS* Cob, 2. — Parallel planes are every^ 
where equally distant from each other. 

Dbm. — Let A and B be any two points in the plane 
MN, and AQ and BD the perpendiculars from these 
points, let fall on^c parallel plane PQ ; then are they 
perpendicular to MN by the proposition, and since the 
figure A6CD is a parallelogram (?) [a rectangle, also (?)], 
AC = BD. 



PROPOSITION xn. 

dl6» Theorenu — Two angles lying in different planes, but hav* 

ing their sides parallel and extending in the same 
direction, are equal, and their planes areparaUeh 

DBic-^Let A and A' lie in the different planes MN and 
PQ, and have AB parallel to A'B', and AC to A'C ; then 
A = A', and MN and PQ are parallel. 

For, take AD = A'D', and AE = A'E', and draw AA', 
DD', EE', ED, and E'D'. Kow, AD being equal and par- 
allel to A'D', AA' = DD' (?). For like reason AA' = EE', 
therefore EE' =:: DD'. Again, since EE' and DD' are 
respecUyely parallel to AA', they are parallel to each 
other (?), whence EDD'E' is a parallelogram (?), and 
ED = E'D'. Hence the triangles ADE and A'D'E' are 
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mutaally equilateral, and A, opposite ED, is equal to A', opposite E'D' equal 
to ED. 

Again, the plane of the angle BAG, MN, is parallel to PQ, the plane of B'A'C. 
For, let a plane be passed through AC and revolved until it is parallel to PQ. 
It must cut DD', which is parallel to AA', and EE\ so that DD' shall equal AA' 
and EE' (?) ; hence it must pass through D. 

417 • Cob. 1. — If two intersecting planes he cut by parallel planes^ 
the angles formed by the intersections are equdL 

Thus, AS' and AE' being cut by the parallel planes MN and PQ, AD is parallel to 
A'D' (?), and lies m the same dkection, and AE to A'E'. Hence BAC= B'A'C (?). 

418m CoE. 2. — If the corresponding extremities of three equal 
parallel lines not in the same plane, be joined, the triangles farmed 
are equal, and their planes parallel. 

Thus, if AA' = DD' = EE', the sides of the triangle AED are equal to the 
sides of A'E'D', since the figures AD', DE', and EA' are parallelograms (T), and 
the corollary comes under the proposition (f). 



PROPOSITION xm. 

419. Theorem, — T?ie , corresponding seg- 
ments of lines cut by parallel planes arepropor- 
iionah 

Dbm. — ^Let AB, CD and EF be cut l)y the parallel planes 
MN, PQ, RS, and TU ; then Aa : Cd :: oA : 4/" : : JB : /D, 
and ka\Ei:inh:ik : : (B ik?, and Cd : Et : : ^ : tA; : : 
/D : k?. 

For, Join the extremities A and D, and E and D, and 
conceive the intersections of the plane of AB and AD 
with the parallel planes to be BD, M, and ae. These 
lines are parallel (?), and Aa : A^; wabicdxxhBidO (?). 
For a similar reason, Ce i hi :i ef -, ed i: fO -, dD {J\ 
Whence, the consequents of the proportions being the 
same, the antecedents give ka:Ce;\ab\ef'.\ bB : /D. 
In like manner we can show that Oe : Ei i : ef -. ik : :/D : 
k?. [Let the student give the details.] From these 
proportions we have Aa : E» :: 06 : 1% : : ^B : A^F (?). 
<^ E.D. 
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EXERCISES. 

1. Designate any three points in the room^ as one comer of the 
desk, a point on the stove, and some point in the ceiling, and show 
how you can conceive the plane of these points. 
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2. Show the position of two lines which will not meet^ and yet an 
not parallel 

3. Conceiye two lines, one line in the ceiliDg and one in the floor, 
which shall not be parallel to each other. What is the shortest dis- 
tance between these lines ? 

4. The ceiling of my room is 10 feet above the floor. I have a 12 
foot pole, by the aid of which I wish to determine a point in the floor 
directly ander a certain point in the ceiling. How can I do it ? 

8no.— Consalt Pbop. IV. 

5. Upon what principle in this section is it that a stool with three 
legs always stands firm on a level floor, when one with four may 
not? 

6. By the use of two carpenter's squares you can determine a per- 
pendicular to a plane. How is it done ? 

7. If you wish to test the perpendicularity of a stud to a level floor, 
on how many sides of it is it necessary to measure the angle which it 
makes with the floor ? By applying the right angle of the carpen- 
ter's square on any two sides of the stud, to test the angle which it 
makes with the floor, can you determine whether it is perpendicular 
or not ? 

8. We see in straight lines. If a line* be placed between onr eye 
and a surface, it covers a certain space on the surface ; this figure or 
space is said to be ih^ projection of the line on that surface. Upon 
what principles in this section is it that the projections of straight 
lines are straight ? Why is it that the projections of parallels which 
are parallel to the plane upon which we see them projected, are 
parallel, while parallel lines which are inclined to this plane are pro- 
jected in oblique lines ? 

9. If a line is drawn at an inclination of 23^ to a plane, what is 
the greatest angle which any line of the plane, drawn through the 
point where the inclined line pierces the plane, makes with the line? 
Can you conceive a line of the plane which makes an angle of 50^ 
with the inclined line ? Of 80^? Of 15°? Of 170**? 

Hereafter ^the student should make the synopses. 



* Tbfl term line le here ased In its ooUoqaUl eente, and reHen to a material repreientatioii, 
as a cord, the edge of a board, etc 
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OF SOLID ANGLEa 



4:20. A Solid Angle is the opening between two or mor« 
planes, each of which intersects all the others. The lines of inter- 
section are called Edges, and the planes, or the portion of the planes 
between the edges, where there are more than two, are called Faces. 

421. A IHedrtMl Angle, or simply a Diedral, is the opening 
between two intersecting planes. 

422. A Polj/edrtxl Angle, called also simply a Polyedral, is 
the opening between three or more planes which intersect so as to 
have one common point, and only one. In the case of three inter- 
secting planes the angle is called a TriedraL The point common to 
all the planes is called the Vertea:. The plane angles enclosLng a 
polyednd are the Facial angle& 

423. A Diedral {Angle) is measured by the plane angle included 
by lines drawn in its faces from any point in the edge, and perpen- 
dicular thereto. A diedral angle is called right, acute, or obtuse, 
according as its measure is right, acute, or obtuse. Of course the 
magnitude of a solid angle is independent of the distances to which 
the edges may chance to be produced. 

Ill's.— The opening between the two planes CABF and DABE is a Diedral 
(angle), AS js the 
Edge, and CABF 
and DABE are the 
Faces. Let MO 
lie in the plane 
AF, perpendicular 
to the edge; and 
NO in AE, and also 
perpendicular to 
the edge ; then the 
plane angle MON 
is the nieasnre of 
the diedral. A diedral may be read by the letters on the edge, when there 
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would be no ambiguity, or otherwise by these letters and one in each face; 
thus, the dledral in (a) may be designated as AB, or as C-AB-D. 

In (b) we have a Triedral (angleX The edges are SA, SB, and SC ; the/a0« 
ASB, BSC, and ASC: the faadl anghs are ASB, ASC, and BSC ; and S is the 
vertex. Such an angle, and any polyedral (angle), may be read by naming the 
angle at the vertex, when there would be no ambiguity, or otherwise by naming 
the letter at the vertex, and then one in each edge ; thus S-ABCDE designates 
the polyedral (c). The opening between the planes is the angle, in each case. 



OF DIEDRALS. 

424, A Diedral may be considered as generated by the revolutioii 
of a plane about a line of the plane, and hence we may see the pro* 

A^E^: 7q priety of measuring it by ike angle included by 

two lines in its faces perpendicular to its edge, as 
stated in the preceding article. 

III.— Let AB be a line of the plane CB. Conceive ^B 
perpendicular to AB. Now, let the plane revolve upon AB 
as an axis, whence ^B describes a circle (?) ; and at any posi- 
tion of the revolving plane, as/BAF, since fBg measures the 
amount of revolution,*it may be taken as the measure of the 
diedral f-BA-g. When ^B has made i of a revolution, the 
plane will have made i of a revolution, and the diedral will 
be right 



42S* Cor. — Opposite diedrah are equal. 

Thus, if C-AB-D is measured by MON, ^AB-<2 is measoxed 
by the equal angle nOm. 




Fig. 370. 




PROPOSinO]!! L 

426. Theorem. — Any line in one face of a right diedralyper- 
^ pendicular to its edge, is perpendicular to the other 
face. 

Deh.— In the face CB of the right diedral C-AB-D, let MO 
be perpendicular to the edge AB ; then is it perpendicular to 
the face DB. For, draw ON in the fac« DB, and perpendicu- 
lar to AB. Now, since the diedral is right, and MON meas- 
ures its angle, MON is a right angle ; whence MO is perpen- 
dicular to two lines of the plane DB, and consequently per- 
Fuw sm pendicular to the plane, q. b. D. 
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d27* Cob* — Conversely, If one plane contain a line which is 
perpendicular to another plane, the diedral is right. 

Thus, if MO is perpendicular to the plane DB, C-AB-D is a right diedral. 
For MO is perpendicular to every line of DB passing through its foot {f) ; and 
hence is perpendicular to ON, drawn at right angles to AB. Whence C-AB-D is 
a right diedral, for it is measured hj a right plane angle. 



PROPOSITION U. 

4L28. Theorem^ — If two planes are perpendicular to a third, 
their intersection is perpendicular to tJie third plane. 



5p>?<^ 
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DsiL — If CD and EF are perpendicular to the plane 
MN, then is AB perpendicular to MN. For, EF being 
perpendicular to MN, D-FG-E is a right diedral, and a 
line in EF and perpendicular to FG at B is perpendicular 
to MN ; also a line in the plane CD, and perpendicular to 
DH at B, is perpendicular to MN (?). Hence, as there 
can be one and only one perpendicular to MN at B, and 
as this perpendicular is in both planes, CD and EF, it is theii- intersection: 

Q. E. D. / . 

PROPOSITION m. 

4:29. JJieorem* — If from any point perpendicular^ be drawn^ 
to the faces of a diedral angle, their included angle will he the supple- 
ment of the angle which measures the diedral^ or equal to it. 

Dm. — ^Let BD and AD be any two planes including the 
diedral A-SD-B, then will two lines drawn from any point, 
perpendicular to these planes, include an angle which is the 
supplement of the measure of the diedral, or equal to it. 

If the point from which the lines are drawn is not in 
the edge SD, we may conceive two lines drawn through 
any point, as S, in this edge, which shall be parallel to the 
two proposed, and hence include an equal angle, and 
have their plane parallel to the plane of the proposed 
angle (41^ Let the latter lines be SO and SP. We are 
to show that OSP is supplemental to the measure of A-SD-B. 
A plane passed through S, perpendicular to the edge 8D, 
will contain the lines SO and SP {388) ; and its intersec- 
tions with the faces, as SB and SA, will form an angle 
(ASB) which is the measure of the diedral (423). Now, 
PSA = a right angle (?), and OSB = a right angle (?). Hence, 
PSO and ASB are either equal or supplemental (283), 

<^B. D. 
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OF TRIEDRALS. 

4:30* Triedrals are RectangulaVy BirectanguJur^ or Triredan' 
^ gular, according as they have one, two, or three, 

right diedral angles. 

Ill's.— The corner of a cube is a Trireeiangular 
triedral, as S-ADC. Conceive the upper portion of 
the cube removed by the plane ASEF ; then the angle 
at S, t. e., S-AEC is a Bireciangjdar triedral, A-SC-E 
Fio. 275. ^^^ A-SE-C being right diedrals. 

431. An Isosceles Triedral is one that has two of its facial 
angles equal. An Equilateral Triedral is one that has all 
three of its facial angles equal. 

432. Two Symmetrical Triedrals are suoh as hare the 
facial angles of the one equal to the facial angles of the other, each 
to each; but in which the equal facial angles are not similarly 

sitaated, and henoe the triedrals are not neoeaaarily 
capable of superposition. 

Ill's. — Let the edges of the triedral S-ABC, be pro- 
duced beyond the vertex, forming a second triedral S-abe; 
tlien are the two triedrals symmetrical, i. e., the faces 
are equal plane angles, but disposed in a different order. 
Thus, ASB = aSb, ASC = aSCy and BSC = 6Se ; but the 
triedrals cannot be made to coincide. To show this 
fact, conceive the upper triedral detached, and the face 
aSc placed in its equal face ASC, Sa in SA, and Se in SC. 
Now, the edge Sft, instead of falling in SB will fhll on the 
left of the plane ASC. 

Symmetrical solids are of fVcquent occurrence: the two 
hands form an illustration ; for, though the parts may be 
exactly alike, the hands cannot be placed so that their 
like parts will be similarly situated ; in short, the left 
glove will not fit the right hand. 

433. Two triedrals are Supplementary when the edges of 
one are perpendicular to the faces of the other. (See 438€i.) 
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PBOPOSmOTf IT. 

434. Theorem.— TJie sum of any two facial angles of a trie- 
dral is greater than the third. 
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Dkic— Tbia propodtion needs demonstration onlj in 
of the sum of the two smaller fiicial angles as com- 
pared with the greatest (?). Let ASB and BSC each be less 
than ASC ; then is ASB 4- BSC > ASC. For, make the an- 
gle AS6' = ASB, and Sb' r= Sb, and pass a plane through b 
and b\ catting SA and SC in a and e. The two triangles aSb 
and aSy are equal (T), whence <iUf^ =ab. Now, ab + b6> ae 
(f), and subtracting ab from the first member, and its equal 
ab' from the second, we have be > b'e. Whence the two tri- 
angles bSe and b'Se have two sides equal, but the third side 
be > than the third side b'e, and consequently angle bSe > 
^Se. Adding ASB to the former, and its equal AS6' to the 
latter, we have ASB + BSC > ASC. 4^ s. d. 



43S» Cor. — The difference between any two facial angles of m 
triedral is less than the third facial angle (?)• 




PROPOSinOlf T. 

436 • Theorem. — The sum of the facial angles of a triedral 
may be anything between and four right angles. 

Dkx.— Let ASB, BSC, and ASC be the facial angles 
enclosing a triedral ; then, as each must have some yalue, 
the sum b greater than 0, and we have only to show that 
ASB + ASC + BSC < 4 righi angles. Produce either 
edge, as AS, to D. Now, in the triedral S-BCD, BSC 
< BSD 4- CSD. To each member of this inequality add 
ASB 4- ASC, and we have 

ASB + ASC + BSC < ASB + ASC + BSD + CSD. 
But, ASB + BSD = 2 riglit angles (?), and ASC 4- CSD = 
8 right angles; whence ASB + ASC 4- BSD 4- CSD = 
4 right angtee; and consequently, ASB 4- ASC 4- BSC < 
4 right angles, q. b. d. 




FROFOSmON TL 

437m Theorem. — Two triedrals having the facial angles of the 
one equal to the facial angles of the other ^ each to eachy and similarly 
arranged^ are equal 
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Dbm.— In the triedrals S and *, let ASB = a«6, BSC = bse, and CSA = eaa\ 

and let these fhcial angles occur in the same 
order, then is S-ABC = i-abo. 

Take C, any point in SC, and make «0=SC, 
and draw AC and BC perpendicalar to SC, 
and ae and be perpendicular to »e ; then ACB 
measuves the diedral A-SC-B, and aeb the die^ 
dral a-4e-h. Now the triangles SCB and acft 
are mutually equiangular (?) and have SC = 
ie ; hence SB = j6, and CB =: eb. For a like 
reason AC = ae^ and SA = m. Hence AB = 
ab (T), and the triangles ACB and aeb are equal (?). Now, since angle ACB, 
measuring the diedral A-SC-B, equals angle aeb, measuring the diedral Ortc^^ 
these diedrals are equal, and can be applied to each other. Applying these 
diedrals, since angle ASC = ase, and BSC = bse^ the edges AS and ob coincide, 
as also do BS and be, whence the triedrals coincide throughout, and are conse- 
quently equal, q. b. d. 
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PROPOSITION TEL 

438* 'Theorem* — 0/ two supplementary triedralsy the facial 
angles of4he one are the supplements of the diedrals of the other. 

' DEM.~Let S-ABC be any triedral ; if a second triedral be fonned with its 

edges perpendicular to the faces of 
S-ABC, one to each face respect- 
iyely, then are the facial angles of 
the one, supplements of the die- 
drals of the other. 

If the vertex of the second trie- 
dnd is not at the vertex of the first, 
we may conceive a triedral fonned 
by drawing three lines through the 
vertex S, as SE, SD, and SF, paral- 
lel to the edges of the given trie- 
dral ; then will these edges be per- 
pendicular to the same planes as 
the edges to which they are paral- 
lel (40S)t ftod hence the angle 
thus fonned (S-EDF) will be a triedral supplemental to S-ABC {4SS), and 
the facial angles of the two having their edges parallel will be equal {dl€)y and 
consequently the triedrals eqii&l (437)' Now, SE being perpendicular to ASB, 
and SF to ASC, angle ESF is supplemental to the diedral B-SA-C (429.) In 
like manner, SZ being peipendienlar to BSC, DSE is supplemental to A-SB-C, 
and DSF to A-SC-B. 

Thus we have shown that the facial angles of S-EOF are the supplemeati 
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of the diedzalfl of S-ABC. We are now to show tliat the facial anglee of 
&ABC are supplements of the diedrals of S-EDF ; i. «., that ASB is the sup- 
plement of D-SEF, BSC of ESD-F, and ASC of D-SFE. Since SE is hy hy- 
pothesis perpendicular to ASB, it is perpendicular to AS (387) ; and since SF 
is perpendicular to ASC, it is perpendicular to. AS {38T)* Hence AS is per- 
pendicular to the face FSE (?). In like manner we may show that SB is per- 
pendicular to DSE, and SC to DSF ; whence it follows ft-om the preceding part 
of the demonstration, or directly from (429), that angle ASB is the supple- 
ment of D-SEF, BSC of E-SO-F, and ASC of D-SF-E. 

438€$. 8cH.->If any edge of S-EDF, as DS, is produced heyond S, another 
tziedzal is formed which has its edgee perpendicular to the ftiees of S-ABC. 
ThoB in all 4 triedrals can he formed with their edges perpendicular to the iaces 
of S-ABC ; hut the proposition holds only for S-EOF. 



PROPOSITION ym. 

439* Theorem, — The sum of the diedrals of a triedral may he 
anything between two and six right angles. 

Dbk. — ^Each diedral heing the supplement of a plane angle of the supple- 
mentary triedral, the sum of the three diedrals is 3 times 2 right angles, or 
6 right anifle$ — the mm of the angles of the suppUmerUary triedral. But this latter 
sum may he anything between and 4 right angles (?). Hence the sum of the 
diedrals may be anything between 2 and 6 right angles. <i. & D. 



PROPOSITION 



440m Theorem. — An isosceles triedral and its sym- 
metrical triedral are equcU. 

Drm. — ^Let S-ABC be an isosceles triedral with the fiicial angle 
ASB = BSC ; then is it equal to its symmetrical triedral S-abe, 

For, revolye S-abc about S until Sb falls in SB, and bring the 
plane Sba into the plane SBC ; then, since the diedrals C-SB-A and 
arSb^ are opposite, they are equal (425)* and the plane Sbe will 
fidl in SBA. Moreoyer, Sa will fall in SC, smce angle BSC r= ASB 
(by hypothesis) = ftSa (vertical to ASB). In like manner Sc will 
&11 in SA, and the triedrals will coincide, and are therefore equal 

4^ S. D. 




. S81. 



441. ScH.— If angle ASB is not equal to BSC, it is easy to see that the ap 



• SbonM the papll hare difflcnity in perceiying this, let bim notice that CSB and «S6 an 
parta of one and the same plane ; and ASB and oSft are parts of another. Now bB is the inte^ 
■eetion of these planes, and the diedrals mentioned are on opposite sides of this line of inte» 
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plication will fail, notwithstanding the diedrals are equal, and the triedrak 
sjrmmetricaL 

442, Cob. 1. — The diedrals opposite the equal facial angles of an 
isosceles triedral are equal 

The diedral bSa-c = B-SA-C being opposite, and b^a^ = B-SC-A as shown 
in the demonstration ; hence B-SA*C = B-SC-A. 

443. Cor. 2. — Conyersely^ If two diedrals of a triedral areeqtutl, 
the triedral is isosceles. 

DsiL— If B-SA-C = B-SC'A, S-ABC is isosceles. For, revolving S-abc as be- 
fore till the facial angle aSe falls hi its equal (?) ASC, since the diedral B-SC-A 
= B-SA-C (by hypothesis) and the latter equals its opposite b-Sa^, the plane bSa 
will fall in the plane BSC ; and, for like reasons, tlie plane 68^ will fall in BSA. 
Now, as these planes coincide, their intersections Sb and SB coincide, and the 
triedrals are equal ; and the facial angle BSC = 6Sa. But bSa = ASB (?); hence 
ASB =: BSC ; i, e., the triedral S-ABC is isosceles. 



PROPOSITION X. 
Thearenim — Two symmetrical triedrals are equivalent* 

^d Dbm.— S-ABC is equivalent to its symmetrical 

triedral S-abc. 

For, let (f D be so drawn that the angles DSA, 
DSC, and DSB shall be equal, and consequently dSa 
= dSe = dSb, and the latter respectively equal to the 
fonner. Then the isosceles symmetrical triedral 
S-DCB = S-de6, S-DCA = S-cfea, and S-ADB = S-ad&. 
Whence the polyedral S-ABCD = S-a2«dL Kow, 
from the former subtracting S-ADB, and from the 
latter S-adb^ there remains S-ABC = S-a6c. q. s. d. 

445. ScH.— If dD fell within the gives triedrab, 
they would be made up of the three equal isosceles 
triedrals, and hence equivalent 
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PROPOSinOlf XL 

446, Tlieorem. — Two triedrals which have two facial angles 
and the included diedral equal, each to each, are equal, or symmetric 
cal and equivalent, 

Dbm.— If the equal fiices are on the same sides of the diedral in the two 
triedrals, the one figure can be applied to the other; and if they are on different 
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■ides, the edges of one triedral may be produced, forming the Bymmetrical tri- 
edral, to which the other given triedral may be applied. [Let the student con- 
Btnict figures, and go through with the application.] 



PROPOSITION XIL 

447* Theorem* — Two triedrah which have two diedrals and 
the included facial angle equal, are equal, or symmetrical and equiva- 
lent. 

Dmc. — ISame as in the preceding. Let the student draw figures like those 
for the preceding, and go through with the details of the application.] 

4d8» Cob. — It will be observed that in equal or in symmetrical 
irtedrals, the equal facial angles are opposite the equal diedrals. 



PROPosmoN xm. 

449m Theorenim — Two triedrals which have two facial angles 
of the one equal to two facial angles of the other, each to each, and the 
induded diedrais unequal, have the third fadai angles unequal, and 
the greater facial angle belongs to the triedral having tlie greater in^ 
duded diedral 

Dbm.— Let ASC = om, and ASB = o^, 
while the diedral C-SA-B > c-Mrb; then CSB 

For, make the diedral CSk'O = e-sa-b : and 
taking AS^ = a^, bisect the diedral o-SA-B with 
the plane ISA. Draw o\ and oC, and conceive 
the planes oS\ and oSO. Now, the triedral 
S-A^ = B-abe, since they have two facial angles 
and the included diednl equal (446), For a 
like reason S-AI<^ = S-AIB, and the facial angle 
i)8i = ISB. Agfun, in the triedral S'loC, oS\ + 
ISC > 0SC (434), and substituting ISB for 0SI, we have ISB + ISC (or BSC) > 
0SC, or its equal 600. <^ E. d. 

4S0* Cor. — Conversely, If the t^oo facial angles are equal, each to 
each, in the two triedrals, and the third facial angles unequal, the 
diedral opposite the greater facial angh is the greater. 

That is, if ASB = oA, and ASC = ate, while BSC > ftsc, the diedral B-AS-C 
> 1hu-€. For, if B-AS-C = Ihu-c, BSC = Ue (44€), and if 6-AS-C < fr^M-e, 
BSC < b9Ci by the proposition. Therefore^ as B-AS-C cannot be equal to nor 
less than b<i9-Cy it must be greater. 
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PROPOSinOH XIT. 

4:S1» Theorem^ — Two iriedraU which have the three fcunal 
angles of the one equal to the three facial angles of the other , each to 
eachy are equal, or symmetrical and equivalent. 

DEM.—Let A, B, and C represent the &cial angles of one, and a, 6, and e the 

corresponding facial angles of the other. If A = 
a, B =6, and C = f , the triedrals are equal For A 
being equal to a, and B to 6, if^ of their included dle- 
drals, SM were greater than am, C would be greater 
than c ; and if diedral SM were less than diedral 
«fn, C would be less than c^ by the last oorollaiy. 
Hence, as diedral SM can neither be greater ncHr 
less than diedral «m, it must be equal to it For like 
reasons, diedral SN = diedral an, and diedral SO 
= diedral m. Therefore, the triedrals are equal, 
or symmetrical, according to the arrangement of the fiices. Thus, if SN and <n 
are both considered as lying on the same side of the planes MSO and niso^ the 
triedrals are equal ; but, if one lies on one side and the other on the opposite 
side of those planes (SN in front, and «n behind, for example), the diediak are 
symmetrical, and hence equiyalenL 
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PROPOSITION XT. 

4S2. Theorem. — Two triedrals which have the three diedraU 
of the one equal to the three diedrals of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dek. — In the two triedrals supplementary to the given triednds, the fS^ial 
angles of the one will be equal to the facial angles of the other, each to eadi, 
since they are supplements of equal diedrals {43S). Hence, the supplementary 
triedrals are equal or equivalent, by the last proposition. Now, the facial angles 
of the first triedrals are supplements of the diedrals of the snpplementaiy ; 
whence the corresponding facial angles, being the supplements of equal diedraLik 
are equal. Therefore, the proposed triedrals have their facial angles equal, each 
to each, and are consequently equal, or symmetrical and equivalent. <t. B. D. 

dSS. Gob. — AU trirectangular triedrals are equdL 

454» SOH. — ^The proof that two forms are equal, includes the fact that cor- 
responding parts are equal 
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^3, A Convex Polyedral is a poljedral ia which none of 
the faces, when produced, can enter the solid angle. A aection of 
Bach a polyedral made hj a plane cutting all its edges is a convex 
polygon. [See Fig. 285J 



FROPOSmON XTL 

dS6. 17tecreni.—Tke gum of the facial angle* of any convex 
polyedral is less than four right angles. 

Dkm, — Let S be the Tertez of &ny conTex poljedral. Let the edges of this 
polyedral be cut b? mi; pUoe, as ABCDC, wbich Kction 
will be B convex polygon, since the poly edrftl is oonvei. 
From any point wilLlo ttaiB polygon, m 0, draw lines to 
iU vertices, as OAt 06, OC, etc. Therawill thus be formed 
two Kia of triangles, one vilh their vertices at S, and 
the other wllli Uieir vertices at ; and there will be an 
equal number In each set, for the sides of the polygon 
form the bases of both seta. Now, the sum of the angles 
of one set of tiieoe Uiajigles Ii equal to the som of the 
angles of the other set. But the sum of the uigles at the 
baaes of the triangles having their vertices at S is greater 
than the sum of the angles at the bases of the triangles Fis. MS. 

having their vertieea at O, since SBA + SBC>ABC, 

8CB -I- SCD > BCO, etc {4S4). Therefors the snm of the angles Kt S is Ism 
than the bud of the angles «t 0, i. «., leas than 4 right uigles. Q. e. □. 



1. I have an iron block whose corners 
are all square (edges right diedrals, and 
the vertices tri rectangular, or right, trie- 
drala). If I bend a wire square around 
oue of its edges, as cS'd, at what angle do 
I bend the wire ? If I bend a wire ob- 
liquely around the edge, as aSb, at what 
angle can I bend it ? If I bend it ob- 
liquely, aa eS"/, at what angle can I bend 
itP 
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2. Fig. 286 represents the appearance of a rectangular parallelopi- 
pedy as seen from a certain position. Now, all the angles of such a 
solid are right angles : why is it that they nearly all appear oblique ? 
Can you see a right parallelepiped from such a position that all the 
angles seen shall appear as right angles ? 

3. The diedral angles of crystals are measured with great care, in 
order to determine the substance of which the crystals consist How 
must the measure be taken ? If we measure obliquely around the 
edge, shall we get the true value of the angle ? 

4^ Gut out any triedral from a block of wood (or a potato), and 
stick three pins into it, as near the vertex as you can, one in each 
face, and perpendicular to that face. What figure do the three pina 
form ? What relation does the angle included between any two ad- 
jacent pins sustain to one of the diedrals of the block ? Which ones 
are they that sustain this relation ? 

6. Can three planes intersect each other and yet not form a trie* 
dral angle ? In how many ways ? Can they all three have a common 
point, and yet not form a triedral ? 

6. From a piece of pasteboard cut two figures 
of the same size, like ABCDS and abcds. Then 
drawing SB and SC so as to make 1 the largest 
angle and 3 the smallest, cut the pasteboard 
almost through in these lines, so that it will 
readily bend in them. Now fold the edges AS 
and DS together, and a triedral will be formed. 
From the piece beads form a triedral in like 
manner, only let the L'nes sc and sa be drawn 
so as to make the angles 1, 2, and 3 of the same 
size as before, while they occur in the order 
Pio. aw. given in heads. Now, see if you can slip one 

triedral into the other, so that they will fit What is the difS- 

culty? 

7. In the last case, if 1 equals f of a right angle, 2 = J of a right 
angle, and 3 = f of a right angle, can you form the triedral ? Why ? 
If you keep increasing the size of 1, 2, and 3, until the sum becomes 
equal to 4 right angles, will it always be possible to form a triedral ? 
How is it when the sum equals 4 right angles ? 
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SECTION m. 

OF PRISMS AND CYLINDER& 

4Jillm A Prism is a solid, two of whose fiaoes are eqnal, parallel 
polygons, while the other faces are parallelograms. The equal par- 
allel polygons are the BaseSy and the parallelograms make np the 
Lateral or Convex Surface, Prisms are triangalar^ quadrangular, 
pentagonal, eta, according to the number of sides of the polygon 
forming a base. 

4S8. A Sight JPrism is a prism whose lateral edges are per- 
pendicular to its bases. An Obliqtie prism is a prism whose late- 
ral edges are oblique to its bases. 

• 

4S9* A ItegvlaT Prism is a right prism whose bases are 
regular polygons ; whence its faces are equal rectangles. 

A60. The Altitude of a prism is the perpendicular distance 
between its bases : the altitude of a right prism is equal to any one 
of its lateral edges. A IHagonal of any solid is a line joining any 
two vertices not in the same &ce. 

461m A Truncated Prism is a portion of a prism cut off by 
a plane not parallel to its base. A section of a prism made by a plane 
perpendicular to its lateral 
edges is called a Right Section. 

Ill's.— In the flgore, (a) 
and (6) are both prIsmB: 
(a) is oblique and (6) right 
PO represents the altitude 
of (a); and any edge of 
(d), as hB, is its altitude. 
ABCDEF, and dbedtf^ are 
lower and upper bases, 
respectiyely. Either por- 
tion of (5) cut off by an 
oblique plane, as a'b'c^ttt^^ 
is a truncated prism. '*•' *** 

462. A ParaUelapiped is a prism whose bases are parallel- 
ograms : its faces, inclusive of the bases, are consequently all parallel- 
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ograms. If its faces are all rectangular^ it is a rectangular paralled- 
opiped. 

463. A Cube is a rectangalar parallelepiped whose fiaees are all 
equal squares. 




Fm. S89. 



PBOPOSinOX L 

464. Theorem. — Parallel plane eeetion^ 
of any prism are equal polygons. 

Dbm. — Let ABODE and abode be parallel sections of 
th^ prism MN ; then are they equal polygons. 

For, the intersections with the lateral fkces, as ab 
and AB, etc, are parallel, since they aiie intersectioiis 
of parallel planes by a third plane (410). Moreoyer, 
these intersections are equal, that is, ab = AB, be = BC, 
ed = CD, etc., since they are parallels included between 
parallels (242). Again, the corresponding angles of 
these polygons are equal, that is, a = A, & = B, e = C, 
etc., since their sides are parallel and lie in the same 
direction (416). Therefore the polygons ABODE, and 
o^edtf, are mutually equilateral and equiangular; that 
^, they are equaL Q. s. d. 

46S. Gob. — Any, plane section of a prism, parallel to its base, is 
equal to the has^a/td aU right sections are equ^oL 

< PROPOSITION IL 

466* Theorem. — If three faces including any triedral of one 
prism are equal respectively to three faces including a triedral of the 
other, and similarly placed, the prisfns are equal 

Dem.— In the prisms Ad, and A'<f, 
let ABODE equal A'B'CO't\ ABba = 
Of A'B'^V, and B0<^ = BXV6'; then are 
the prisms equal. 

For, since the facial angles of the 
triedrals B and B' are equal, the trie- 
drals are equal (45 1\ and being ap- 
plied they will coincide. Now, con- 
ceiving A'€t as applied to Ad, with Bf 
in B, since the bases are equal poly- 
gons, they will coincide throughout; 
and the faces aB and a'B' will also 
coincide. Whence, as o^V fidls in ab^ 
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and V(f In d^, the tipper bases, which are equal because eqnal to the equal lower 
bases, will coincide. Therefore the remaining edges will haye two points com- 
mon in each, and will consequently coincide. 

467* CoE. 1. — Two right prisms having equal bases and equal 
altitudes are equal. 

If the fiicea are not similarlj arranged, one prism can be inyerted. 

468. Gob. 2^ — 7^ above proposition applies also to truncated 
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469* Theorem. — Any oblique prism is 
equivalent to a right prisnty whose bases are right 
Actions of the oblique prism^ and whose edge is 
equal to the edge of the oblique prism. 

Dem. — Let LB be an oblique prism, of which abode and 
fffhH are right sections, and ^ = 06 ; then is lb equiya- 
lent to LB. For the truncated prisms 10 and eS haye the 
fiicea including any triedral, as C and B, equal and simi- 
larlL ri§cqi^l)i whence these prisms are equal (466). 
^ Now/froni the whole figure, take away prism /C, and 
there remahis the oblique prism LB ; also, flrom the whole 
take away the prism eB, and there remains the right 
prism Jb, Therefore, the right prism Jh is equivalent to 
the oblique prism LB. q. s. d. j r 
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470« Theorem* — The opposite faces of a parallelepiped are 
equal and parallel. 

Dbm. — ^Let A<; be a parallelopiped, AC and ae being 
its equal bases (46Z) ; thenou^ its opposite faces equal 
and parallel * 

Since the bases are parallelograms, AB is equal and 
paraUel to DC ; and, since the faces are parallelograms, 
oA is equal and parallel to dD. Hence angle oAB = 
dDQ, and their planes are parallel, since their sides are 
parallel and extend in the same directions. Therefore 
aB and dC are equal (^01) and parallel parallelograms. 
In like manner it may be shown that aD is equal and 
ptxallel to MX 
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FBOFOsmon t. 

4:71. Theorem^ — The diagonaU of a parallelopiped bisect one 
another. 

Dkk.— Pass & plane through two oppodle edges, 
as bB and dD. Bince the ba»ea are parallel, M and 
BD will be puvUel {410), and bBOd wiU be « puml- 
lelogram. HcDce, bO and dB are btoecltid at » (T). 
Tot a like reason, possbg & plane through de and AB, 
we may show that dB and cA bisect each otlier, uid 
hence that eA pasaee through the conunon centre of 
dB nod bD. So also aC is bbected by AD, as appeua 
from passing a plane throngh ab and DC. Hence, aD 
the djagonala are bisected at e. <). k. d. 




472, Cos. — ThediagonalaofarectangvlarparallelopipedaneqtiaL 
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473, Thfeorenu—A paraUelopiped is divided into two equiva- 
lent triangular prisms by a plane passing through its diagmtalljf 
opposite edges. 

Dbh.— Let H-ABCO be » paralleloplped, dMded 
through Its diagonolij opposite edges FA and HC; 
then are tlie triangular prluns H-ABC, and L-ADC 
equivalent 

For this paralleloplped is equivalent to a right 
porsUelopipcd having a right section Abed fbr Its base, 
and AF for Its edge (460), C «., H-ABCO la equlra- 
lent to h-Abod. For the same reaaon the ofatiqne 
triangular prism H-ABC is equivalent to the right 
triangular prism h-Me; and L-AOC la equivalent 
to UMe. But A-Aa« Is equal to A-Ade, >■ tbef 
Tie IK ^'^ ^^^^ prisms with eqnal bases {487) and a com- 

mon altitnde. Hence, H-ABC is equivalent to L-AOC, 
M the; are equivalent to two equal prlanu. <{. s. d. 



raoFOsmoiT TH. 

474, Theorem, — Any parallelopiped is equivalent to a roda^ 
gular parallelopiped having an equivalmt base and the same alt%ttid$. 
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Z>nL— Let H-ABCD be mf psnilelopiped 
with all its fkces obllqae. IsL By making the 
right eectioii odHe, and completing the p&ral- 
lelopipiHl tu/K«t«Qf, we bare aa equivateal right 
porelleloplped (469). 9d. Through the edge 
^ of this right parallelopiped make the right 
KctioQ ea'd'f and complete the parallelopiped 
AtV/HtTe'G, and we have a rectangular paral- 
Moi^ped eqidTulent to the one previoaily 
formed (460), and hence equivalent to the ' 
given one. Now, Uke base of this rectangular 
parallelopiped, i. s., a'fr'c'ir, 1b equal to abed (?), 

which in turn ta equivalent to ABCD (T). Horeoyer, the altitude of the 
rectangular parallelopiped is the same as that of the given one, eince their 
bases lie in the same parallel plauea Atf and EC, Therefore, the paroilelopiped 
H-ABCD is eqnivalent to the rectangular parallelopiped H-o'i'o'tf, which 
has an equivalent base and the some amtade. 4. b. a 




FBOFOSmOTT IHL 

473. JTieorenu—The area of fkt lateral gurfacf of a right 
prixm is equal to the product of its altitude into the peritneier of 
its baas. 

Deh. — The lateral feces are all rectangles, havltig fbr their common Alti- 
tude the altitude of the prism {430). Whence the area of any &ce i» the 
product of the altitude into the side of the base which 
forms its base ; and the sum of the areas of the bees 
Is Uie common altitude Into the sum of tlie bases of 
the Gtces, that is. Into the perimeter of the base of 
Hie prism. 4. & D. 



476. A Cylindrical Surface is a 

carved surface traced by a straight line moving 
80 as to remain constantly parallel to its first 
position, while any point in it traces some 
curve. The moving line is called the Gener- 
atrix, and the cnrve traced by a point of the 
line is the Directrix. 

Ill^ — Suppoae a line to start from the poriUon AB. and n 
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such a manner as to remain all the time parallel to its first position AB, 

while A traces the curve A123456 M. The surface thas traced is a O^t^ 

drical 8urfaee; AB is the Oeneratrix, and the corye ANM the Diredrix. 

477* A Circular Cylinder, called also a Cylinder of Revotu-- 
tion, is a solid generated by the revolution of a rectangle around one 
of its sides as an axis. 

III.— Let COAB be a rectangle, and conceiYe it re- 
volved about CO as an axis, taking snccessively the 
positions COA'B', COAL'S", etc ; the solid generated is a 
dreular OyUnder^ or a cylinder of revolution. The re- 
volving side AB is the generatrix of the surface, and 
the circumference OA (or CB) is the directrix. This is 
the only cylinder treated in Elementary Geometry, and 
is usually meant when the word OyUnder^s used without 
specifying the kind of, cylinder. 

478. The Axis of the cylinder is the fixed 
side of the rectangle. The side of the rectangle 
opposite the axis generates the Convex Surface; 
while the other sides of the rectangle, as OA and 
CBy generate the Bases, which in the cylinder of 
revolution are circles. Any line of the surface corresponding to 
some position of the generatrix is called an Elanent of the sur£EU)e. 
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479. A Might Cylinder is one whose elements are perpen- 
dicular to its base. In such a cylinder any element is equal to the 
axis. A Cylinder of Revolution {477) is right. 

480. A prism is said to be inscribed in a cylinder, when the bases 
of the prism are inscribed in the bases of the cylinder, and the edges 
of the prism coincide with elements of the cylinder. 



PROPOSITION TSL 

481. Theorem.— The area of the convex surface of a cylinder 
of revohdion is equal to the product of its axis into the circumfer- 
ence of its base, i. e., 2zrEH, H being the axis and R the radius oj 
the base* 
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I>SQC— Let a right prism, with any regular polygon for 

its base, be inscribed in the cylinder, as h-abcdtft in the 

cylinder whose axis is HO. The area of the lateral sur&ce 

of the prism is HO (= A6) into the perimeter of its base, 

i.«., HO x(a6 + ft<J + a? + <fo + ^Z' + Za). Now, bisect the 

arcs oft, 60, etc, and inscribe a regular polygon of twice the 

number of sides of the preceding, and on this polygon as 

a base construct the right inscribed prism with double the 

number of faces that the first had. The area of the lateral 

surface of this prism is HO x t^ peHmettfr nf Us doM. In 

like manner oonceiye the operation of inscribing right 
prisms with regular polygonal bases continually repeated; 
it will ahooffs be true that the area of the lateral surface 
is equal to HO x t^ perimeter cf the boie. But the circum- 
ference of the base of the cylinder is the limit toward 
which the perimeters of the inscribed polygons forming the bases of the prisms 
constantly approach, and the convex surface of the cylinder is the limit of the 
lateral surface of the inscribed prism. Therefore, the area of the conyex sur> 
fiace of the cylinder is HO into the circumference of the base. Finally, if R is 
the radius of the base, dsrR is its circumference. This multiplied by H the 
altitude, t. e,, H x dxR, or dirRH, is the area of the oonyex sur&ce of tho 
cylinder. 
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PROPOSITION X« 

482. Theorem. — The volume of a rectangular parallelopiped 
is equal to the product of the three edges of one of its triedrals. 



Dbx.— Let H-GBFE be a rectangular paral- 
lelopiped. 1st Suppose the edges commen- 
surable, and let BC be 5 units in length, BA 
4, and BF 7. Now conceive a cube, as d-fbBg, 
whose edge is one of these lipear units. This 
cube may be used as the unit of yolume. Con- 
ceiyethe parallelopiped O-eaBb^ whose length 
is 7, and whose edges ea and eft are 1 (the 
linear unit of measure assumed). This paral- 
lelopiped will contain as many of the units 
of yolume as there are linear units in BF: 
we suppose 7. Again, conceiye the paral- 
lelopiped whose base is ECBF and altitude PE, one of the Ihiear units. This 
parallelopiped will contain as many of the former as there are linear units in 
80: we suppose 5. Hence this last yolume is 5 x 7 = 85. Finally, there will 

13 
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be as many times this nmnber of miits of volume in the whole parallelopiped 
as AB contains linear units, or 4 x 85 = 140. Hence, when the edges are 
commensurable, the volume is the product of the three edges including a 
triedral. 

2nd. When the edges are not commensurable, we reach the same conclusion 
by taking successively a smaller and smaller linear unit Thus, for a first 
approximation take some aliquot part of one edge, as Vv of FB. Now, by hypo- 
thesis this is not contained an exact number of times in BC, nor in BA. But 
conceive it as applied to BC as many times as it can be ; the reminder will be 
less than -^ FB. In like manner conceive it applied to AB. The volume of the 
parallelopiped included by these edges will be measured by the product of the 
edges. Now conceive the linear unit smaller. The unmeasured portion will 
be less. Thus, by supposing the linear unit to diminish indefinitely, we see tiiat 
it toiU €Uioap» remain true that the measure is the product of the three edgea 
forming a triedraL 

483* Cor. 1. — The volume of a cube is the third power of Us 
edge* 

4840 ScH.— This fact gives rise to the term eube^ as used in arithmetic and 
algebra, for ** third power." 

483 » Cob. 2. — The volume of a rectangular parcUlelopiped is 
equal to the product of its altitude into the area of its base, the linear 
unit being the same for the measure of all the edges. 

486. Cor. 3. — The volume of any parallelopiped is equal to the 
product of its altitude and the area of its base. 

For any parallelopiped is equivalent to a rectangular parallelopiped having 
an equivalent base and the same altitude (474). 

487 • Cor. 4 — ParcUlelopipeds of the same or equivalent bases are 
to each other as their altitudes, and those of the same altitudes are to 
each other as their bases. And, in general, paraUelapipeds are to 
each other as the products of their bases and aUitudes. 



PROPOSITION XL 

488. Theorem.— The volume of any prism is equal to the pro 
duct of its altitude into its base. 
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Dbm. — Ist Let E'ABD be a triaDgular prism. Com- 
plete the parallelopiped E>ABCD. Then is E-ABD = 
i E-ABCD {473Y But the yolmne of E-ABCD is 
equal to its altitude Into its base ; hence the volume 
of E-ABD is equal to its altitude into i ABCD, or 
ABD. 

2d. Any prism may be divided into partial, tri- 
angular prisms, by passing planes through one edge 
and all the other non-a^Jacent edges, as in the figure. 
Liet H be the altitude of the whole prism, then is it 
also the common altitude of the partial prisms. Now, 
the volume of each triangular prism is H into its 
base ; hence, the sum of the volumes is H into the 
Bom of the bases, i.^., H into the base of the whole 
prism. 

4890 CoE, 1. — The volume of a right prism 
is equal to the product of its edge into its 
base. 

490 • Cob. 2. — Prisms of the same altitude 
are to each other as their bases ; and prisms 
of the sams or equivalent bases are to each 
other as their altitudes; and, in general^ 
prisms are to each other as the products of 
their bases and altitudes. ^ ^ 



H^- 
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4-91. Theorem. — The volume of a cylinder of revolution is 
equal to the product of its base and altitude, L e., ^R'H^ H being the 
altitude and B the radius of the base. 

Dem. — Inscribe any regular right prism in the cylinder, 
as in (48T), The volume of this prism is equal to the 
product of its base and altitude ; and this continues to be 
the fiict as the number of sides of the polygon forming the 
base is successively doubled, and the prism approaches 
equality with the cylinder. Hence, as the volume of the 
prism is (dways equal to the product of its base and alti- 
tude, and as the altitude of the prism remains equal to the 
altitude of the cylinder, this fiict is true when the number 
of the sides of the base of the prism is inflnUely multiplied ; .IT 
whence the volume of the cylinder is equal to the product 
of its base and altitude. Now, K being the radius of the 
base, the area of the base is xR* (?) : hence, the volume of 
the cylinder is equal to jtR'H. 
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492, Gob. — The volume of any cylinder is eqiml to tfie product 
of its hose into its altitude. 

ThiB can be demonstrated in a manner altogether analogous to the case 
given in the proposition. 



493. SimiUx/r Solids are such as have their corresponding 
solid angles equal and their homologous edges proportional. 

494. Similar Cylinders of revolution are such as have their 
altitudes in the same ratio as the radii of their bases. 

49S0 Homologotis Edges of similar solids are such as are 
included between equal plane angles in corresponding faces. 

lLL'8.~The idea of similarity in the case of solids is the same as in the 
case of plane figares, viz., that of likeness qffarm. Thus, one would not think 
such a cylinder as <me joint of stovepipe, similar to another composed of a 
hundred Joints of the same pipa One would be long and terjf sUm in propor- 
tion to its length, while the other would not be thought of as sUm, But, if we 
have two cylindei^ the radii of whose bases are 3 and 4, and whose lengths ars 
respectively 6 and 13, we readily recognize them as of the same shape: they 
are similar. 



PBOFOSmON xnL 

496m Theorem^ — The lateral surfaces of similar right prisms 
are to each other as the squares of their edges {or altitudes) and as 
the squares of any two homologous sides of their bases, L e., as the 
squares of any two homologous lifies. 

Dem.— Let A, B, (7, Z>, and 27, be the sides of the base of one right prism 
whose edge (equal to its altitude) is H, and a, 6, e, d^ and «, the homologous 
sides of a similar prism whose edge is A. Letting Jl + B + (7 + Z>+ J7 = P, 
and a + 6 + o + (f+tf = p, we have 

P \ p :\ A \ a \ \ B lb I \ (7:0, etc (^ 
But by hypothesis, H ihii A :a::P:6, etc. 
Hence, P : p : : jff : A (?). 

Now, H\h :: J7: A (f). 

Whence, P x fl" : p x A : : JT* : A* (f). 

And as H* :h* : : A* :a* : :£^ :i^, etc., 

we have P x H:p x h :: A* la^ ::B^ i^^ etc 

But P X H is the area of the lateral surface of one prism End p x A of thi^ 
other, whence the truth of the theorem appears. 



OF PBISMS AND CYLINDEBS 



197 



FBOPOSmON XIY. 

497* Theorem* — The volumes of similar prUms are to each 
other as the cubes of their homologous edgeSj and as the cubes of 
their altitudes. 

Dsii.— Let H-ABCDE and h-abede be 
two similar prisms, of which A and a are 
corresponding triedrals. Placing a so that 
it will coincide with A, all the faces and 
edges of one will be parallel to or coinci- 
dent with the corresponding parts of the 
other, by definition {493), Let fall the 
perpendicnlar FP upon the common base, 
or its plane produced, so that FP shall 
equal the altitude of H-ABCDE, and OP, 
intercepted between the planes of the upper 
and lower bases of hrdbede^ shall be its alti- 
tude. Call the former altitude H, and the 
latter h. Since FP and AF are cut by 
parallel planes, We have 

AF : ^if : : H : A; and AB : ad : : H : A, 
since by definition AF : a/ : : AB : db, etc 
Gall the base of H-ABCDE B, and of 
h-oMe b. Now, as the bases are similar polygons, 

B : d:: A"B*:a5"::H*:A«. 
But U:h::AB:ab::B:h. 

Hence, B x H : d x A : : AB* : a? : : H* : A*. 

Now, as B X H and d x A are the volumes of the respective prisms, and as 

AB' : oB' as the cubes of any other homologous edges are to each other,' the 
truth of the theorem is demonstrated. 
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498m Theorem* — The convex surfaces of similar cylinders of 
revolution are to each other as the squares of their altitudes^ and as 
the sqiuires of the radii of their bases. 

DsiL— Let H and A be the altitudes, and R and r the radii of the bases of 
two similar cylinders ; the convex surfaces are 2jrRH and 2^rA {48iy Now, 

2jrRH : 2«rA :: RH : rA (?) (1). 

By hypothesis, H : A : : R : r, or cr = - and g = j 

Multiplying the terms of the second couplet of (1) by these equals, we have, 

2;rRH : 2jrrA : : H» : A«, 
and 2;rRH : 2jrrA : : R' : r». q. B. D. 
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PBOPOSinOX XTL 

d99. Theorem. — The volumes of similar cylinders of revolu* 
tion are to each other as the cuies of their altitudes^ or as the cubes 
of the radii of their hoses. 

Dex. — ^Using the same notation as in the last demonatradon, the atadent 
should be able to give the reasons for the following steps. 

R : r :: n : A (?), whence jtR* : jTr* : : H* : A* (?). Moltiplying the laat 
proportion by H : A : : H : A, we have jtR'H : zr^h : : H* : A*, or aa R' : r*, 
since H' : A' : : R' : r* (f). Now, irR'H and ^r*A are the volumes of the 
cylindefs (?) ; hence the volumes are to each other as the cubes of the altitndea, 
oras the cubes of the radii of the bases, q. b. d. 

ScH. — ^It is a general truth, that the surfaces of similar solids, cfanyfcrm^ are 
to each other as the squares of homologous lines; and their volumes are as the 
cubes of such lines. 



EXERCISES. 

1. A fanner has two grain bins which are paraHelopipeds. The 
front of one bin is a rectangle 6 feet long by 4 high, and the front 
of the other a rectangle 8 feet long by 4 high. They are bnilt 
between parallel walls 5 feet apart The bottom and ends of the 
first, he saysy are ^^sqnare" (he means, it is a rectangular parallele- 
piped), while the bottom and ends of the other slope, t. ^ are oblique 
to the firont What are the relative capacities of the bins ? 

2. How many sqnare feet of boards in the walls and bottom of the 
first bin mentioned in Ex. 1? 

3. An average sized honey bee's cell is a right hexagonal prism, 
•8 of an inch long, with faces ^ of an inch wide. The width of the 
&ce is always the same, bnt the length of the cell varies according 
to the space the bee has to fill. Are honey bee's cells similar ? Is a 
honey bee's cell of the dimensions given above, similar to a wasp's 
cell which is 1.6 inches long, and whose fitce is .3 of an inch wide ? 
How much more honey will the wasp's cell hold than the honey 
bee's? 

4. How many square inches of sheet-iron does it take to make a 
joint of 7-inch stovepipe 2 feet 4 inches long^ allowing an inch and 
a half for making the seam ? 

5. A certain water-pipe is 3 inches in diameter. How much water 
is discharged through it in 24 hours, if the current flows 3 feet per 
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minnte? How mnch through a pipe of twice as great diameter, at 
the same rate of flow ? 

6. What is the ratio of the length of a hogshead holding 125 gal- 
lons, to the length of a keg of the same shape, holding 8 gallons ? 

7. What are the relative amounts of cloth required to clothe 3 
men of the same form (similar solids), one being 5 feet high, another 
5 feet 9 inches, and the other 6 feet, provided they dress in the same 
style ? If the second of these men weighs 156 lbs., what do the 
others weigh ? 

8. If a man 5^ feet high weighs 160 lbs., and a man 3 inches taller 
weighs 180 lbs., which is the stouter in proportion to his height ? 

9. I have a prismatic piece of timber from which I cut two blocks 
both 5 feet long measured along one edge of the stick; but one 
block is made by cutting the stick square across (a right section), 
and the other by cutting both ends of it obliquely by parallel planes, 
making an angle of 45^ with the same face of the timber. Which 
block is the greater ? Which has the greater lateral surface ? 

10. How many cubic feet in a log 12 feet long and 2 feet 5 inches 
in diameter? How many square feet of inch boards can be cut 
from such a log, allowing i for waste in slabs and sawing ? 
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SECTION IV. 

OP PYRAMIDS AND CONBa 



500. A JPyramid is a solid having a polygon for its base, 
and triangles for its lateral faces. If the base is also a triangle, it is 
called a triangular pyramid, or a tetraedron (t. «., a solid with four 
faces). The vertex of the polyedral angle formed by the &ces is the 
vertex of the pyramid. 

501. The Attitude of a pyramid is the perpendicular dis- 
tance from its vertex to the plane of its base. 

502. A RiffM Pyramid is one whose base is a regular. 
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polygon, and the perpendicnlar from whose vertex Mia at the middle 
of the base. This perpendicnlar is called the axis. 

503. A Fmstum of a pyramid is a portion of the pyramid 
intercepted between the base and a plane parallel to the base. If 
the cutting plane is not parallel to the base» the portion intercepted 
is called a TrunccUed pyramid. 

504. The Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height of a 
Frustum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the firustum. 







Fu.aos. 

Ill*&— The student will be able to find illustrationB of the definitions in the 
accompanying figures. 

505. A Conical 8urfa4^ is a surface traced by a line which 
passes through a fixed pointy while any other point traces a curve. 
The line is the Generatrix, and the curve the Directrix, The fixed 
point is the Vertex, Any line of the surface corresponding to some 
position of the generatrix is called an Element of the surface. 

506. A Cone of Revolution is a solid generated by the 
revolution of a right angled triangle around one of its sides, called 
the Axis. The hypotenuse describes the Convex Surface of the 
cone, and corresponds to the generatrix in the preceding definition. 
The other side of the triangle describes the Base. This cone is right, 
since the perpendicular (the axis) falls at the middle of the base. 
The Slant Height is the distance from the vertex to the circumfer- 
ence of the base, and is the same as the hypotenuse of the generating 
triangle. 

507. The terms Frustum and Trui%cated are applied to the cone 
in the same manner as to the pyramid. 
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508, A pyramid is eaid to be Inscribed in a cone when the base 
of the pyramid is ioscribed in the base of the cone, and the edges of 
the pyramid are elements of the enrface of the cone. The two solids 
Iiave a common Tertez and a common altitude. 

509. If the generatrix be considered as an indefinite straight 
line passing through a fixed point, the portions of the line on oppo- 
site sides of the point irill each describe a conical auiface. These 
two surfaces, which in general discnssionH are considered but one, are 
called Nappes. The two nappes of the same cone are eridently 
alike. 

Ill's.— In the flgnre, (a) represents a conical mr&ce which has the curve 
ACB for ila directrix, and SA for its generatrix. The flgorca indicate the suc- 




Fra.*H. 

cesrive podtiODS of the point A, as It passes around the cnrre, while the point S 
remains fixed. <%) represents a Qme of Benolulion, or a right cone with a cir- 
cular base. It may be coopered as generated in the general way, or by the 
right angled triangle SOA revolving about SO as an axis. SA describes the 
convex snrikce, and OA the base. The figure (c) represents the FntUum of a 
cone, the portion above the plane die being supposed removed, figure (d) rep- 
reaeata the two nappes of an oblique cone. 



FBOFOSrnOK L 
SIO. Theorem. — Any section of a pyramid made iy a plane 
parallel to its base is a polygon similar to the base. 
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DBM.~The section abcdt of the pyramid S-ABCDE, made by a plane paraUel 

to ABODE, is similar to ABODE. 

Since AB and ah are intersections of two parallel 
planes by a third plane, they are parallel (?). So 
also he is parallel to BO, od to OD, etc. Hence, 
angle 6 = B, e = 0, etc (?), and the polygons are 
mutually equiangular. Again, ad : AB : : S6 : SB, 
and te : BO : : S5 : SB (r). Hence, ab \hci\ AB 
: BC (?). In like manner, we can show that he : 
6i2 :: BO : OD, etc Therefore, dbcdA and ABODE 
are mutually equiangular, and have their oorre^ 
spending sides proportional, and are consequently 
similar, q. b. d. 
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Slim Theorem. — If two pyramids of the same altitude are cut 
iy planes equally distant from and parallel to their bases, the section^ 

are to each other a>s the bases. 

Dbm.— Let S-ABO and S'-A'B'C'D'E' be 
two pyramids of the same altitude, cut by 
the planes abc and a'b'e'de^^ parallel to and 
at equal distances from their bases ; then is 
abe : oiVd^tl ; : ABO : A'B'O'D'E'. 

For, conceive the bases in the same 
plane. Let SP = S'P be the common alti- 
tude, and Sp = S'p' the distances of the 
cutting planes from the vertex. We have 




Fio. 806. 



ABC : abe :i AB : ab : : SP : Sp (?). 



:t Tr.'i 



Also, A'B'C'D'E' : a'6Vd'«' : : A'B'' : a'ft'" : : S'P : Sy (?). 
Whence, as SP = S'P, and Sp = S'p' (?), we have 

abe : afb'e'tFef : : ABC : A'B'C'D'E' (?). q. B. D. 

S12. Gob. — If the bases are equivalent, the sections are also 
equivalent* 



PBOPOsrnoN m. 

S13» Theorem. — The area of the lateral surface of a right 
pyramid is equal to the perimeter of the base multiplied by one-half 
the slant height. 

Deic— The faces of such a pyramid are equal isosceles triangles (f), whose 
common altitude Is the slant height of the pyramid (^ Hence, the area of 
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tbeK triangles is the piodactoF one-half theeUat height tato the sum of their 
bates. But this la Uie lateral sarbce of the pTramid. (See the third cat in 

S14. Cob. — Th« area of the laiereU surface of the 
fruatum of a right pyramid is equal to the product 
of ita alant height into halfthe sum of the perimeters 
of its bases. 

The etadent will be able to give the proof. It is based 
upon (SfIS) and definitions. 



PBOPOSinON IT. 

BIS, ITieorem. — The area of the convex surface of a cone of 
revolution {a right cone with a circular base) is equal to the product 
of the circumference of its base and one-half its slant height, i. e^ 
x-BH', B being the radius of the base, and H' the slant height. 

Dkm. — In the circle which fonns the base of the cone, conceive & regular 
polygon inscribed, as a&edt. Joining the verticee of the 
angles of this polygon with the vertex of the cone, there 
wUl be constructed a ri^t pyramid inscribed in the cone. 
Now, if the arcs snbtended by the sides of this polygon are 
bisected, and these agidn bisected, etc, and at ereiy atep 
a right pyramid conceived as inscribed, it will atieayt 
remain true that the lateral anr&ce of the pyramid is the 
perimeter of Its base into half Its slant height But, 
as the number of fkcea of the pyramid U Increased, 
the perimeter of the base ^proaches the circumference 
of the base of the cone, the slant height of the pyramid 
approaches the slant height of the cone, and the lateral fis. ne. 

sar&c« of the pyramid approaches the convex surface 
of the cone. Hence, at the limit we atlll have the same expression fbr the 
area of the convex snrftce, that la, the circumference of the base multiplied by 
half the slant height. Finally, If R is the radius of the base, its circnmfbrence 
is BrR, and H' being the slant hdght, we have fbr the area of the convex sur- 
face 9xR X iR\ or irRH'. 

S16. Cor. 1. — The area of the convex surface of a cone is also 
equal to the product of the slant height into the circumference of the 
circle parallel to the base, and midway between the base and vertex. 

This follows directly from the fiict that the radius of the circle midway 
between the base and vertex is one-hslf the raditis of the base, i. a., ^B, whence 
its circamference is xR. Now, xR x H' is the area of the convex sur&ce, by 
the propodtioa 
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S17m OoR, 2. — The area of the convex surface of the frtistum of a 
cone is equal to the product of its slant height into half the sum of 
the circumferences of its bases ; I e., ;r (R + r) H', B and r being 
the radii of its bases, and H' its slant height. 

From the coirespondiog property of the frustum of a pyramid, the student 
win be able to deduce the fact that i (2arR + 2jer) H', or «' (R + r) H', is the 
area of this surikce. 

S18. Cor, 3. — The area of the convex surface of the frustum of a 
cone is equal to the product of its slant height into the circumference 
of the circle midway between the bases. 

The radius of the circle midway between the bases is i (r + R), whence its 
circumference is « (r + R). Now, « (r + R) x H' is the area of the oonyez 
surfiice of the frustum, by the preceding oorollaiy . 



PBOPOSmON T. 

S19* Theorem. — Two pyramids having equivalent bases and 
the same altitudes are equivalent, i. e.^ equal in volume. 

Djzic— Let S-ABCD and S'-A'B'C'D'E' be two pyramids haying the same 

altitudes, and base ABCD equiyalent 
to base A'B'C'D'E', i, e., equal in area; 
then is pyramid S-ABCD equivalent 
to S'-A'B'C'D'E', i. 6,, equal in volume; 
For, conceiye the bases to be in the 
same plane, and a plane to start from 
coincidence with the plane of the 
bases, and moye toward the yertices, 
remaining all the time imrallel to the 
bases. At eyeiy stage of its progress 
the sections are eqcdyalent, and as the 
plane reaches both vertices at the 
same time, by reason of the common altitude, it is evident that the volumes are 
equal. 

Or, if desired, we may consider the two pyramids as divided into an equal 
number of infinitely thin lamina parallel to the bases. Each lamina in one i^as 
its corresponding equivalent lamina in the other ; hence the sum of all the 
lamina in one equals the sum of all the lamina in the other ; ». 6., the pyramids 
are equivalent. 




07 FTRAltlDS AND OONZS. 



FBOPOSmON TL 




520. Theorem. — The volume of a irianguiar pyramid is equal 
io one-third the product of its base and altitude. 

Dmc— Let S-ABC be a triangalu pTramid, 
ivhoae ftltitDde ia H* ; then Is the volume eqnal 
to i H X arta ABC. 

For, throtiKb A &nd B draw Aa snd Bb paral- 
lel to SC; and through S draw Sa and Sd 
t»nllel to CA and CB, and Join a and b; then 
Sofr-ABC is a prism with its bases equal to the 
Iwse of the pjramld. Now, the soUil added to 
the given pjramid 1b a quadrangular pyramid 
vith odBA as lis base, and lis vertex at S. Divide 
this Into two triangular p}mmida bf draw- 
ing aB and pascdng a plane through SB and 
oB. These triangular pjTamids are equiva- na. na 

lent, rince \hey have equal bases oAB and aiB 

and a common altitude, the vertices of both bebtg at S. Again, S-oiB mny be 
cooaidered as having o^ (equal to ABC) aa its base, and the altitude or tliefirat 
pjraroid (equal to the altitade of the priam) for its Utitade, and hence a> 
equivalent to the given pyramid. Therefore S-ABC is one third of the priam 
' Sa6-ABC. But the volume of the priam is H x area ABC. Therefoie the 
Tolnae of the pyramid S-ABC Is i H x arta ABC. q. b. d. 

521. CoH. 1. — The wlume of any pyramid is equal to on64hird 
the product of its base and altitude. 

Dbm.— Since any pyramid can be divided into trian- 
gular pyramids by paaslng planes through any one edge, 
as SE, and each of the other edges not w^acent, as SB and 
SC, the volume of the pyramid ia eqtial lo ihe atun of the 
volumes of several triangular pyramids having the same 
aldtude aa the given pyramid, and the eum of whose bases 
is the base of the given pyramid. Hence the truth of the 
ooroUaiy. 

522. Cor. 2. — Pyramids having equivalent bases 

are to each other as their altitudes ; such as have equal altitudes 
are to each other as their bases; and, in general, pyramids are 
to each other as the products of their bases and altitudes. 

• Not dntwn Id 11» txttr; lot It might coDtoM. 
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PEOPOsmos vn. 

S23m Theorem, — The volume of tlie frustvm of a trianguiar 
pyramid is equal to the volume of three pyramids of the same 
altitude as the frustum, and whose bases are the upper base, the lower 
base, and a mean proportional between the two bases of the frustum* 

Deh.— Let ofto-ABC be the fhistum of a triangu- 
lar pyramid. Through od and C pass a plane cuttiog 
ofT the pyramid C-aJbc This has for its base the 
upper base of the ihistom, and for its altitade the 
altitude of the frustum. Again, draw A&, and pass 
a plane through M and 5C, cutting off the pyramid 
6-ABC, which has the same altitude as the frustum, 
and for its base the lower base of the frustum. 
There now remains a thurd pjrramid, b-kCa, to be ex- 
amined. Through h draw M) parallel to oA, and 
draw DC and aD. The pyramid D-ACa is eqaiya- 
lent to b-kCa, since it has the same base and the 
same^altitude. But the former may be considered as 
haying ADC for its base, and the altitude of the frustum for its altlfude, i, e,j 
as pyramid a- ADC. We are now to show tliat ADC is a mean proportional 
between abo and ABC. 




Fie. 81S 



Also, 
whence 



ABC I abe :: AB : ab : : AB 
ABC : ADC :: AB : AD (?); 

: AB^ 



AO"(f). 



/ ABC : ADC :: AB : AD' (f). 

By equaUty of ratios, ABC : aboi: ABC* : ADC*; 

whence ADC* =: abc x ABC, i. 0., ADC is a mean proportional between the 
upper and lower bases of the frustum, 

S24. Cob. — The volume of the frustum of any pyramid is 
equal to the volume of three pyramids having the same altitude as 
the frustum, and for bases, the upper base, the lower base, and a 
mean proportional between the bases of the frustum. 

For, the frustum of any pyramid is equivalent to the corresponding frustum 
of a triangular pyramid of the same altitude and an equiyalent base (?); and 
the bases of the frustum of the triangular pyramid being both equiyalent to 
the corresponding bases of the given frustum, a mean proportional between 
the triangular bases is a mean proportional between their equivalents. 



PBOPOsmoN ym. 

S2S0 Theorem* — TTie volume of a cons of revolution is equal to 
on&'third the product of its base and altitude; L e., -^srB'H, B being 
the radius of the base and H the altitude. 
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Dbk.— Thh followB from Hie volume of a pjrramid, by a conrse of reafioning 
precisely the same as in {SIS). The yolame of a pyramid being equal to one- 
third the product of the base and altitude, and the cone being the limit of 
the pyramid, the Yolume of the cone is one-third the product of its base and 
altitude. Now, R being the radius of the base of a cone of revolution, the 
liaae (area of) is jtR*, whence i;rR*H is the volume, H being the altitude. 

526. Cos. 1. — The volume of any cone is eqtuil to one^third the 
product of its base and altitvde. 

527. Cob. 2. — The volume of the frustum of a cone is equal to 
the volume of three cones having the earns attitude as the frustum^ 
and for hoses, the upper iase, the lower base, and a mean propor- 
tional between the two bases of the frustum^ 

The truth of this appears from the fact that the frufltom of a cone is the 
limit of the frustum of a pyramid. 



PROPOSITION 

S28. Theorem* — The lateral surfaces of similar right pyrch 
mids are to each other as the squares of their homologous edges, their 
slant heights, and their altitudes ; i e., as the squares of any two 
homologous dimensions. 

Dssc.— Let A and a be homologous sides of the bases of two similar right 
pyramids, H' and h' their slant heights, H and h their altitudes, and P and p 
ti^e perimeters of their bases ; then — 

(1) P : p : : A : a, because the bases are similar polygons ; 

(2) A : a : : H* : A', because the fiices are similar trhmgles ; 

(3) H' : A' : : H : A (J). 
VThence, VtpiiB! ih'i 
Ind, as JH' : 4A' : : H' : A', 

touliiplyhig, we have JPx H' : Jjpx A' : : H'« : A'« : : A* : «•:: H« : h\ But 
\V X H' and j^p x A' are the areas of the lateral sur&ces. 



PBOPOSITION X. 

S29. Theorem, — The convex surfaces of similar cones of revo* 
lution are to each other as the squares of their slant heights, the radii 
of their bases, and their altitudes ; i e., as the squares of any two ho- 
mdogous dimensions* 

DBiC'Let H' and h' be the slant heights of two similar cones of revolution, 
R and r the radii of their bases, and H jand h their altitudes; thehr convex 
surihoeB are irRH' and nrh', Now,since thecones are shnilar R : r :: H' : A'. 
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Multiplying the terms of this proportion by the corresponding terms of rH' * 
ith'iiH!: h\ we have— 

Hence the conyez sur&ces are as the squares of the slant heights, and since 
R : r :: H' : A' : : H : A (?), R« : r" : : H'» : A** : : H» : A«; and consequently 
^RH' : lerh' : : R« : 7* :: H* : h\ 



PROPOSITION XL 

S30» Theorem* — The volumes of similar pyramids are to each 
other as the cubes of their homologous dimensions. 

Dbm. — Letting A and a be homologous sides of the bases of two similat 
pyramids, B and b their bases, and U and h their altitudes, the student should 
be able to give the reasons for the following proportions : 

B:6::A«:a«::H«:A". 
iH : iA : : A : a : : H : A. 
Whence iBH : i6A : ; A" : a* : : H» : A*, q. B. D. 



PROPOsmoN xn. 

S31. Theorem* — The volumes of similar cones are to each other 
as the cubes of their altitudes, or as tits cubes of the radii of their 
bases. 

Dbic R and r being the radii of their bases, and H and A their altitudes, 

R« : r» :: H« : A« (?), and R* : r» : : H* : A". 
Also, i^H : i^A : : H : A. 

Multiplyhig, ijrR'H : i)rr*A : : H« : A», or as R» : r». q. E. d. 



EXERCISEgL 

1. What is the area of the lateral surface of a right hexagonal 
pyramid whose base is inscribed Id a circle whose diameter is 20 feet, 
the altitude of the pyramid being 8 feet ? What is the Tolume of 
this pyramid ? 

2. What is the area of the lateral surface of a right pentagonal 
pyramid whose base is inscribed in a circle whose radius is 6 yards, 
the slant height of the pyramid being 10 yards ? What is the toI- 
nme of this pyramid F 

3. How many quarts will a can contain, whose entire height is 10 
inches, the body being a cylinder 6 inches in diameter and 6^ inches 
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high, and the top a cone ? How much tin does it take to make such 
a can, allowing nothing for waste and the seams ? 

4. If yery fine dry sand is piled npon a smooth horizontal surface, 
without any lateral support, the angle of slope {i. e,, the angle of 
inclination of the sloping side of the pile with the plane) is about 31°. 
Suppose two circles be drawn on the floor, one 4 feet in diameter and 
the other 3, and sand piles be made as large as possible on these cir- 
cles as bases, no other support being given. What is the relative 
magnitude of the piles ? 

5. In the case of sand piles, as given in the last example, the ratio 
of the radius of the base to the altitude of the pile is f . How many 
cubic feet in each of the above piles ? 

6. The frnstam of a right pyramid was 72 feet square at the lower 
base and 48 at the upper ; and its altitude was 60 feet What was 
the lateral surface ? What the volume P 



The student should furnish a synopsis op each section at 

ITS CLOSE. 



SECT/ON V. 

OP THE SPHERK* 



S32» A Sphere is a solid bounded by a surface every point in 
which is equally distant from a point within called the Centre. The 
distance from the centre to the surface is the RadiuSy and a line 
passing through the centre and limited by the surface is a Diameter. 
The diameter is equal to twice the radius. 



* a tplMrlctl lilMkbond is almott todfaptiirable tn teftchlag tUa Mctton, m w«n m la 
tfltcblng SpberlcftI Trigonometry. A sphere aboat % feet in dinmeter, moanted on a pedestal, 
and bartng Its rarlbce slated or painted as a blackboard. Is what is needed. It can be 6b> 
talned of the mannMfntaw of school apparatiu, or made in any good tarolag^shop. 



\ 
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CmCLES OF THE 8PHESE. 




PROPOSITION L 

S33. Theorem. — Every section of a sphere^ made by a plane, u 

a circle. 

Dem.— Let AFEBD be a section of a sphere 
yrhose centre k 0, mode by a plane ; then is it a 
circle. 

For, let foU ttom the centre a perpendicular 

|l^ upon tlie plane AFEBD, as OC, and draw CA, CO, 

CE, CB, etc., lines of the plane, from the foot of the 

perpendicular to any points in which the plane 

cuts the surface of the sphere. Join these points 

with the centre, 0, of the sphere. Now, OA, OD, 

OB, OE, etc., being radii, are equal ; whence, CA, 

CD, CB, CE, etc., are equal ; i. «., eyeiy point in the 

line of intersection of a plane and surface of a 

sphere is equally distant firomi a point in this plane. Hence, the intersection is 

a circle, q. b. d. 

S34* Def. — A circle made by a plane not passing throngh the 
centre is a Small Circle; one made by a plane passing through the 
centre is a Oreai Circle. 

S3S* Cor. 1. — A perpendicular from the centre of a sphercy upon 
any small circhj pierces the circle at its centre ; and, conversely, a 
perpendicular to a small circle at its centre passes through the centre 
of the sphere. 

536* Def. — ^A diameter perpendicular to any circle of a sphere 
is called the Axis of that circle. The extremities of the axis are 
the Poles of the circle. 

537 • CoR. 2. — The pole of a circle is equally distant from every 
point in its circumference. 

The student should be able to gire the reason. 

S38. CoR. 3. — Every circle of a sphere has two poles, tohieh, in 
case of a great circle, are equally distant from every point in the cir- 
cumference of the circle; but, in case of a small circle, one pole is 
nearer any point in the circumference than tJie other poh is. 
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S39. Cob. 4. — A small circle is less as its distance from the cen* 
tre of the sphere is greater. 

For, its diameter, being a chord of a great circle, is less as it is fiirther from 
tlie centre of the great circle, which is also the centre of the sphere. 

S40» Cob. 5. — AU great circles of the same sphere are equal, their 
radii being the radiua of the sphere. 



FROPOSmON IL 

Sdlm Thearefn. — Any great circle divides the sphere into two 
eqtMl parts called Hemisphenes, 

Deh. — Conceiye a sphere as divided by a great circle, t. 6., by a plane passing 
throDgh its centre, and let the great circle be considered as the base of each 
portion. These bases being equal, reverse one of the portions and conceiye 
its base placed in the base of the other, the convex surfaces being on the same 
side of the common base. Since the bases are equal circles, they will coincide, 
and since every point in the convex surface of each portion is equally distant 
from the centre of the common base, the convex surfaces will coincide. There- 
fore, the portions coincide throughout, and ai'e consequently equal (^ b. d. 



FBOPOsmoN m. 

S4:2* Theorem* — The intersection of any two great circles of a 
sphere is a diameter of the sphere, 

Dem.— The intersection of two planes is a straight line ; and in the case of 
the two great circles, as they both pass through the centre of the sphere, this is 
one point of their intersection. Hence, the intersection of two great circles of 
a uphere is a straight line which passes through the centre, q. e. d. 

S43. CoTL—The intersections on the surface of a sphere of two 
circumferences of great circle are a semi-drcumferencey or 180*, 
apart, since they are at opposite extremities of a diameter. 



DISTANCES ON THE SURFACE OF A SPHERE. 

S^» Distances on the surface of a sphere are always to be under- 
stood as measured on the arc of a great cirole, unless it is otherwise 
stated. 
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PROPOSmOTI IT. 

545, Theorem,. — The distances, measured on the mr/ace of a 
tphere,/r0m apole to all points in the circumference of a circle of 

which it is the pole, are equal 

Dbh.— Let P be a pole of tbo efniJl circle AEB ; 
then are the btcs PA, PE, PB, ete., which meuon 
the distBucsa on the surfmce of the sphere, from P 
to any points In the cireumleNDce of cinJ« AEB. 
equal. For, bj(S37). the straight Unee AP, PE, 
PB, etc, are equal, and these equal chords sabtend 
equal area, as arc PA, arc PE, arc PB, etc, the gnat 
circles of nhidi theae Imes are chords and area 
being equal (540). Thus, for lihe reaaona, ar.S 
Flo. m. P'QA = arc P'LE = arc P- RE, etc 

546, Cob. — The distance from the pole of a great circle to any 
point in the circumference of the circle is a quadrant {a quarter of a 
circumference). 

Since the poles are 180° apart (being the extremities of a diameter), PAQP' = 
PELP* = a semiclrcumference. But, in case of a great circle, chord PL = chord 
P-L (= chord PQ = chord PQ), whence arc PEL = arc PX = arc PAQ = arc 
PQ. Hence, each of these arcs la a quadrant 

B47> ScH.— By means of the facts demonstrated In 
this proposition and corollarf, we are enabled to draw 
arcs of small andgreatcircles, in the surface of a sphere, 
with Dearly the same facility as we draw arcs and 
lines in a plane. Thus, to draw the small circle AEB, 
we take an arc equal to PE, aad placing one end of it 
at P, cause a pencil held at the other end to trace the 
arc AEB, etc. To describe the drcumference of agreat 
circle, a quadrant most be used for the arc. By bend- 
ing a wire into an arc of the circle, and making a lot^ 
in each end, a wooden pin can be put through one loop and a crayon throu|^ 
the other, and an arc drawn as represented in the figure. 



FBorosrnoN r. 

S48. :Problent*~To pass a circumference of a great cireb 
through any two points on the surface of a sphere. 
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SoiiUnoN. — ^Let A and B be two points on the sur- 
fiice of a sphere, through which it is proposed to pass a 
circumference of a great circle. From B as a pole, with 
sui arc equal to a quadrant, strike an arc on, as nearly 
ip?here the pole of tne circle passing through A and B 
lies, as may be determined by inspection. Then, ftom 
A, with the same arc, strike an arc st intersecting on at 
F. Now, P is the pole of the great circle passing through 
A and B. Hence, from P as a pole, with a quadrant arc 
draw a circle ; it will pass through A and B, and will Fie- 8i8- 

1>e a great circle, since its ])ole is a quadrant's distance 
lh>m its circumference. [The student should make the construction on the 
spherical blackboard.] 

S49» Cor. 1. — Through any two points on the su¥face of a sphere^ 
one great circled can always be made to pasSy and only one^ except 
when the two points are at the extr&tnities of the same diameter ^ in 
which case an infinite numher of great circles can he passed through 
the two points. 

Since the arcs on and st are arcs of great circles, the circumferences of which 
they form parts will intersect also on the opposite side of the sphere, at a dis- 
tance of a semicircumference from P. But these two points are poles of the 
$am6 great circle. Now, as the two great circles can intersect at no other points, 
there can be only one great circle passed through A and B. But if the two 
giyen points were at the extremities of the same diameter, as at D and C, the 
arcs $t and on would coincide, and any point in this circumference being taken 
as a pole, great circles can be drawn through D and C. [The student should 
trace the work on the spherical blackboard.] 

550» BcB.— The trtith of the corollary is also evident from the fact that 
three points not in the same straight line determine the position of a plane. 
Thus A, B, and the centre of the sphere, fix the position of one, and only one, 
great circle passing through A and B. Moreoyer, if the two given points are at 
the extremities of the same diameter, they are in the same straight line 
with the centre of the sphere, whence an infinite number of planes can be 
passed through them and the centre. The meridians on the earth's surfkce af- 
ford an example, the poles (of the equator) being the given points. 

SSI. Cob. 2. — If two points i7i the circumference of a great circle 
of a sphere, not at the extremities of the same diameter, are at a 
quadranfs distance from a point on the surface, that point is the 
pole of the circle. 

* The word circle may be nnderetood to refer either to the circle proper, or to itn dr- 
cnmference. The word Ln in constant ase hi the higher mathematics, In the latter sense. 
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Fie. 817. 



PROPOSITION TL 

552. Theorem. — The shortest dietatice on the surface of a 
sphere^ between any two points in that surface, is measured on the are 
less than a semicircumference of the great circle which joins them, 

Dsic—Let A and B be any two points in tlie anr- 
face of a sphere, AB the arc of a great circle Joining 
them, and AmCnB any other path in the surface be- 
tween A and B ; then is arc AB less than AmCnB. 

Let C be any point in AmCnB, and pass the arcs of 
great circles through A and C, and B and C. Join A» 
B, and C with the centre of the sphere. The anj^les 
AOB, AOC, and COB form the facial angles of a trie- 
dral, of which angles the arcs AB, AC, and CB arc the 
measures. Now, angle AOB < AOC + COB {43^}; 
whence arc AB < arc AC + arc CB, and the path, from 
A to B is less on arc AB than on arcs AC, CB. In like manner, joining any pomt 
in AfT^C with A and C by arcs of great circles, their sum would be greater than. 
AC. So, also. Joining any point in CnB with C and B, the sum of the arcs 
would be greater than CB. As this process is indefinitely repeated, the path 
fk'om A to B on the arcs of the great circles will continually increase, and also 
continually approximate the path AimCnB. Hence, arc AB is less than the 
path AmCnB, q, b. d. 

553. Cor. — The least arc of a circle of a sphere joining any 

two points in the surface, is the arc less than 
a seinicircumference of the great circle pass^ 
ing through the points ; and the greatest are 
is the circumference minus this least arc 

Deh. — Let AmBn be any small circle passing^ 
through A and B, and ABDoC the great circle. As 
shown aboye, ApB < AmB. Now, circumference 
ABDoC > circumference kmBn{539\ Subtracting 
the former inequality fh)m the latter, we hays 
BOoCk > BnK q. b. d. 




FiQ. 81& 



PROPOSITION TIL 

SS4* Theorem. — The shortest path on the surface of a hemi- 
sphere, from any point therein to the circumference of the great circU 
foi-ming its base, is the arc less than a quadrant of a great circle per- 
pendicular to the base, and the longest path, on any arc of a great 
circle, is the supplement of this shortest path. 



SPHBBICAL ASQISa. 
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Fig. aiO. 



Deic. — Let P be a point in the surface of tlie Iiemi- 
spbere whose base is ACBC, and DPmD' an arc of a 
Sjeat circle passing through P and perpendicidar to 
ADCBC ; then is PO the shortest path on the surface 
firom P to circumference AOBC, and Pmty is the 
longest path from P to the circumference, measured 
on the arc of a great circle. 

For, the shortest path from P to any point in cir- 
cumference AOBC is measured on the arc of a great 
circle (S52). Now, let PC be any oblique arc of a 
great circle. We will show that arc PD < arc PC. Pro- 
duce PD until DP' = PD ; and pass a great circle through P and C. Draw the 
radii OP, OD, DC, and OP. The triedrals 0-PDC and 0-PDC have the facial angle 
POD = P'OD, they being measured by equal arcs, and the fkcial angle DOC com- 
mon. Hence, as the included diedrals are equal, both being right, the triedrals are 
eqnal or symmetrical (446), In this case they are symmetrical, and the facial 
angle POC = POC ; whence the arc PC = arc PC. Finally, since PC + PC > 
PP, PC, the half of PC + PC, is greater than PD, the half of PP. 

Secondly, PmD* is the supplement of PD, and we are to show that it is greater 
than any other arc of a great circle from P to the circumference ADBC. Let 
PnC be any arc of a great circle oblique to ADCBC. Produce C'nP to d Now 
CPnC is a seniicircumference and consequently equal to DPmD'. But we have 
before shown that PD < PC, and subtracting these from the equals CPnC and 
DPmD', we have PmD' > PnC. 

SSS* Cor. — From any point in the surface of a hemisphere there 
are two perpendictilars to the circumference of the great circle which 
forms the base of the hemisphere; one of which perpendiculars 
measures the least distance to that circumference, and the other the 
greatest y on the arc of any great circle of the sphere. 

Thus PD and PmO' are two perpendiculars from P upon the circumference 
ADBC 



SPHERICAL 15 GLES. 

S66m The angle formed by two arcs of 
circles of a sphere is conceived as the same 
as the angle included by the tangents to 
the arcs at the common point 

III.— Let AB and AC bo two arcs of circles of 
the sphere, meeting at A ; then the angle BAC is 
conceiyed as the same as the angle B'AC, B'A 
being tangent to the chrcle BAOm, and C'A to the 
circle CACn. 




Fig. 990. 
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Fie. 821. 



6S7. A Spherical Angle is the 

angle included by two arcs oi great circles^ 

III. — BAC, Pig, 8dl, is a spherical angle, and is 
conoeiyed as the same as the angle B'AC, B'A and 
C'A being tangents to the great drdee BADF and 
CAEF. [The student should not confound sach 
angle as BAG, Fig, 820, 'with a epfmieal angieJ\ 




Fio. 823. 



PROPOSITION Tm. 

558. Theorem. — A spherical angle is equal to the measure of 
the diedral included by the great circles whose arcs form the sides of 
the angle, 

Dem.— Let BAG be any spherical aogley and 
6A0F and GAEF the great circles whose ares BA 
and GA include the angle ; then is BAG equal to 
the measure of the diedral G-AF-B. For, since two 
great circles intersect in a diameter {542), AF is 
a diameter. Now B'A is a tangent to the <»rcle 
BADF, that is, it lies in the same plane and is per- 
pendicular to AO at A. In like manner G'A lies 
in the plane GAEF and is perpendicular to AO. 
Hence 6' AG' is the measure of the diedral G-AF-B 
{428). Therefore the spherical angle BAG, -which is the same as the plane uigle 
B'AG', is equal to the measure of the diedral G-AF-B- <^ b. d. 

559. OoR. 1. — If one of two great circles passes through (he pole 
of the other, their circumferences intersect at right angles, 

Dem. — Thus, P being the pole of the great drdc 
GABm, PC is its axis, and any plane passing through 
PC is perpendicular to the plane GABm (42 T). 
Hence, the diedral B-AG-P is right, and the spheri- 
cal angle PAB, which is equal to the measure of the 
diedral, is also right. 

560. Cob. 2. — A spherical angle is meas-- 

ured by the arc of a great oirde intercepted 

Via. 838. between its sides, and at a quadranfs dia^ 

tancefrofn its vertex. 

Thus, the spherical angle GPA is measured by GA, PG and PA being quad- 
rants. For, shicc PG is a quadrant, GO is perpendicular to PC, the edge of the 
diedral G-PO-A, and for a like reason AO is perpendicular to PO. Hence, GOA 
is the measure of the diedral, and consequently GA, its measure, is the measure 
of the spherical angle GPA. 




8PHEBI0AL ANGLES. 



217 



SGlm Cob. 3. — The angle included by two arcs of S9}iaU circles is 
the same as the angle included by two ares of great circles passing 
through the vertex and having the same tangents. 

Thus BAC = B"AC". For the angle BAC is, by 
definition, the Bame as B'AC, B'A and C'A behig 
tangfsnts to BA and CA. Now, passing planes 
tbn>ugli C'A, B'A, and the centre of the sphere, 
we have the arcs B"A, CA, and B'A, C'A tangents 
U> U&em. Hence, B'^AC" is the same as B'AC, and 
consequently the same as BAC. 

i%Sfd. ScH. — To draw an are of a great eirde 
tehieh ehail he perpendieular to another; or, what Fie. 894. 

ie the earns things to eonstruet a right spherical angle. Let it be required to erect 
an arc of a great circle perpendicular to CAB at A, Fig, 828. Lay off from A, on 
the arc CAB, a quadrant's distance, as AP', and from P as a pole, with a quad- 
rant describe an arc passing through A. This will be the perpendicular required. 
In a similar manner we may let fall a perpendicular from any point in the 
sarfaoe, upon any are of a grsflt eirole. To let fall a perpendicular from P" upon 
the arc CAB, from P" as a pole, with a quadrant describe an arc cutting CAB, 
as at P'. Then from P' as a pole, with a quadrant describe an arc passing 
through P" and cutting CAB, and it will be perpendicular to CAB. [The stu- 
dent should have practice in making these constructions on the sphere.] 




-// 



PROPOSITION 

SOSm Problenu — To pass the circumference of a small circle 
through any three points on the surface of a sphere. 

BoiiUnoK.— Let A, B, and C be the three points in the surface of the sphere 
thiDUgh which we propose to pass the circumference of 
a circle. Pass arcs of groat circles through the points, 
forming the spherical triangle ABC. Thus, to pass an 
arc of a great circle through B and C, from B as a pole, 
with a quadrant strike an arc as near as may be to the 
pole of the required circle ; and from C as a pole, with 
the quadrant strike an arc intenecting the former, as at 
P ; then is P the pole of a great circle passing through 
B and C (?). Hence, from P as a pole, with a quadrant 
pass an arc through B and C, and it will be the arc re- Fig. 825. 

quired {fi51). In like manner pass arcs through A and 
C, A and B. Now, bisect two of these arcs, as BC and AC, by arcs of great 
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drclM perpendicular to Bach. [The Btndent will readily percdTe haw this Is 
dooe.] The intereectiou of these perpendiculars, o, will be the pole of the«mall 
circle required (?). Then from i7, as a pole, with an arc oB draw the clicnin- 
ference of a email circle ; it will paaa through A, B, and C (T), and hence ia the 
circumference required. 



OF TAHOENT PLANES. 

S64, A Tangent -Plane to a curved surface at a given point 
is the plane of two lines respectively tangent to two plane sectioiiB 
through the point 

III.— Let P he a point in the curved 
Rurhce at which we wish a tangent 
plane. Pass any two planea through 
the surface and the point P.andlctOPQ 
and MPN represent the intersections of 
these planes with the curved aurface. 
Draw UV and ST in tlie planee of the 
sections, and tangent to OPQ and MPN, 
Fm. ns. at P. Then is the plane of UV and ST 

the tangent plane at P. 



PROPOSITION X. 
S65. "JJieorem. — A tangent plane to a sphere is perpendicular 
to the radius at the point oftangmcy. 

Deu. — Let Pbe any point In the surftce 
of a sphere ; pars two great circles, as PoA, 
etc., and PmAR, through P, and draw ST 
tauKCnt to the arc mP, and UV tangent to the 
arc aP ; tbeu is the plane 5VTU a tangent 
plane at P, and perpendicular to the radiut { 

OP. For, a tangent (aa ST) to the arc mP li 
perpendicular to the radim of the circle, i'.a. 
to OP, and also a tangent (as VU) to the arc oP 
is perpendicular to the radlua of tUr circle. 
i. »., to OP- Hence, OP ie perpendicular to 
two lines of the plane SVTU. and conM- 
F». >n. qnently to the plane of these linea (f> 

<t.B.I>. 

SGBt Cob. 1. — Every point iti a tangent plane to a sphere, except 
the point of tangency, is without the sphere. 
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For, OP, the perpendicular, is shorter than any line which can be drawn 
from O to any other point in the plane (?), hence any other point in the plane 
than P lies farther from the centre of the sphere than the length of the radius, 
and is, therefore, without the sphere. 

S67m Gob. 2. — ^A tangent through p to akt circle of the sphere 
passing through this point, lies in the tangent plane. 

Dksc— Thus MN, tangent to the small circle PnHb through P, lies in the 
tangent plane. For, conceive the plane of the small circle extended till it in- 
tersects the tangent plane. This intersection is tangent to the small circle, 
i^ce it touches it at one point, but cannot cut it ; otherwise the tangent plane 
would haye another point than P common with the surface of the sphere. But 
there can be only one tangent to a circle at a given point Hence this intersec- 
tion is MN, which is consequently in the tangent plane. 



OF SPHERICAL TRIANGLES. 

568. A Spherical Triangle is a portion of the snrface of a 
sphere bounded by three arcs of great circles. In the present treatise 
these arcs will be considered as each less than a semicircnmfer- 
ence. 

The terms scalene, isosceles, equilateral, right angled, and oblique 
angled, are applied to spherical . triangles in the same manner as to 
plane triangles. 



PROPOSITION XL 

669. Theorem.— The sum of any two sides of a spherical tri- 
angle is greater than the third side, and their difference is less than 
the third side. 

Dem.— Let ABC be any spherical triangle; then is 
BC < BA + AC, and BC - AC < BA; and the same is 
true of the sides in any order. For, join the vertices A, 
B, and C, with the centre of the sphere, by drawing AO, 
BO, and CO. There is thus formed a triedral 0-ABC, 
whose fecial angles are measured by the sides of 
the triangle (208). Now, angle BOC < BOA + AOC 
(434), whence BC < BA + AC : and subtracting AC 
from lK)th members, we have 6C — AC < BA. Fie. sss. 
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PROPOSmON UL 

S70, Uieorem. — The sum of the sides of a spherical triangle 
may he anything between and a nrcumference. 

Deh.— The sides of a spherical triimgle are measures of the fiudal angles of a 
triedral whose vertex is at the eOatre of the sphere. Hence their sum may be 
anything between and the measure of 4 right angles, as these are the limits 
of the sum of the facial angles of a triedral (43^. 

57 !• ScH. — As the sides of a spherical triangle are arcs, they can be meas- 
ured in dagrees. Hence, we speak of the side of a spherical triangle as 80*, 
57^, 1x5* 10', etc In accordance with this, we say that the limit of the sum of 
oLe sides of a spherical triangle is 300*". 



PROPOSITION xm. 

572. Theorem* — The sum of the angles of a spherical triangle 
may be anything between two and six right angles. 

Dbm. — The sum of the angles of a spherical triangle is the same as the sum 
of the measures of the diedrals of a triedral having its vertex at the oentre of 
the sphere, as in (569), Now the limits of the sum of the measures of these 
diedrals are 2 and 6 right angles {439). Hence the sum of the angles of any 
spherical triangle may be anything between 2 and 6 right angles, q. b. d. 

573. 8cH. — ^It will be observed, that the sum of the angles of a spherical 
triangle is not constant, as is the sum of the angles of a plane triangle. Thus, 
the sum of the angles of a spherical triangle may be 200% 290% 860*, 500% any- 
thing between 180° and 540*. 

574:. Def. — Spherical Excess is the amount by which the 
sum of the angles of a spherical triangle exceeds the sum of the 
angles of a plane triangle ; i. «^ it is the sum of the spherical angles 
-180% or n. 

III. — It is not difficult to observe the occasion of this exeen in the case of tbe 
equilateral spherical triangle. Thus,let ABC be such a triangle. Conceive the plane 

triangle formed by the chords A6, AC, and CB. 
The sum of the angles of this plane triangle is 
180*. But each angle of the spherical triangle / 
Is larger than tbe corresponding angle of the 
plane triangle. Thus, the splierical angle BAG is 
the same as the plane angle C'A6% included be- 
tween the tangents C'A and B'A, which are per- 
pendicular to the edge of thediedral C-AO-B,and 
Fm. 899. include its measuring angle. Now, CA and BA 
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being different liner Ihwd C'A and B'A are oblique to the edge AO, and in- 
clnde an angle leu than its meaaure, and consequently less than CAB. For 
a like reason the plane angle ACS < the spherical angle ACS, and plane angle 
ABC < spherical angle ABC. Moreover, it is easy to see that the inequality 
between any plane angle and the corresponding spherical angle increases as the 
chorda BA and CA deviate more ih>m the tangents. Whence we see why the 
sum of the angles of the spherical triangle is not a fixed quantity. 

575. Cor. — A spherical triangle may have one, two, or even three 
right angles; andy in factf it may have one, two, or three obtuse 
angles ; since, in the latter case„ the sum of the angles will not neces- 
sarily be greater than 540°. 

576. Bn.—A THredangfdar Spherical Triangle is 

a fiplierical triangle which has three right angles. 



PROPOSITION XIT. 

S77» Theoremo — Hie trirectangular triangle is one-eighth of 
the gurface of a sphere. 

Dkm. — ^Pass three planes through the centre of a sphere, respectively per- 
pendienlar to each other. They will divide the 
surface into 8 trirectangular triangles, any one of 
which may be applied to any other. Thus, let 
ABA'B\ ACA'C, and CBC'B' be the great circles 
finmed by the three planes, mutually perpendicu- 
lar to each other. The planes being perpendicular 
to each other the diedrals, as A-CO-B, C-BO- A^ 
C-AO-6, etc., are right, and lK.nce the angles of 
the 8 triangles formed are all right. Also, as AOB 
18 a right angle, AB is a quadrant; as BOC is a 
right angle, CB is a quadrant, etc. Hence, each 
ride of every triangle is a quadrant. Now any one triangle may be applied to 
any other. [Let the student make the application.] Hence the trirectangular 
triangle is one-eighth of the surface of a sphere, q. b. d. 

S78. CoE.— 7%« trirectangular triangle is equilateral and its 
sides are qtiadrants. 




PROPOSmOlf XT. 

379» Theorem. — In an isosceles spherical triangle the angles 
opposite the equal sides are equal; and, conversely, If two angles of 
a spherical triangle are equal, the triangle is isosceles. 
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Dbm. — ^Let ABC be an isoBceles spherical triangle in which AB = AC ; then 

angle ABC = ACB. For, draw the radii AO, CO, and 
BO, formmg the edges of the triedral' O-ABC. Now, 
since AB = AC, the facial angles AOC and AOB are 
eqnal, and the triedral is isosceles. Hence the die- 
drals A-OB-C and A-OC>B are equal (442), and con- 
sequently the spherical angles ABC and ACB are 
equal {558). Again, if angle ABC = angle ACB, side 
AC = side AB. For in the triedral 0-ABC, the die- 
drals A-OB-C and A -OC-B are equal, whence the &(jal 
angles AOB and AOC are equal (443), and conse- 
quently the sides AB and AC which measure these angles. 




Fio. 881. 



S80* Cor. — An equilateral spherical triangle is also equiangular ; 
and, conversely, 1/ the angles of a spherical triangle are equal the 
triangle is equilateral. 



PROPOSITION XTL 

681. Theorem. — On the same or on equal spheres two isosceles 
triangles having two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each, can be 
superimposed, and are consequently equal 

Dbh.— In the triangles ABC and AB'C, let AB = AC, AB' = AC; and let 

AB = AB', BC = B'C and angle ABC = AB'C ; then 
can the triangle AB'C be superimposed upon ABC 
For, since the triangles are isosceles, we have angle ABC 
= ACB, AB'C = ACB', and, as by hypothesis ABC = 
AB'C, these four angles are equal each to each. For a 
like reason AB = AC = AB' = AC Now, applying 
AC to its equal AB, the extremity A at A and C at B, 
with the angle B' on the same side of AB as C, the con- 
vexities of the arcs AC and AB being the same, and in 
the same direction, the arcs will coincide. Then, as 
angle ACB' = ABC, CB' will take the direction BC, and since these arcs are 
equal by hypothesis, B' will fall at C. Hence B'A will taXl in CA, as only one 
arc of a great circle can pass between C and A, and the triangle AB'C is super- 
imposed upon ABC; wherefore they are equal. [Let the student give the 
application when other parts are assumed equal.] 




Fie. 888. 



S82. Symmetrical Spherical Triangles are such as 
have the parfcs (sides and angles) of the one respeetivelj equal to the 
parts of the other^ but arranged in a different order^ so that the tri- 
angles are not capable of superposition. ^' 
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Ti.T. —In ftg. 838, ABC »nd A'B'C represent Bymmetricsl spherical tri- 
angles. In these triangles A = A', B = B', C = C, 
AC = A'C, AB = A'B'. and BC = B'C ; neTerthe- 
leae we cannot concave one triangle superimposed 
upon the other. Thns, were we to make the at' 
tempt b;^ pladng A'B' in its equal AB, A' at A, and 
B' at B, the angle C would Ml od the oppoeile side 
of AB from C. Now, wo cannot revolve AC'B' on 
AB (or its chord), and thus make the two coincide, 
for this would hring their convexities together. 
Norcan we make them coincide by reverBing A'B'C, Fia. 333. 

and placing B' at A, and A' at B. For, altbongh 
these two area will thus coincide, as the angle B* is 
not equal to A, B'C will not foil in AC ; and, again, 
if it did, C would not fall at C, since B'C and AC are 

But, considering the triangles ABC and A'B'C in 
J^. 884, in which A = A', B = B', C = C. AC = 
A'C, AS = A'B', and .BC = B'C, we can readily 
conceive the latter as superimposed upon the former. 
[The student should make the appllcaUon.] Now, ^'e- 3H. 

the two triangles are equal En each case, as will 
•nbsequenilyappesrofthe foimer. Such triangles as 
those in Mg. 833 are called tyminetrieoiXy equal, while 
the latter are said to be equal bj impeiT>o$ilio7i. 

F^. S85 represents the same triangles as Fig. 381, 
and exhibits a complete projectlou* of the semicir- 
cnufereDces of which the sides of the triangles are 
arcs. The student should become perfectly fomitiar 
with it, and be able to draw it readily. Thns, aABb 
Is the projection of the semlclrcumference of which Fm. M>. 

ABisanarCjOACeof thesemlcircumferenceofwbich AClaanarc, etc., etc 



PBOPOSmON XTIL 
S83. Theorem. — Symmeirical spherical triangUa are equiva- 
knl. 

* To ODdenUDd whit I* mcaot I>t the proiectkra of Iheas lines, eoncRivs a tiemlapheT* , 
vIlhlKbSHoa ttaspapu, udnprvvuiled bf the circle u)c, and all the uu ralud up ftom tin 
paper u tbej woald be on the inT&ce of inch a hemliphere. Ttiaa, coDatderinK the ircoABft, 
the endr a anil b woold b« In the paper Jn't wtaere Ibey are, bat the reft or the arc would be 
otrthe paper, ai Ihongth foa coold lake bold ot B and ralae It from the paper while a andi 
Tcmaln Died. Th« llnei In the flpire are npresentatlone of line* on the tnrlbce ot each a 
bemlf phere. a< they would appear lo an «;< aitaaled la itae ail* ot the circle abc, and at an 
iDdDlle dliUnce from It; thai ie, jnit aa If each point In the Hon iropptd pajunitltiilarlf 
down upon the paper. Are* of gitM elide* perpendlcnUr Ic the baae are projected In (tnlgfat 
linn parniiiK lbmn);h the centre, aud abllqua arc* are projucted laelllpie*. Sea ^lAirieal 

rTKor-roff). 




Fis.no. 
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Dbm.— Let ABC and A'8'C' be two BjnimetricAl spbeiical triuigleB, with A8 
= AB', AC = A'C. BC = B'C, A = A', B = B', and C = C ; Uieii are they 
equlraleDL 

For, pass ciicuDofereiices of small circles througb Um 
rerticea A. B, C and A', B', C, v- die and a'6V, of wbkji 
a and o' are the pole*. {The student shonld execate (taia 
1 tbe gpbeiical blackboard.] Now, by reason of tiis 
I mutual equality of tlie sides, tbe cAori AC = eiord A'C, 
chord AB = o/ierd KB', and eiord BC — eAMd B'C, and 
as tbe small circles are drcumacribed about tbe eqmd 
plane triangles ABC »ad A'B'C, tbese urcles are eqnal. 
Hence, oA = o'A' = oB = c/B* = aC = rfC. The tri- 
angle AoB is therefore equal la AVB*, BoC = B'o'C'.and 
AoC = AVC )Tbe student should malce the ^pUcati(»i of these equal tri- 
angles.] Hence, ABC Is equivalent to A'B'C, as the two are composed of eqn&I 
parts. 

If the poles of the small drelei fell withont the given triangke, ABC woold 
be eqnlT^ent lo the nw of two of the partial triancles minns the third. 



PBOPOSmOS XYUL. 
/t84. Theorem,. — On tlie same or equal spheres, two sphericat 
triangles having two sides and ike included angle 
of the one equal to two sides and the included 
angle of the otlier, each lo each, are equai, or eym^ 
metrical and equivalent, 

Dku.— Let ABC and A'B'C, Fig. 887, be two spherical 
triangles having AB = A'B', AC = A'C, and A = A'. In 
this case,as the partB ore similarlj ansnged, by placing AC 
- in its equal A'C, AB will fall in its equal A'B' (as A = A"), 

■ and thetwotrlanglesnill coincide. Hence, tbejareequnL 

Again, let the two Iriangleg bo ABC and A'B'C, FSff. 888, 
in which AB = A'W, AC = A'C, and A = A', the parts 
not bdng similarly arranged, so that the triangles ara 
incapable of superposition. Thus, if AB is placed in Its 
equal A'B', A at A', and B at B', C and C will All on 
I oppMtb sides of AB. WaiDay,hnwever,eonBtnict ABC, 
Plff. 887, sTmmelrical with A'B'C in this figure, and ap- 
ply ABC of Fig. 888 to it, and find that they colndde. 
Now, ABC, FSg. 837, and A'B'C, Fig. 888, are equivalent 
tn. m. lSS:i)i hence ABC, ^. 88S,is equivalent lo A'B'C, 

^.888. 

58S. ScH.— This proportion It vlrtnally the same as {*4S) concerning trie- 
drals. Thus, in FVg. 887, drawing the radii AO, BO, CO, A'O, B'C, and CO, two 
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triedrals are formed, having the facial angle AOB =r A'OB , AOC xz A'OC, 
the included diedrals equal, and the parts similarly disposed, whence the trie- 
drals are equal In like manner the triedral 0-ABC, Fig. 888, is symmetrical 
and equivalent to O-A'B'C, Fig, 888. Hence, in either case, all the parts of 
one spherical triangle are equal to all the parts of the other, each to each. 



PROPOSITION XDL 

S860 Theorem. — On the same, or on equal spheres, two spher^ 
eal triangles having two angles and the included side of the one equal 
to two angles and the ificluded side of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dbil — Using the same triangles as in the preceding proposition, the student 
Bhoold be able to make the application directly, when the parts are similarly 
disposed ; and when not similarly disposed, he should be able to show that 
ABC, of Fig. 888, can be applied to ABC, Fig. 887, symmetrical with A'B'C, 
F^. 838. 

687 • ScH.— This proposition is also virtually the same as (447) concerning 
triedrals. Let the student point out the identity. 



PROPOSITION XX. 

If 88. Theorem. — On the same, or on equal spheres, if two 
spherical triangles have two sides of the one equal to two sides of 
the other, each to each, and the included angles unequal, the third 
sides are unequal, and the greater third side belongs to the triangle 
liaving the greater included angle. Conversely, If the two sides are 
equal, each to each, and the third sides unequal, the angles included* 
by the equal sides are unequal, and tlie greater belongs to the triangle 
having the greater third side. 

Deh.— In the triangles ABC and A'B'C, let AB = A'B', 
AC = A'C, and A > A' ; then is BC > B'C. For, Join the 
vertices with the centre, forming the two triedrals 0-ABC 
and O-A'B'C. In these triedrals AOB = A'OB', AOC 
= A'OC, being measured by equal arcs ; and C-AO*B 
> C'-A'O-B', having the same measures as A and A' (558). 
Hence COB > COW (449). Therefore CB, the measure 
of COB, is greater than CB', the measure of COB'. 

In like manner, the same sides of the triangles, and con- Fie. 889. 

teqnently the same ihcial angles of the triedrals, being granted equal, and 

15 
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BC > B'C, A > A'. For, BC being greater than B'C, COB > COB* ; whence 
B-ACK: > B'-A'O.C' (450), oi^ A is greater than A'. 



PBOPasrrioN xxl 

S89* Theorem. — On the samey or on equal spheres^ two spin 
cat triangles having the sides of the one respectively equal to the sides 
of ilie other, or the anglss of the one respectively equal to the angles 
of the other, are equal, or symmetrical and equivalent. 

I>E]ff.~The sides of the triangles being equal, the fkcial angles of the ttfedrals 
8t the centre are eqaal, whence the triedrals are equal or ssnmnetrical (4A1\, 
Gonseqnently the angles of the triangles are equal, and the triangles are equal* 
or symmetrical and equiyalent 

Again, the triangles being mutually equiangular, the triedrals have their 
diedrals mutually equal ; whence the triedrals are equal or symmetrical (#tf^ 
Therefore, the sides of the triangles are mutually equal, and the trianglea 
equal, or symmetrical and equiyalent (See Figs, 888, 881) 



PROPOSITION XXEL 

590. TTieorem. — On spheres of different radii, mutuaXly equi- 
angular triangles are similar (not equal). 

Dbm. — Let be the common centre of two un- 
equal spheres ; and let ABC be a spherical triangle 
on the surfoce of the outer. Draw the radii AO, BO, 
and CO, constructing the triedral 0-ABC. Now, 
the intersections of these faces with the sor&ee of 
the inner sphere will constitute a triangle which is 
mutually equiangular with ABC. Thus, A = a, 
B = 6, and C = «, since in each case the correspon- 
ding diedrals are the same. From the similar sec- 
tors a06, AOB, we hare ab i kS xz aO : AO; aad, 
Fie. 840. in like manner, o^ : AC : : aO : AO. Whence, eb : 

AB : : 6m; : AC. So, also, ab : AB : : M) : BO, and 
heiBC'.i M) : BO ; whence, ab ikB i: be\ BC. Thus we see that ABC and 
ubc, haying their angles equal each to each, haye also their sides proportional: 
therefore they are shnHar. 




POLAB OB SUPPLEMENTAL TBIA1I6LBS. 

59 1. One triangle is polar to another when the yertices of one 
are the poles of the sides of the other. Such triangles are also 
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called supplementdly since the angles of one are the sapplementa of 
the sides opposite in the other^ as will appear hereafter. 



PROPOSITION XXnL 

S92. JProbtem. — Hamng a apherieal 
triangle given, to draw its polar. 

^LTTnoN.—LetABC be the jriyen triangle.* Fr<Hn 
A as a pole, with a quadrant strike an arc, as C'B'. 
From B as a pole, wiUi a qnadrant strike the arc 
C'A' ; and from 0, the arc A3'. Then is A'B'C 
p<^iar to ABC. 

S930 Cob. — If one triangle is polar to 
another^ conversely, the latter is polar to the 
former; I e., tJ^ relation is reciprocal 




Fie. sa. 



Thus, A'B'C being polar to ABC ; reciprocally, ABC is polar to A'B'C ; that 
is, A' IB the pole of CB, B' of AC, and C of AB. For eyeiy pont m A'B' is 
at a quadrant's distance from C, and eyery point in A'C is at a quadrant's dis- 
tance from B. Hence, A' is at a quadrant's distance from the two pmats C and 
B of CB, and is therefore its pole. [In like manner the student fdiould show 
«hat B' is the pole of AC, and C of AB.] 

S94» ScH. — ^By producing each of the arcs 

struck from the vertipes of the given triangles 

0iiiBoiently,/i?tfr new triangles will be formed, vie., 

A'B'C^ QC'B', PC'A', aad RA'B'. Only the first 

<tf fliese is called polar to the given triangla 

It is easy to observe the relation of any of the 

parts of any one of the other three triangles to 

tike parts of the polar. Thus, QC = 180'' - b\ 

QB' = 180' - e', QC'B' = 180* - B'C'A', QB'C 

= 180* - C'B'A', and Q = A' = 180* - «, as win 

i^pear hereafter. 

* Thit shcmM be executed on a eirtiere. Few stadente get clear ideas of polar triangles 
witbont it. Care vboald be taken to oonstmct a rariety of triani^ as the glTen triangle, 
since the polar triangle does not always lie in the position indicated in the flgnre here giyea. 
Let the given triangle have one Mde considerably greater than 90*, another somewhat lees, 
and the third quite small. Also, let each of the lidet of the given triangle be greater 
than 90*. 




Fift.84i. 



228 



ELEMENTABT SOLED QEOHEXBY. 



1 



■^ 



^ -^ 




Fte. 848. 



PROPOSITION XXIY. 

SOS. Theorem. — Any angle of a spherical triangle is the 
supplement of the side opposite in its polar triangle; and any side 
is the supplement of the akqle opposite in the polar triangle. 

DB3L—Let ABC and A'B'C be two spherical tri> 
angles polar to each other ; and let the sides of 
each be designated as a, 6, 6, a', b\ tf^ a hemz 
opposite A, a' opposite A', b opposite B, etc. Then 
A=r 180' -a', B = 180'*-y, C = 180'*-c', a=z 
ISO** - A', ft = 180' - B', and o = 180' - C 

For, Join the yertices of the triangles with the 
centre of the sphere, thus forming the triedrala 
0-ABC, and O-A'B'C These triedrals are sup- 
plemental ; for, A being the pole of C'B', AO is the 
axis of the great circle of which C'B' is an arc (?)» 
hence is perpendicular to the plane COB', and 
consequently to OB' and OC (?). In like manner, 
BO is perpendicular to the plane A'OC, and hence to OA' and OC 8o, also, 
CO is perpendicular to OA' and OB'. Now, these triedrals being supplement- 
ary, thediedral B-AO-C is the supplement of the &cial angle COB' {4SS); or, 
since the diedral B-AO-C is the same as the spherical angle A, and the &cial 
angle COB' is measured by a', A is the supplement of a', i. e., A = 180** — a'. 
For like reasons, B = 180' — b\ and C = 180' — c*. [Let the student giye them 
in full.] Again, the diedral B'-A'O-C is the supplement of the &cial angle 
COB (d38); whence A' = 180' - a. In like manner B' = 180' - 6, and C = 
180' -c 

Second DBMONSTRATiON.—Let ABQ and A'B'C be two 
polar triangles. Let CB, CA, and AB be represented by <z, 
6, and e respectively, and CB', CA', and A'B' by aT, y, and c'. 
To show that A = 180' — a', produce b and e, if necessary, tiU 
they meet the side a', of the triangle polar to ABC, in e and 
d. Now A is measured by ed (560). But, since C'cf = 90', 
and B'« = 90', Cd + B'6, or CB' + ed = 180' ; whence trans- 
posing, and putthig a' for CB', we have erf = A = 180' — a*. 
In like manner Cg + A'/= CA' +fg = 180' ; whence /^ = B = 180' - CA', 
or 180' - y. So, also, C = 180' — ^. To show that A' = 180' - a, consider 
that A' being the pole of CB, fC is the measure of A'. Now B/s 90' (?), ancl 
C» = 90' ; whence B/ + C* = 180'. But B/ + Ci =/» + a, wherefore /* + a = 
180', and transposing, and putdng A' for ^^ we have A' = 180' — a. In like man* 
ner we may show that B' = 180' - 5, and C = 180' — c. [The student should 
give the details.] 
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qUlDBATUBE OF THE SURFACE OF THE SPHERE. 

S96m The Quadrature "* of a surface is the same as finding its 
aiea. The term is applied under the conception that the process 
consists in finding a square which is equivalent to the given surface. 




PROPOSITION XXV. 

S97» Jjem/ma. — The surface generated ly the revolution of a 
regular semi-polygon of an even number of sides, about the diameter 
of the circumscribed circle as an axis, is equivalent to the drcurr^ 
ference of the inscribed circle multiplied by the axis. 

Dek.— Let ABCDE be one half of a regular octagon, AE 
being the diameter of the circumscribing circle. If the semi- 
perimeter ABCDE be revolved about AE as an axis, the surface 
generated will be2ffr x AE,r being the radius of the inscribed 
circle, as oO, or 60. 

This surface is composed of the convex surfaces of cones 
and frustums of cones. Thus AB generates the sur&ce of a 
cone, BC the frustum of a cone, etc Let a and b be the mid- 
dle points of AB and BC, and draw am. Be, hn^ and CO per- 
pendicular to the axis, and Bd parallel to it Also draw the 
radii of the inscribed circle, aO and 60. Indicate the sur- 
feces generated by the sides, as 8urf, AB, 8uff, BC, etc. 
The areas of these sur&ces are: 

Barf. AB = 29r X am X AB (516), 
Surf, BC = 2^ X &n X BC (518), etc. 

Now, from the similar triangles 0am and BAc, 
We have oO : AB : : am : Ae, or 2^ x aO : AB : : 27r x a/m 
Whence 29r x am x AB = 2icr x Ac, putting r for aO. 

Also, from the similar triangles O^ and CBd, 
We have hO :BO,\bnxBd(= oO), or 24r x 60 : BC : : 23r x ^ : oO ; 
Whence 29r x 6» x BC = 2itr x cO, putting r for 60. 

Bnbstitutiiig these values in (1) and (2), we obtain 

Surf, AB = %nr x Ac, 

Barf, BC = %icr x cO, 

And, in like manner, SuTf. CD = 2;rr x Op, 

And, Burf. DE =^ 2jrr x pE. 



Fie. 846. 



(1) 

(2) 



Ac; 



Addbig, 8aif, ABCDE = 2jrr (Ac + cO + Op + pE) = %nr x AE. 

Finally, since the same course of reasoning is applicable to the semi-polygons 
of 16, 82, 64, etc., sides, the truth of the proposition is established. 



* Latin quadraiuB, rquared. 
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If 98m Sea.— ThiA proposition is only a particular case of snr&ces generated 
by any broken line revolring about an axis ; and the general proposition can be 
established in a manner altogether similar to the method giren aboT& But this 
case is all that we need for our present purpose. 



PROPOSITION XXTL 

S99» Theorem* — The iurface of a sphere is equivalent to four 
great circles ; that is, to 4;rB'y B being the radius of the sphere, 

Dbil— Let the semicircumference ABCOE revolve upon 
the diameter AE, and thus generate the surface of a sphere. 
Conceive the half of a regular octagon inscribed in the 
semicircle. Call the radius of the inscribed circle, as aO, r» 
and let AO = R The surface generated by the broken line 
ABODE is, by the last propositicm, 2jrr x 2 R s 4iKrR Now, 
concdve the arcs AB, BC| etc, bisected, and the cbords drawn, 
and let r' be the radios of the circle inscribed in the Tegalar 
polygon thus formed The surface generated by this 8eim« 
polygon will be 4rrli. By repeating the Ijiisections, the 
broken line approximates to tiie semicLrcumfercnoe, the radius 
^of the inscribed circle to R and the surface generated to the euriace of the 

sphere, the three quantities reaching their limits at the same time. Hence aC 

the limit we have 

Buff. of sphere = 2^R x 2R = 4irR*. <^ & ix 

600m Cob, 1. — The area of the surface of a sphere ii equivalent to 
the circumference of a great circle multiplied by the diameter, that is, 
27cJi x2R,as above. 

601. Cob. 2. — The surfaces of spheres are to each other as the 
squares of tlieir radii. 

Thus, if R and R' are the radii of two spheres^ the surftoes ate teR* and 
4;rR'«. Now, 4jrR» : 4jrR'« : : R» : R'». 




602. Def. — A Zone is the portion of the surface of a sphere 

included between the circumferences of two parallel circles of a 

sphere. The altitude of a zone is the distance between the parallel 

circles forming its bases. 

Tt.t. — ^The surface generated by are CB, or any are of the circle ABODE, 
Fig» 846, in its revolution, conforms to the definition, and is a aone. Such a 
portion of the sarfkce as is generated by AB is called a lone with one baae, the 
circle whose drcumf erenoe would form the upper base having become tangent 
to the sphere. 
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PBOPOsmoir xxvil 

60S. Theorem. — The area of a wne is to the area of the surface 
0f the sphere as the aUitude of the zone is to the diameter of the 
sphere; which gives f(tr the area of a zone 2ndSiy a being the altitude 
of the wne, and B the radius qflhe sphere^ 

Dkh. — ^It is eyident that in passing to the limit the snrfkoe generated by such 
m portion of the broken line as would lie between C and B, Fig. 346, would 
be measured by the circumfocnce of the inscribed circle maltiplied by cO, 
Hence, at the fimit, the zone generated by arc BC is measured by dirR x 0O, that 
isy it 18 such a part of the surface of the sphere as cO is of AE, or 9R lietting a 

xepraMat tho altUode eO^ the ftaction ^ represents the part of the suhbce of 

the sphere constituting the area of tbe zone. Henee, teU* x ~g, which equals 
8]raR, is tiie «iQa of the lODa 

604. OoK. — On the same or on eqzuil spheres, zones are to each 
other as their uUitudes. 

ft 



W LUHES. 

605. A Jjune is a portion of the snrface of a sphere included 
by two semicircnmferenoea of great circles. 

The surihce AmBn is a luna. 

606. The Angle of the Lune is the angle in- 
cluded by the area which form its sides ; or, what 
is the same thing, the measure of the diedral in- 
cluded between the great oircles. 

Thus, the spherical angle mAn, or the measure of the 
diedral m-AB-ft, is the angle of tlie Inne A»Bfk 




raoFosmoN xxYm. 

607. Thearenu—The area of a lune is to the area of the surface 
of the sphere on which it is situated^ as the angle of the lune is to 
four right angles. 

Dsii.— Let ACEB be a lone whose angle is the spherical angle CAB, or what 
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is the same thing, the plane angle BOC measured 
by the arc CB, of which A is the pole; then is 

tune ACEB : amfaee af^pken : : CAB : 4 rig^ angHet. 

For, sappoee the arc CB commensorable with the 
ciroomferenoe BOmOn, and suppose that they are 
to each other as 5 : 24. Dividing BC into 5 equal 
arcs, and the entire circumference BCmDn into 24 
arcs of the same length, and passing arcs of great 
circles through A and these points of division, the 
lune will be divided into 5 equal lunes, and the 
entire surface into 24 equal lunes of the same size. 

That these lunes are equal to each other is evident from the fiict that thi^ are 

composed of equal isosceles triangles. Hence, 

June ACEB : wrface of sphere : : 6 : 24. 

Now, a7i(/ie BOC : 4 right angles :: BC (= 6) : BCfi»Ofi(=r 24). 

Therefore, lune ACEB : tutfaee qfephere : : BOC (or CAB) : 4 right angles^ 

since the circumference measures 4 right angles. 

If BC has no finite common measure with the circumference, we may divide 
it into any number of equal arcs, bisect these arcs, then bisect the last formed, 
and continue the process of bisection (in conception) to any required extent ; 
and as, when any one of the arcs thus obtained is applied to the circumference, 
if it is not an exact measive, the remainder is less than the arc, we can continue 
the subdivision of BC (in conception) until this remainder is less than any 
assignable quantity. Hence, we may alwa]rB consider the arc BC as com- 
mensurable with the circumference by making the measure inflnitesimaL 

608. Gob. — The sum of several lunes on the same sphere is equal 
io a lune whose angle is the sum of the angles of the lunes ; and the 
difference of two lunes is a lune whose angle is the difference of their 
angles. 

609. BcH. 1.— The case in which the arc measuring the angle of the lune 
Is incommensurable with the circumference, may be treated as in {206)^ by the 
method of reasoning called the BoducUo ad abswrdum^ i, e., by showing m thing 
to be true, since it would be absurd to suppose it untrue. 

Thus, there is some arc to which the circum- 
ference bears the same ratio as the surface of the 
sphere does to the surface of the lune. If that arc 
be not BC let it be BL, an arc ^dw than BC, so that 

suffaee qf sphere : lune ACEB : : BCmDn : BL. (1). 

Conceive the circumference BCmDn divided into 
equal parts, each of which is less than CL, the as- 
sumed difference between BC and BL Then con- 
ceive one of these equal parts applied to BC as a 
Fio. M9. measure, beginning at B. Biuce the measure is ]t» 
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than LCy one point of division, at least, will fiUl between L and C. Let I be 
such a point, and pass the arc of a great circle through A and I. 

Kow, miface of sphere : hineAlEB : : BCmDn : Bl, (2) 

■ince the arc Bl is commensorable with the drcamference. In (1) and (2), the 
antecedents being equal, the consequents should be proportional, hence we 
fihoold have 

lune ACEB : lune AIEB : : BL : Bl. 

fiat this is absurd, since lune ACEB > lune AIEB, whereas BL < Bl. In 
m similar manner we can show that 

eurfaee qfephere is not to lune ACEB : : BCmDn : any arc greater than BC. 

Hence, as the fourth term can neither be less nor greater than BC, it must 
be equal to BC, and we have 

surface of apTiere : ^imACEB :: BCmDn : BC, ^ 

iL 0., as 4 right angles, to the angle of the lune. 

610» Boh. 2. — 7b obtain the area of a lune whaae angle w knoum^ on a given 
^fihere, find the area of the sphere, and multiply it by the ratio of the angle 
of the lune (in degrees) to 860**. Thus, R being the radius of the sphere, 
4ikR* is the surface of the sphere; and the lune whose angle is SO** is -f/s or 
tV the sur&ce of the sphere, ue., ^ of 4«R' = i^rR*. 



PROPOSITION XXDL 

6II0 Theoremf — If two semieircumferences of great circles 
intersect on the surface of a hemisphere, the sum of the two opposite 
triangles thus formed is equivalent to a lune whose angle is that 
included by the semicircumferences. 

Dem.— Let the semicircumferences CEB and 
DEA intersect at E on the sur&ce of the hemi- 
sphere whose base is CABD; then the sum of the 
triangles CED and AEB is equivalent to a lune 
whose angle is AEB. 

For, let the semicircumferences CEB and DEA 
be produced around the sphere, intersecting on 
the opposite hemisphere, at the extremity F of 
the diameter through E. Now, FBEA is a lune 
whose angle is AEB. Moreover, the triangle AFB 
is equivalent to the triangle DEC: since angle ^^ ^^ 

AFB = AEB = DEC, side AF = side ED, each behig 

the supplement of AE* and BF = CE, each being the supplement of EB. 
Bence, the sum of the triangles CED and AEB is equivalent to the lune FBEA. 
q.s. IK 
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PBOPOSmON XXX. 

612. Theorenu^Th$ area of a spherical irianffle is to ih$ mrta 

of the surface of the hemisphere in nAich it is stiuatedy as its spheri" 
cal excess is to four right angles, or 360^ 

DsiL--Let ABC be a splMiiciil triangle whose aagles are repreeenied by A, 
B, and C ; then is 

area ABC : »utf. afhemuphere : : A + B + C — IdO'* : 4 rtghi angles, or ^00^ 

Let htne A repreaent the lone whose angle is the an- 
^^^^^.^^^ gle A of the triangle, tL e.» angle CAB, and in like maa- 

y/^/ ^"^^^ "^^ understand luna B and Iwm C. 

T ' T^'"^^ ]\ Now, triangle AHC+ AED =&«jw A (Ml), 

/ / ^\i \ BHI + BEF = lune B, 

I /^ 1 CCF -f CD! = IwM C. 

\ 1 / \J Adding, 8ABC -•• hemuphere = lune{A + B + C)», (1) 
\ \^ h since the alx triangles AHC, AED, BHI, BEF, CCF, and 
'^^^^^^__^..'^ CDI, make the whole hemisphere and 2ABC be- 
H sides, ABC being reckoned three times. From (1), we 

Pie 86L y^vi^ by transposing and remembering that a heml> 

sphere is a lune whose angle is ISO**, and diyidlog 
by 2, 

ABC = i{un«(A + B + C- 180'). 
But, by {fiOr)y 
i/t*n«(A + B + C - 180*) : swrf, qf hemiaph. : : A + B +C — 180' : 4 righlangUs, 

Theniote, ABC : euirf. of hemdapk. :: A ^ B ^ C ^ IB^i'' : 4 rigki 4mgle$. 

613. 80H. l,^jDf ffnA the ana ef a apherieal trianffle on a given spher?, 
the angles of the triangia being given, we have aimply to mnltiply the 
area of the hemisphere, i, e., S^R*, by the ratio of Uie spherical exoeas 
to 860"*. Thus, if the angles are A si llO"", B :=r 80% and C = 50"*, we haye 

ar«i ABC = 2*R« x ^^tl^^lM:^ 2«R« x ^ = ild*". 

614» 8cH. 2.--This proposition is nsoally stated Ifans: The atea ef a 
tpherieal triangle ii equal to its spherical excess multiplied By Ihe itinetanffular 
triangle. When so stated the spherical excess is to be estimated in tennsof 
the right angle; i «., haying subtracted 180"* ftom the sum of its angles, we are 
to diyide the remainder by 90"*, thns getting the spherical excess in tight angles. 
Li the example in the preceding scholtem, the spherical excess estlniAted in this 

way would be "^ Jt^ — "" ■ ■ = | ; and the area of the triangle would 

• This slgnifiet the lone whoee angle is A -*- B -*- C« which is of coarse tlie sum of the 
three lanes whose on^es are A* B« >ad C- 
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be t of the birecUngnlsr triaaglo. Nov, tiie triractaogglar triangle bdng i of 
(be Mr&c« of the sphere (577) Is t of 4«B*, or ixB*. This multiplied by I 
glTes ivR*, the sMoe m aboTo. 
The proportloD, 

ABC ! muf. ef ^emiipK. : : A + B + C - IW : 860*, 
Is raadilr put into a fonn wlilch agree* with the eaiuiGiatioti ae glyea io this 
BdKtUain. Thus, nuf. o/AaniqA. = Sirlf, whence 

A+B + C-160° , ™ A+e+C-180° 
880° -*tK X ^. 



ABC = 8*1? x ""°l^r'^ = i -R- > 
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02^. Wieorem. — J^e volume of a sphere is equal to the area 
of its surface multiplied by \ of Ihe radius, that is, i^r'B.*, R beitiff 
tie radiut. 

Dm.— L«t 0L= R be the ndhu of b iphere. 
Cnncdre * circumscriljed CDbe, that is, a ciAte whoM 
Akcs are tangent plane* to the sphMv. Draw lines 
from the vertices of each of the polyedral angles of 
the cube, to the craitre of (he sphere, as BO, CO, DC, 
AG, etc These lines are the edges of six pjrramidB, 
h«Ting for thnr bases the fkcea of the cobe, and for 
a comiBon altltode the radius of the sphere (T). 
Hence the volume of the circumscribed cube is 
equal to its surfece malttplied by JR. ns. Sta. 

Ag^, concefve each «f the polyedral angles of 
the cube truncated by planeg tangent to the tJAere. A new clrcnmscTibed solid 
will thus be formed, whose volume will be nearer that of the sphere than is that 
of the ctrcumscribed cube. Let ate represent one of these tangent planes. Draw 
from the polyedral angles of this ncW solid, lines to the centre of the sphere, aa 
oO, iO, and «0, etc. ; theMllnea will form the edges of a set of pyramids whose 
bases cooatitale the aur&ce of the solid, and whose common altitude is the 
radius of the sphere (f). Hence the volume of this solid is equal to the product 
of Its surface (the sum of the bases of the pyramids) Into iR 

How, tblB prooesB of trancatlDg the angles by Msgent pbaee may be con- 
caved as conttnned fndetinttely ; and, to irtnOerer extent It Is carried. It will 
«hM|r« be tme that tbe volnme Ot the soHd is equal to its snrfcce multiplied by 
i R Therefore, m the ephen to the Hmtt of this dretunMilbed solid, we have 
the volnme of the sphere equal to the atnftoe of the sphere, whkh is i*R\ 
multiplied by IR, l a, to inR'. <t s. d. 
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616. Cob. — The surface of the sphere may he conceived as cof^ 
sisting of an infinite number of infinitely small plane fa>cesy and ihe 
volume as composed of an infinite number of pyramids having these 
faces for their basses, and their vertices at the centre of the sphere, the 
common altitude of the pyramids being the radius of the sphere. 

617m A Spherical Sector is a portion of a sphere generated 
by the revolution of a circular sector about the diameter around 
which the semicircle which generates the sphere is conceived to 
revolve. It has a zone for its base ; and it may have as its other sur- 
faces one, or two, conical surfaces, or one conical and one plane 
surface. 

III.— Thus let a& be the diameter azound which 
the semicircle aCb revolves to generate the sphere. 
The solid generated by the circular sector AOa will 
be a spherical sector having a zone (AB) for its base ; 
and for its other sorfkce, the conical surface gene- 
rated by AO. The spherical sector generated bj 
COD, has the zone generated by CD for its base ; and 
for its other surfaces, the concave conical surface 
generated by DO, and the convex conical surfiu^ 
generated by CO. The spherical sector generated 
by EOF, has the zone generated by EF for Its baee^ 

the plane generated by EO for one sur&ce, and the concave conical sadkce 

generated by FO for the other. 

618. A Spherical Segment is a portion of the sphere in- 
cluded by two parallel planes, it being understood that one of the 
planes may become a tangent plane. In the latter case, the e^- 
ment has but one base; in other cases, it has two. A spherical 
segment is bounded by a zone and one, or two, plane surfiEM^es. 
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619. Theorem. — The volume of a spherical sector is equal to 
the product of the zone which forms its base into one-third the radius 
of the sphere. 

Dbm.— A spherical sector, like the sphere itself; may be conceived as con- 
sisting of an infinite number of pyramids whose bases make up its surface, and 
whose common altitude is the radius of the sphere. Hence, the volume* of the 
sector Is equal to the sum of the bases of these pyramids^ that Is, the spheilesl 
surface of the sector, multiplied by one-third their oonunon altitude, which is 
one-third the radius of the sphere. <^ B. D. 
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620m Goiu — The volumes of spherical sectors of the same or equal 
spheres are to each other as the zones which form their bases; and, 
since these zones are to each other as their altitudes {604), the sec- 
tars are to each other as the altitudes of the zones which form their 
bases. 
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621m Theorenim — The volume of a spherical segment of one base 
is ff'A*(B — -^A), A being the altitude of the segment, and R the ror 
dius of the sphere. 

Dem.— Let CO = R, and CD = A; then is the Yolome of the spherical seg- 
ment generated by the revolution of CAD about CO 
equal to 3rA*(R - iA). 

For, the volume of the spherical sector generated 
by AOC is the zone generated by AC, multiplied by 
iR, or 2]rAR x iR = i;rAR*« From this we must 
subtract the cone, the radius of whose base is AD, and 
whose altitude is DO. To obtain this, we have DO 
= R — A: whence, from the right angled triangle 

AIX),AD = Vft»-(R-A)« = V2^-A«. Now, ^^ ^ 

the volume of this cone is 

40D X irAD*, or 4flr(R - A) (2AR - A«) = i«(2AR« - 8A«R + A»). 
Subtracting this from the volume of the spherical sec- 
tor, we have 

tirAR* - 4)r(2AR« - 8A«R + A») = 

3r(A«R - 4A») = 3rA*(R - iA). Q. B. d. 

622. ScH.— The volume of a spherical segment 
with two bases is readily obtained by taking the 
difference between two segments of one base each. 
Thus, to obtain the volumes of the segment generated 
by the revolution of bCkc about aO, take the differ- 
ence of the segments whose altitudes are ac and ab. Fig. 856. 





EXERCISES. 

1. What is the circumference of a small circle of a sphere whose 
diameter is 10, the circle being at 3 from the centre ? 

Ans.j 25.1328. 

2. Oonstrnct bn the spherical blackboard a spherical angle of 60°. 
Of 45°. Of 90°. Of 120*, Of 250°. 
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Sug's. — ^Let P be the point where the vertex of tlie required angle is to be 
situated. With a quadrant strike an arc ftom P, which ahail represent one aide 
of the required anglei From P as a pole, with a quadrant, strike an arc from 
the side before drawn, which shall mes^ure the required angle. On this last »ic 
lay off from the first side the measure of the required imgle,* as W^ 45'', etcv 
Through the extremity of this arc and P pass a great circle (548). [The stu- 
dent should not &il togive the reasons, as well as do the worlL] 

3. On the spherical blackboard construct a spherical triangle ABC» 
haying AB = 100% AC = 80% and A = 68% 

' 4. GonBtmot as aboy^ a spherical triangle ABCy hiVYi))g AB =z 7^% 
A = 110% and B = 87% 

- 6. Construct as above, having AB = 150% BC = 80**, and AC = 100**- 
Also having AB as 160°, AC = 50% and BC = 86'. 

6. Construct as above, having A = 52°, AC = 47% and CB = 40^ 

Buo's.— Construct the angle A as before taught, and lay off AC from A equal 
to 47% with the tape. This determines the vertex C. From C, as a pole, with 
an arc of 40'', describe an arc of a small circle ; in this case this arc wiii cat the 
opposite side of the angle A in two places. Call these points B and B'. Pssa 
circumferences of great circles through C, and B, and B'. There are two tri- 
angles, ACB and ACB'. 

Note.— The teacher can multiply exsmples like the three preoe^ng at pleas- 
ure. This exercise should be continued till the pupil can draw a spherical tri- 
angle as readUy as a plane triangle. 

7. What is the area of a spherical triangle on the sur&ce of a 
sphere whose radius is 10, the angles of the triangle being 85^, 
l^%andl50*'? Afu., 306.4 +. 

8. What is the area of a spherical triangle on a spheFB whose 
diameter is 12, the angles of the triangle being 8e% 98% and 100" P 

9. A sphere is cnt by 5 parallel planes at 7 from each other. What 
are the relative areas of the zones ? 

10. Considering the earth as a 'sphere, its radius would be 8958 
miles, and the altitudes of the zones. North torrid = 1578, North 
temperate = 2052, and North frigid = 328 miles. What are the 
relative areas of the several zones ? 

8i70.— The student should be carefiil to discriminate between the wiM of a 
zone,' and itB altitude. The altitudes are found from their widths, as usually 
given in degrees, by means of trigonometry. 

* For this purpoie a tape equal in length to a semtolreamreranee of a great elrele of the 
fphere used, and marked off into 180 eqoal parte, wUl he copYOPient A strip of p^periBV 
be need. 
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11. The earth being regarded as a sphere whose radius is 3958 
miles, what is the area of a spherical triangle on its surface, the 
angles being 120°, 130^ and 150° ? What is the area of a trirectan- 
£^alar triangle on the earth's surface ? 

12. Construct on the spherical blackboard a spherical triangle 
ABC, haying a =.59°, AC = 120°, and AB = 88°. Then construct the 
triangle polar to ABC. 

13. Construct triangles polar to each of those in Examples 3, 4, 
and 5. 

14. In the spherical triangle ABC given A = 58°, B = 67°, and 
AC = 81° ; what can you affirm of the polar triangle ? 

15. What is the volume of a globe which is 2 feet in diameter ? What 
of a segment of the same globe included by two parallel planes, one 
ftt 3 and the other at 9 inches from the centre ? 

16. Compare the convex surfaces of a sphere and its circumscribed 
right cylinder and cone, the vertical angle of the cone being 60°.. 

17. Compare the volumes of a sphere and its circumscribed cube, 
right cylinder, and cone, the vertic^ angle of the cone being 60°. 

18. If a and h represent the distances from the centre of a sphere 
whose radius is r, to the bases of a spherical segment, show that the 
volume of the segment is 7t[r^ (4 - *) - iC*' - «*)]• See {621, 
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AN ADVANCED COURSE 
IN GEOMETRY. 



CHAPTER I. 

JBXSMCI8E8 IN GEOMETBICAL INVENTIOK. 



SECTION I 

THEOREMS IN SPECIAL OR ELEMENTARY GEOMETRY. 

r^623. This chapter will afford a review of Parts I. and II., while 
it will greatly extend the student's knowledge of geometrical facts. 
Great pains should be taken to secure good habits as to neatness of 
execution in the construction of figures, orderly and proper arrange- 
ment of thought, and in style of expression. The practice of con- 
structing every figure upon geometrical principles — ^guessing at 
nothing — cannot be too strongly commended. As to the fonn of a 
geometrical argument, observe the following order: 

1st The enunciation of the theorem or problem in general terms. 

2d. The elucidation of the general statement, by reference to the 
particular figure which it is proposed to use. 

3d. A description of the figure, with reference to any auxiliary 
construction which is used in the demonstration or solution. 

4th. The demonstration proper. 

624. If two adjacent sides of a quadrilateral are equal each to 
each, and the other two adjacent sides equal each to each, the diago- 
nals intersect at right angles. 

8uo*&— 1st. Draw a quadrilateral having such sides as the data require, and 
draw its diagonals. 2d State the proposition with reference to the figure. 
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8d. [In this case the regular third step is not required, as no auxiliary lines are 
necessary.] 4th. Prove that the diagonals are at right angles to each other. 
The demonstration is based upon a corollary in Section L, Part II., Chapter L 

62S- Cor. — One of the diagonals is Msecled, [State which one, 
and show why.] 



626. If a parallelogram has one oblique angle, all its angles are 
oblique; and if it has one right angle, all its angles are right angle& 

Bug's. — ^Let the student be careful to follow the order as heretofore given. 
No auxiliary construction is needed. The demonstration is based upon the 
doctrine of parallels. 



627> The sum of three straight lines drawn from any point 
within a triangle to the vertices is less than the sum, and greater 
than the half sum of the three sides of the triangle. 

Sug's.— The first statement is proved from (270) and the second from (27^^ 



628> A line drawn from any angle of a triangle to the middle 
of the opposite side, is less than the half sum of the 
B^ adjacent sides, and greater than the difference between 
this half sum and half the third side. 

SuG*B. — 1st. Draw a triangle, as ABC, bisect one side, as AC, 
and draw BD. 2d. Make the statement with reference to the 
figure. 8d. Produce BD until DE = BD, and draw AE and EC 
4th. The first step in the proof is to show the triangle ADE equal 
to C6D, and ADB equal to DCE ; whence AE = BC, and EC - AB. 




Flo. 8S6. 




Fici. 857. 



y^629* If lines be drawn from the extremities of 
either of the non-parallel sides of a trapezoid to the mid- 
dle of the opposite side, the triangle thnfi 
formed is half the trapezoid. 

8no*8.— The third step, or construction^ oon^ts In 
drawing HE parallel to AD and hence to BC (?), and 
FG through E parallel to AB. 



630. Any line drawn through the centre of the diagonal of a 
parallelogram bisects the figure. 
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S31- Prove that the sum of the angles of a 
triangle is two right angles, by producing two 
of tho sides about an angle and through this 
angle drawing a line parallel to the third side. 

Prove the same by produciug one side of the 
triangle and drawing a line through the ex- 
terior angle parallel to the non-adjacent side. 




632* If any point, not the centre, be taken 
in a diameter of a circle, of all the chords 
which can pass through that point, that one is 
the least which is at right angles to the diameter. 




Fio. 858. 



X 



633. If from any point there extend two lines tangent to a cir- 
cumference, the angle contained by the tangents is double the angle 
contained by the line joining the points of tangency and the radius 
extending to one of them. 

634, The angle included by two lines drawn from any angle of a 
triangle, the one bisecting the angle and the 

other perpendicular to the opposite side, is 
half the difference of the other two angles 
of the triangle. ^' 

Suo'B. ABD = 90^ - A, whence ABD - EBD = 
90' - A - EBD. Also. DBC = 90** - C, whence EBC = 90' - C + EBO 
= 90' - A - EBD, etc. 

t_ 




^X 63S* If three lines be drawn from the acute angles of a right 
angled triangle — ^two bisecting these angles, 
and a third a perpendicular to one of the 
bisecting lines — the triangle included by 
these lines will be isosceles. 



Sno'&— It is to be proved that OD = CD. 
COD = OAC + ACQ = 45% etc 




636, If one circumference be described 
on the radius of another as a diameter, 

any straight line extending from their point of contact to the outer 
circumference is bisected by the inner. 

Sno.-^The demonstration is based upon (159 ^ 211), 
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637* Prove that the sum of the angles of a regular five point star 
(Fig. 101) is two right angles. Show, also^ that the figure formed by 
the intercepted portions of the lines is a regular pentagon. 

638. If the sides of a regular hexagon are prcniuced till they 
meet, show that the exterior figures will be equilateral triangles. 

^ 639* If from two given points on the same 
side of a given line, two lines be drawn meet- 
ing in the line, their sum is least when they 
make equal angles with the line. 




A 



640. If from two given points without a 
I y^ circumference, two lines be drawn meeting in the circumference, 
•'^^^heir sum is least when they make equal angles with a tangent at 
the common point, the points being on the opposite side of the tan- 
gent from the circle. 

641. The side of an equilateral triangle inscribed in a circle is 

equal to the diagonal of a rhombus, whose other diagonal and each 

of whose sides are equal to the radius. 

^\ 

642. If two circumferences intersect each other, and from either 
point of intersection a diameter be drawn in each, the other ex- 
tremities of these diameters and the other point of intersection are 
in the same straight line. 

643. If any straight line joining two parallels be bisected, any 
other line through the point of bisection and included by the par- 
allels, is bisected at the same point 



\ 



644. If the sides of any quadrilateral are bisected, the quadri- 
lateral formed by joining the adjacent points of bisection is a par- 
allelogram* 

Suo'&— Ist. Draw a quadrilateral, bisect its 

sides, and Join tlie adjacent points of blMCtloD. 
2d. Btate the propositioD, with reference to tlie 
figure. 3d. Draw tlie diagonals. 4tb. Qive tlie 
proof. It is based on the similarity of trlMigtea 

^ 645. CoR. 1. — The parallelogram is one- 
half the trapezium. Prove it What flgore 
is formed by joining the centres of EF, FC, 
Fio. 862. and FC, HC, etc. ? 
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S46. Cob. 2. — Lines joining the middle poini^ of the opposite 
sides of any trapezium bisect each other (?). 



647* If two straight lines join the alternate ends of two parallelSi 
the line joining their centres is half the dif- 
ference of the parallels. 

SuG'a— Wie are to prove that EF = i (CD — AB). 
CH = EF = i (CD - AB). 



■♦« > 




648> In any right-angled triangle the line drawn from the right 
angle to the middle of the hypotenuse is equal to one-half the 
hypotenuse. 

' 649. The perpendiculars which bisect the three sides of a triangle 
meet in a common point. 

St70*8.— First show that the intersection of two of the perpendiculars is 
equally distant from the three yertices of the triangle. Then that a line 

drawn from this point to the middle of the third side is perpendicular to it 

•7/ 



^— 6S0. The three perpendiculars drawn from the angles of a tri- 
angle upon the opposite sides intersect 
in a common point. 

Bug's.— Draw through the vertices of the 
triangle lines parallel to the opposite sides. 
The proposiUon may then be brought under 
the preceding. 

^ I 6S1. Cob. — The following triangles 

/^i are similar— viz., BOE, BDC, AOD, and 
AECt each to each ; also BOF, BOA, DOC, 
and CFA. Prove it 




Fio.864. 



6^2. If from a point without a circle two secants be drawn, mak- 
ing equal angles with a third secant passing through the same point 
and the centre of the circle, the intercepted chords of the first two 
are equal. 

Suo. ^Prove by revolving one part of the figure. 
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6S3. The sam of the alternate angles of any hexagon iuscribed 
in a circle is four right aQgles. <..... 




654, If two circles intersect in A and B, 
and from p» any point in one circumference, 
the chords PA and PB be drawn to cut the 
other in C and D, CD is parallel to a tangent 
at P. 



Fio. 8661. 



pendicular to each other. 



6SS> If two lines intersect, two lines 
which bisect the opposite angles are per- 



656" The angle included by two lines drawn fh)m a point within 
a triangle to the vertices of two of the angles^ is greater than the third 
angle. 

Suo'a.— Tlie demonstradon may bo founded on (219) or {231). 



657 > In a triangle whose angles are 90'', 60°^ and 30% show that 
the longest side is twice the shortest. 



658, Lines which bisect the adjacent angles of a parallelogram 
are mutually perpendicular. 

659'' If from any point in the base of an isosceles triangle lines 
are drawn parallel to the sides, a parallelogram is formed whose peri- 
meter is constant and equal to the sum of the two equal sides of the 
triangle. 



660. If from any point in the base of an isosceles 
triangle perpendiculars be drawn to the sides of the 
triangle, their sum is constant '2Lni. equal to the per- 
pendicular from one of the equal angles of the triangle 
upon the opposite side. 




Pie. 866. 




Pio.tfl. 



661. If from any point within an equilateral tri- 
angle, three perpendiculars be let fall upon the aides, 
.their sum is constant and equal to the altitude of the 
triangle. 
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W2> If fix>m a fixed point without a circle two 
tangents be drawn terminating in the circumfer- 
encey the triangle formed by them and any tan- 
gent to the included arc has a constant perimeter 
equal to the sum of the first two tangents. 
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663. The sum of two opposite sides of a quadrilateral circum- 
scribed about a circle, is equal to the sum of the other two. 



^Ys^64. If two opposite angles of a quadrilateral are supplemen- 
tary, it may be circumscribed by a circumference. 



* 665. The square described on the sum of two 
lines is equivalent to the sum of the squares on 
the lines, plus twice the rectangle of the lines. 

Suo'b.— Be careftil to gire the constmctioa AiUy, and 
show that the parts are rectangles, etc. 



a b b* 



|0 

+ 

3 



a -I- 
Fia. 889. 



666. The square described on the diflFerence of [7 
two lines is equivalent to the sum of the squares 
on the lines, minus twice the rectangle of the 
lines. 




667. The rectangle of the sum and difiTerence 
of two lines is equivalent to the difference of the 
squares described on the lines. 

BoBL— The three preceding propositions are but geo- 
metrical conceptions and demonstrationB of the algebraic 
Mmula, {a + bf = a* + 2ab + 6*, (a - ft)« = a* — 2ab 
+ y, and (a + ft)(a - 6) = a» - ft". 





6' 
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a 

Fio. vn. 
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YARIOUS DEMONSTRATIONS OF THE PTTHAeOBEAN PR<^081TWN. 

668. The square described on the hypotenuse of a right-angled 

triangle is equivalent to the sum of the squares 
described on the other two sides. 

Ist Mbthod.— Let ABC be the given triangle, and 

ACED the square described on the hypotenuse. Complete 

the construction. Show that the four triangles are equaL 

The square HF is (AB * BC)*. The student can complete 

. the demonstration. 

Fto. an. 




<; 




Fig. 873. 



2d Mbthod.-— Let ACED be the square on the 
hypotenuse. Let fall the perpendiculan EF, OC, 
etc. Show that the three triangles are equal, and 
that FD and LB are the squares of the two sides AB 
and BC. 




8d Mktrod.— Let BL and BH be the 

squares on the sides. Produce FL and 
HC till they meet in K. Draw DA and EC 
perpendicular to AC, and draw DE and 
KB. Prove that ACED is a square, and also 
that the triangles ABC, CLE, BFK, KBC, 
DKE, and AHD are all equal to each other. 
The demonstration is then readily made. 



Fxo. 874. 




4th Method.— This is the demonstratioD 
usually given in our text-books. Drawing the 
squares on the three sides, let fid! Bi perpen- 
dicular to AC and produce it to K. Draw BU 
BE, HC and AF. Show that the triangle HAG 
= BAD, and that the former is half the sqasn 
AC, and the latter half the rectangle AK. 
Hence AG = AK. Li like manner show that 

LC:=CK. 



Fl«. irtfS. 
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We ivill DOW ^ye a few other figuree by means of which the demonstration 
be effected, and leave the stadent to his own resources in effecting it. 




5tli Method. 



6th Method. 

Fi». 8?8. 



7th Method. 



9th Mbthod.— The truth of the theorem appears also 
ss a direct consequence of {S60). 




I ' 



Pie. 877. 



. f < 



6S9- In an oblique angled triangle the square 
of a side opposite an acute angle is equivalent to the sum of the 
squares of the other two sides diminished by twice the rectangle of 
the base, and the distance from the acute angle to the foot of the 
perpendicular let fall upon the base from the angle opposite. 



Bug's.— It is to be shown that AB* = BC« + AC - 2AC x DC. 

jDbeerve that TkD* = (AC - DC)« = AC' + DC« - 2AC x DC. 
Whenee, by a simple application of the preceding theorem, 
the truth of this becomes apparent 




670- In an obtuse angled triangle the square of the side opposite 
the obtuse angle is equivalent to the sum of the squares on the other 
two sides, increased by twice the rectangle contained by the base and 
the distance from the obtuse angle to the foot of tha pj^i^ndiculdl 
let &1I from the angle opposite upon the base produc«|ft. 



8uo. — The demonstration Is analogous to the preceding, C being made obtuse 
in this case ; whence AD =: AC + DC, etc. 
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> Yv 671' The following is an outline of a general demonstration cov- 
ering the three preceding propositions : 

Letting AE, BD, and CF be the three perpendicalars from 
the angles upon the opposite sides, and observing that a 
circumference described on any side as a diameter passes 
through the feet of two of the perpendiculars, {3SH) and 
{35S) readily give the following : 

AB X AF =r AC X AD = AC* ± AC X CD, 
and AB x BF = BC x BE=:BC>± BC x CE; 




addmg. AB« = AC + BC* ± 2AC x CD {or 2BC x CE), 
the + sign being taken when C is obtuse, and the — • si^ 

when C is acute. If C is right CE and CD become 0, whence AB* = AC* + BC*- 

672» Def. — The line drawn from any angle of a triangle to the 
middle of the opposite side is called a medial line. 

673. The sum of the squares of any two sides of a triangle is 
equivalent to twice the square of the medial line drawn from their 
included angle^ plus twice the square of half the third side. 

Bug.— Proved by applying (669, 670). 

f 674. The three medial lines of a triangle mutually trisect each 

other, and hence intersect in a common point 

Bug's.— To prove that OE = iBE, draw FC parallel to 
AD until it meets BE produced. Then the triangles 
AEO and FEC are equal (?) ; whence EF = OE. Also, 
BO = OF (?). 

Having shown that OE = iBE, by a similar construe- 
tion we can show that OD = iAD* 

Finally, we may show that the medial line fh>m C to AB cuts off i of BE, and 
hence cuts BE at the same point as does AD* 

Another Dbm.— Lines throngh parallel to the sides trisect the sides, etc 

67S* In any quadrilateral the sum of the squares of the sides is 

equivalent to the sum of the squares of the diagon- 
als, plus four times the square of the line joining the 
centres of the diagonals. 

676. Cob.— The sum of the squares of the sides 
of a parallelogram is equivalent to the sum of the 
Fio. SSI. squares of the diagonals. 





THEOBEtf S IN SPECIAL QBCMBTB7. 268 

f^ C77m In any quadrilateral which may be wscribed in a oircle, 
the prodact of the diagonals is equal to the sum of the products of 
the opposite sidea 

^ 078. In any triangle the rectangle of two sides is equivalent to 
the rectangle of the perpendicular let fall from their ^yU^'^ 

included angle upon the third side, into the diameter ,^;nR^^^^\A ^ 

of the circumscribed circle. ^f t\ ^vv^ 




Bug. — This proposition is an immediate consequence of the 
similarity of two triangles in the figure. >> q : /3 C t .' B ^ : 6D 

O 
J\V 679. CoR. — The area of a triangle is equivalent to the product .\*- 

-/of its sides divided by twice the diameter of the circumscribed circle. ^'' 



4 
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080. If there be an isosceles and an equilateral triangle on the 
same base, and if the vertex of the inner triangle is equally dis- 
tant from the vertex of the outer one and from the ends of the base, 
then, according as the isosceles triangle is the inner or the outer 
one^ its base angle will be \ of, or 2| times the vertical angle. 



081. Of all triangles on the same base, and having the same 
vertical angle, the isosceles has the greatest areai 

8tjo*8.— Describe a segment on the given base, which shall contain tlie given 
angle. The triangle on this base and having its vertex in the arc of the seg- 
ment is the triangle to be considered. 



08f6. Two triangles are similar, when two sides of one are pro- 
portional to two sides of the other, and the angle opposite to that 
side which is equal to or greater than the other given side in one, is 
equal to the homologous angle in the other. 



ALGEBRAIC DEMONSTRAHOKS. 

« 

6*3. The difference of the squares on any side of a regular 
pentagon and any side of regular decagon, inscribed in the same 
circle, is equivalent to the square of the radius. 

8ijG*8.— We win give the outline of what may be termed an Algebraic Demon- 
ttration of this proposition. This method is often the most convenient and ex- 
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peditlons. Letting p represent & side of the pentagon, d a side of the decagon, 
and r the radius, the student should be able to discover the following relatiooa : 

(1) r ; d : : d : r — d, or r* — <fr = d* ; 

From (2), ar>/f»« — ip» = 2r« — d* = r» + <&*, by snbetltating for d» its wluc 
fix)m (1). Hence 4r» — p« = r« + 3dr + d*, or 8r« — 2dr = pj + d*. In thia, 
substitating the value of dr as found in (1), we readily obtahi r* = p' ^ d*. 

Q. £. n. 



684. Demonetrate algebraically that the square on the sum of 
two lines, together with the square on the difference, is double the 
Bum of the squares on the lines separately. 



OSS. The sum of the squares of the three medial lines of a tri- 
angle is three-fourttis of the sum of the squares of the sides. 



686. The square of any side of a triangle is equivalent to twice 
the sum of the squares of the segments of the medial lines adjacent 
to its extremities, minus the square of the non-adjacent segment of 
the third medial line. 

Deduced algebraically firmn the preceding. 



687» The sum of the squares of the three greater segments of 
the medial lines of a triangle is equivalent to one-third the sum of 
the squares of the sides of a triangle. 

Deduced algebiaically from the preceding. 



^ 688. The lines from the vertices of a triangle to the points of 
tangency of the inscribed circle intersect in a common point 

Bug's. DC is parallel to AF, BD = BF = b, CF = CP 
= c, AD = AP = a, DC = d. FC = e. OF = ^^ 




6 + e 



. AF X J 
d = r. e = 



db 



/. OF = AF X 



bo 



a -\-b* " "" cT+b' " ^' " '" '^ a{b -k- e) + be 

In like manner we may find where PB intersects AF, by 

drawing through p a parallel to AF. This distance is 

be 
found to be OF = AF X 



a{b -^ e) + be' 
might have been anticipated, since b and e are similarly involved. 



a result which 
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€89* The airea of a ttiaiigle, as expressed in terms of its sides, is 
j^rm 2= the square root of the continued product of half tlie sum of 
the sides into this half sum minus each side separately. 




Sue*8«— We will giYe the outlines of both the Geometric and Algebnuc de- 
monstratious : 

l8t Obometric Dbmonbtbation. CD = CB, CE = CA, and through F, (he 
centre of DA, HC is drawn parallel to AB. With F as a centre, 
and FH as a radius, a circumference passes through G (f). CN 
is perpendicular to AE and passes through H (?). 

Now CF = i (AC + CB), and FL = iAB (H). 

Hence CL = i(AC + CB + AB) = iS, S bemg the sum of 

the sides ; 

Boice, Also, DL = Al =: iS -CB, cr = iS - AB,«nd AL = iS 

-AC. 

Again, CN x AN = area ACE ; 
andHN x AN = area ABE ; 
BtthtiacUng, AN (CN - HN) = AN x CH = area ACB (1). 
Once more, CH x DH = area CDB; 
and HN X DH = area ADB. 
Adding, DH.(CH + HN) c= CA x CN z= aiea ACB (9). 
Multiplying (1) and (d), we haTe 
CA X AN X CH X CN =r (area ACB)*. 
But CN X CH = CL X CI, and GA x AN = AL x Al = AL x DL 

Therefore, area ACB 3c\/CL x CI x AL x DL = 
y/W(i^ - AB) (iS - AC) ttS - CB). 

2d. Algbbbaio Demonstration. From the right angled triangles BCD and 

a* — >• + c« 
ACD, we find m = ^ . 



Whence p = |/^- C'"^ ' ^ ""' )'> ^^ 




=r \V(a + 6 + «)(a + ft — c) (a — ft + «) (- a + ft + o) 



= y^M^'-c)(i8 - ft) (i« - a). 
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€90* From any point in the plane of a circle the greatest and 
least distances to the circumference are measured on 
the line passing through the centre. 



Sn6*&— There are three cases :— Ist When the point is with- 
out the circle. 2d. When the pohit is within. 8d. When the 
point is in the circumference. 
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691. From any point except the centre of a circle, 
two, and only two, equal lines can be drawn to the cir- 
cumference. 

8uo.— This is a direct consequence of (181, 182^ 



692> If two opposite sides of a parallelogram be bisected, straiglit 
lines from the points of bisection to the opposite vertices will trisect 
the diagonal 

693. The feet of two perpendiculaus let fall from two given points 
upon a given line are equally distant from the middle of the line 
joining the points. 



i 




Fio. 887. 



yy 




Fl«. 888. 



694. Two quadrilaterals are equivalent wlien 
their diagonals are respectively equal, and form 
equal angles. 



69S. If, on the hypotenuse and sides of a right 
angled triangle, semicircumferences be described, 
that upon the hypotenuse passing through the ver- 
tex, the sum of the crescents thus formed will be 
equal to the area of the triangle. 
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690- The bisectors of 
any two exterior angles 
of a triangle meet in a 
point which is the centre 
of a circle, to which one 
side of the triangle and 
the other two produced , 
are tangents. 

These circles are called 
the escribed circles. 



I F,«. 

^^^ f\^'^ THE HIHE POINTS CmCLE. 

69t. In any triangle the centres of 
tlie THREE sides, the feet of the three 
perpendicnlars from the vertices npon 
the opposite sides or sides produced, 
and the three middle points of the 
distances from the vertices to the 
common intersection of the perpen- 
diculars, are nine points in the circum- 
ference of one and the same circle ; the 
centre of this circle is at the middle of 
the line joining the centre of the cir- 
onmscribed circle and the common intersec- 
tion of the perpendicnlars ; and the radius is 
half the radius of the circumscribed circle. 

Bus's. — The etadent will do well to confine his at- 
tentioQ in ihe first iastance to the first figure, aad 
afler he sees the demon Htrstion in this caea—L «., 
when tliG perpendiculars &lt within, to trace it in 
the case of an obtuse angled triangle, in which the 
perpend leal ars fall on the sides produced 

lat To show that the circle which peases throogh 
a, b, and e, also passes through a, we show the fol- 
lowing relations among the angles : «a£ = eM = 
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cka + oM = cab. Hence, the Tertices a and a are in the same ciicamferenoa 
In like manner we show that fi and ;^ are in the circumference passing through 
a, d, and c» 

2d. Considering one of the partial triangles as BHC, a, y5, and y are the feet of 
the three perpendiculars firom iU vertices upon one of its sides and the prolonga- 
Uon of the other two. Therefore, by the first part r and q are the middle pointi 
of CH and BH. Considering either of the other partial triangles we find p the 
centre of AH. 

8d. €M and hp being chords of the nine points circle, is its centre, and let- 
ting Q be the centre of the circumscribed circle, we may readily show that O 
is in QH, and also is at its middle point 

4th. Drawing aO, and producing it> we may show that it intersects AH in p, 
and hence pH = Ap = Qa, and AQop is a parallelogram. Therefore Op = ^pa = 
iOA. , >,- - . , 

/>C 698* Cor. — The middle i)oints of the three lines joining the cen- 
tres, two and two, of the escribed circles of a triangle, and the middle 
points of the three lines joining the centres of the escribed circles 
with the centre of the inscribed circle, are six points in the circum- 
ference of the circle circnmscribed about the same triangle. 



699* If one triangle be inscribed in another, the circumferences 
circumscribing the three exterior triangles thus formed intersect in 
a common point 

Sno. — The demonstration is founded on the property of the opposite angles 
of an inscribed quadrilateral. The construction lines extend from theyertioes 
of the inscribed triangle to the intersection to be examined. 



^^ 700- The difference between the hypotenuse and the sum of the 
other two sides of a right angled triangle is equal to the diameter of 
the inscribed circle. 




701* If from the extremities of any side of 

a triangle two lines be drawn, one bisecting an 

Pifl. 891 interior and the other an exterior angle, these 

lines will meet if suflSciently produced, and 
their included angle will be half the third angle of the triangle. 

/^^ 702* An inscribed equilateral triangle is one-fourth the circum- 
scribed equilateral triangle about the same circle. 



703* The three altitudes of a triangle are to each other inyersely 
as the sides upon which they fall. 



-' »» 
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^ 704- The bisectors of the angles 
inclnded by the opposite sides of an 
inscribed quadrilateral intersect at 
right angles. 

8no.— By means of {214) show that FC + 
CE + HA + AC = 180^ Whence FOE = 90'. 




Fig. SS3u 



70S* Two triangles which have an 
angle in each equal, are to each other 
as the rectangle of the sides including the equal angle. 



Bug's. A and D hehig equal, we are to show 
that ABC : OEF : : AB X AC : DE X DF. Take AE' 
= DE, AP = DF, and draw E'F'. Now from the 
tsucts that the triangles AET' and OEF are equal, and 
that triangles of the same altitudes are to each other 
as theu* hases, tiie proposition is proyed. 




706. If of the four triangles into which the diagonals divide a 
quadrilateral, two opposite ones are equivalent, the figure is a 
trapezoid. 

707. The difference between the angles which a bisector in a 
triangle makes with the side to which it is drawn, is equal to the 
difference of the angles of the triangle including this side. 



708. If any number of equal right lines radiate from a common 
point, making equal consecutive angles, and 

any line be drawn through the common 
point, the sum of the perpendiculars upon 
this line from the extremities of the radiat- 
ing lines on one side, is equal to the sum of 
those on the other side. 

709. Cob. — In any regular polygon, the picso. 
sum of the perpendiculars let fall from the 

vertices on the one side of any line passing through the centre, is 
equal to the sum of those let fall from the vertices on the other 
side. 
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710. If the Bum of two opposite sides of a quadrilateral is equal 
to the sum of the other two opposite sides, a circle may be iascribed 

in it. 

Sno'B.— Bisect koj two adjacent angles, as A and B. 
Then are the perpendlculara r, r, r, equal (T); and It 
remains to be shown that the perpendicular p = r. 
Take AD* = AD, and BC = BC, and draw OD' and OC. 
Since a + & = e + (^ and CD' = ft - (J _ e) - (6 - rf), 
CD' = a, and the triangles DOC and O'OC are eqnml. 
.„.». Hmcep = ^. 

711. If two planes are parallel, any right line which pierces one, 
pierces the other also. 



712. If two planes are parallel, any plane which intersects one, 
intersects the other also, and the lines of intersection are parallel. 

713. Oo& — Two planes which are parallel to a third, are parallel 
to each other. 

714:. A plane which is perpendicular to a line of another plane, 
or to a line parallel to that plane, la itself perpendJcnlar to the 
latter plane. 

715. If a straight line is perpendicular to a plane, any line par- 
allel to the plane is perpendicular to the first line. 

8uo.— Two lines in space wblcb are not In the same plane, are said to nuke 
the same angle with each other as two lines respectively parallel to them and 
both lying in one plane. 

716. In order that a straight line be perpendicniar to a plane, it 
is sufBctent that it be perpendicular to two lines not parallel to each 
other, and situated in the plane or parallel to it. 

717. If two right lines in space are perpendicular to each other 
(not necesBarily intersecting), their projections on a plane parallel 
to either line are perpendicular to each other. 

Soo.— The Prrgtetion here referred to Is that which Is csUed tbe OrOto- 
grapkU Pngeetion. The proposition is not generally true of the Ptr^taeUM 
Pt^cetian, i. «., the spaces which tlie lines (conaidered as material) would appear 
to occnpy if they were placed between tbe eye and tbe plane. (See Ex, 8, 
page 174, Past II.) 



I 
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718. The angle of inclination {392y Part IL) of a line oblique 
to a plane, is less than the angle included be- 
tween this line' and any line of the plane, 
except its projection, which passes through the 
point in which the first line pierces the plane. 



8uo. BD being the projection of AB, ABD < 
ABD', BD' being any line other than BD, passing 
through B. 




Fio. 887. 



719. Between any two lines not in the same plane, one line, and 
only one, can be drawn, which shall be perpendicular to both the 
given lines. 

8uo*8. — Pass a plane through one of the lines parallel to the other; and 
through the other line pass a plane perpendicular to the first plane. 



720> In a warped quadrilateral, i, e., one whose sides do not all 
lie in the same plane, the middle points of the sides are in one 
plane, and are the vertices of the angles of a parallelogram. 

SxTO. — Conceiye the planes of two opposite angles of the quadrilateral, the 
intersection of which will be a diagonal of the given quadrilateral. 



721. A line being given in a plane, one plane can be drawn in- 
cluding the given line and perpendicular to the first plane, and only 
one. Hence all right diedrals are equal. 

Suo. — ^Demonstration similar to (390), 



722. The plane angle formed by drawing two lines in the faces 
of a diedral, from a common point in the edge, is less than the 
measure of the diedral 
if the angle. is acute, 
and lines lie on the 
game side of the plane 
of the measure and 
are equally inclined to 
it, and greater if they 
lie on opposite sides. 

In generaly if the 
diedral is acute, the 
limits of the varying 
angle are and 90"^ 
when both the lines lie 





Fio. 896. 
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on the same side of the plane of the measuring angle, and 180^ when 
they lie on opposite sides. If the diedral is obtuse the limits are 
and the angle itself when the lines lie on the same side of the 
measure, and 90"^ and 180"^ when they lie on opposite sides. 



723. If the projections of a line in the two faces of a diedral are 

straight, the line is a straight line. 



Bug.— Proof based on (386). 



724. If from the vertex of a triedral a line be drawn at pleasure 
within the triedral, the sum of the plane angles formed by this line 
and any two edges is less than the sum of the facial angles formed 
by the other edge and these two. 



72S. If through a point in space two lines be drawn parallel to a 
given plane, and through the same point two planes be passed re- 
spectively perpendicular to the two lines, the intersection of these 
two planes will be perpendicular to the given plane. 



726. The three planes which bisect the three diedrals of a trie- 
dral intersect in a common line. 



727. In any convex polyedral, the sum of the diedrals is greater 
than the sum of the angles of a polygon having the same number 
of sides that the polyedral has faces. 

Bug.— Proof baaed upon {722). 



728. Def. — A Folyedron is a solid bounded by plane snr- 
faces. A Regular Convex Polyedron is a polyedron whose faces are 
all equal regular polygons, and each of whose solid angles is con- 
vex outward, and is enclosed by the same number of faces. 



729. There are five and only five regular convex polyedrons — ^viz.: 
The TetraedroHy whose faces are four equal equilateral triangles ; Ths 
Hexaedroriy or Cube, whose faces are six equal squares; The Octaedron, 
whose faces are eight equal equilateral triangles ; The Dodecaedrofiy 
whose faces are twelve equal regular pentagons ; and The Icosaedron^ 
whose faces are twenty equal equilateral triangles. 
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I>BM. — ^We demonstrate this proposition by showing — Ist, that sach solids 
can be constnicted ; and 2d, that no others are possible. 

The Regular Tstraedron.—TMjig three equal equilateral triangles, as ASB, ASC. 
and BSC, it is possible to enclose a solid angle, as S, with 
them, since the sum of the three facial angles is (what ?) 
(Pabt II., 436). Then, since AC = AS = CB (?), consid- 
ering ACB the fourth face, we have a regular polyedron 

whose four £Eu:es are equilateral triangles. 

• 

The JReffular Hexaedron or (^^.— This is a familiar 
Bolid, but for purposes of uniformity and completeness we 
may conceive it constructed as follows : Taking three 
equal squares, as ASCB, CSED, and ASEF, we can en- 
dose a solid angle, as S, with them (?). Now, conceive 
the planes of CB and CD, AB and AF, EF and ED pro- 
duced. The plane of CB and CD being parallel to ASEF (?) 
will intersect the plane of EF and ED in HD parallel to 
FE (?). In like manner FH can be sliown parallel to ED, 
BH to CD, and HD to BC. Hence the solid has for its 
fiices six equal squares. 




Fio. 899. 



B 



/ 



H 



C 

Fig. 400. 




The Regular Oetaedron, — ^At the intersection P| of the 
diagonals of a square, ABCD, erect a perpendicular SP to 
the plane of the square, and making SP = AP (half of one 
of the diagonals) draw SA, SD, SC, and SB. Making a 
simUar construction on the other side of the plane ABCD, 
we have a solid having for faces eis^ht equal equilateral 
triangles. 

The Regular Dtxfocaolwn.— Taking twelve equal regu- 
lar pentagons, it is evident that we may group them in 
two sets of six each, as in the figure. Thus, around O we 
may place five, forming 5 triedrals at the vertices of O. These triedrals are 
possible, since the sum of the facial angles enclosing each is 8i right angles (?) 
— I. «., between and 4 right angles (Part IL, 436), In like manner the other 
6 may be grouped by placing 5 of them about 0'. Now, conceiving the eontexity 
of the group O in front and the eon- 
cavity of group 0', we may place 
the two together so as to inclose a 
solid. Thus, placing A at b, the 
three faces 5, 6, 1, will enclose a tri- 
edrnl, since the diedral included by 
6 and 1 is the diedral of such a tri- 
edral. Then will vertex B fall at 
c, and a like triedral will be formed yiq, 40t. 

at that point, and so of all the other 

vertices. Hence we have a polyedron having for faces 12 equal regular penta- 
gons. 
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77ie Bdgular leodMdrtm.-^Taktag 
20 equal equilateral triangles, they 
can be grouped in two seta, as in 
the figure, in a manner altogether 
similar to the preceding case. The 
solid angles in this case are included 
by 6 fiacial angles whose sum is 3^ 
right angles (f), which is a possible 
case (Part II., 4S6). As before, 
conceiving the eontexiiy of group 
in fh>nt, and the ooneatUy of 0', we can place them together by placing A at 
a, thus enclosing a solid angle with 5 faces, whence B ¥rill fall at d, eta Thus 
we obtain a solid with 20 equal equilateral triangles for its faces. 





Fis. 408. 



That there can be no other regular polyedrons than these 5 is evident, since we 
can form no other convex solid angles by means of regular polygons. Thus, with 
equilateral triangles (the simplest polygon) we have formed solid angles with 8 
faces (the least number possible), as in the tetraedron ; with 4, as in the octaedron ; 
and with 5, as in the icosaedron. Six such facial angles cannot enclose a solid 
angle, since their sum is four right angles (?), and much less any greater num- 
ber. Again, with squares (the next most simple polygon) we have formed solid 
angles with 8 faces as in the hexaedron, and can form no other, for the same 
reason as above. With regular pentagons we can only enclose a triedral, as in 
the dodecaedron, for a like reason. With regular hexagons we cannot enclose 
a solid angle (?), and much less with any regular polygon of more than six 
sides. 

ScH.— Models of the regular polyedrons are easily ibrmed by cutting the fol- 
lowing figures from cardboard, cutting half-way through the board in the dotted 
lines, and bringing the edges together as the forms will readily suggest 
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730. Any regnter polyedron is inscriptible and circumscriptible 
by a sphere, 

Buo'8.— Prom the centres of any two adjacent fiwes, as c and c', let fall per- 
pendiculars upon the common edge, and they will meet it in 
the same pomt o (f). The plane of these lines will be per- 
pendicular to this edge (?), and perpendiculars to these faces 
fixHn their centres, as ^, «'S, will lie in this plane (¥), and hence 
will intersect at a point equally distant from these faces. 

In like manner c"S = e'S, and the point S can be shown to 
be equally distant fh>m all of the faces, and is therefore the 
cen^ of the inscribed sphere. 

Joining S with the vertices, we can readily show that S is 
also the centre of the circumscribed sphere. 




Fici. 405. 



731. Show that a, being the edge of a regular tetraedron, its 
Yolnme is -^^— . 



732. Dep.— ^ Truncated Prism is one whose npper and 
lower bases are not parallel. 

733. The volume of a truncated triangular prism is equal to the 
sum of the volumes of three pyramids 
whose common base is the lower base of 
the prism, and whose vertices are the 
angles of the upper base. 

8uo*8.~Let bO, cO\ and aO" be perpendicu- 
lar to the lower base. Volume of &-ABC is i 6D 
X ABC. Volume o-dCc : volume 6-ABC : : ebC 
: bBO :: eO: bB : : O)' : bO. .*. Volume OrbCc 
rr ^cO' X ABC. *In a similar manner volume 
^oAC = ioO" X ABC. 

734. Cob. — The volume of a prism, 
one of whose bases is a right section and the other an oblique 
section, is the product of the right section into the arithmetical 
mean of its edges. 

g00»a— The volume of a5c-ABC is as shown above ABC f J. 

But if ABC is a right section, M) = bB, eO' = eC, and aO" = aA. Hence the 
volume is ABC (^B + ^ + aAJ 
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735. The volume of any polyedron having, for its bases any 
two polygons whatever^ situated in parallel planes, and for lateral 
faces trapezoids, is the product of \ the distance between the bases 
into the sum of the two bases plus 4 times a section midway be- 
tween the bases; or v = ^ (B + B' + 4b"), in which H is the dis- 
tance between the bases, B and B' the bases, and B'' a section mid- 
way between the bases. 

DBic.~Let Li Ml Ni Pi Qi be the section of such a 
polyedron midway between its bases, and S any point 
in this section. Joining S with the vertices of the 
polyedron, we divide the solid into as many pyramids 
as it has faces. The volumes of the two which have 
B and B' for theh* bases are evidently iH x B, and ^H 
X B'. It remains to find the volume of the others. 

Let LML'M' be a lateral &ce corresponding to LiMi 
and SO a perpendicular from S upon this face. Draw 
i'l through perpendicular to LM, and consequently to L'M'. Take I'Ki per- 
pendicular to the plane section, whence i'Ki = ^H. Now the volume of the 
pyramid having L'MXM for its base and S for its vertex is UMi x 2l'li x iSO. 
But Hi X SO = Sli X TKi (?) ; whence the volume of this pyramid is | LiMi x 
Sli X I'Ki = ^ X 2SLiMi X rKi = i t'K, x 4SLiMi = iH x iSLiMi. In like 
manner the volume of the pyramid having for its base the &ce in which M, N, 
is situated, can be shown to be ^H x 4SM, Ni and similarly of all the 
others. Whence the whole volume is ^ H (B + B' + 4B"). 

736. CoR. — The proposition is equally true when some or all of 
the lateral faces are triangles ; «. e.y when one base has more sides 
than the other. 

Sen.— The preceding propositions are of much value in calculating earth- 
work. 




737. If we cut a pyramid by a plane parallel to its base, a second 
pyramid is formed similar to the first 



738. Two triangular pyramids are similar whenever they have 
an equal diedral angle contained between faces, similar each to each, 
and similarly placed. 



739. Two polyedrons composed of the same number of tetrae- 
drons, similar each to each, and similarly disposed, are similar. 
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740. AH legolar polyedrons of the same number of faces are 
simQar solids. 



74:1. The intersection of the surfaces of two spheres is the cir- 
cumference of a circle whose plane is perpendicular to the line which 
joins their centres. 

74:2. Through any four points not in the same plane one sphere 
may be made to pass, and only one. 

Bug's. — The four points may be considered as the vertices of a tetraedroi^ 
Conceiye perpendiculars drawn to the triangular faces from the intersections 
of lines drawn in th6se faces perpendicular to the sides at their middle points. 
These perpendiculars will meet at a common point (?), which is the centre of 
the circumscribed sphere (?). 

[The student should show why onJliy one sphere can be circumscribed.] 

743. Cob, 1. — ^The four perpendiculars erected at the centres of 
the circles circumscribing the faces of a tetraedron intei'sect at a 
common point 

744. Cob. 2. — ^The six planes, perpendicular to the six edges of 
a tetraedron at their middle points, intersect at the centre of the 
circumscribed sphere. 

745. One sphere and only one may be inscribed in any tetraedron. 
Sub.— Bisect the diedrals with planes. 

746. The angle included by any two curves intersecting on the 
surface of a sphlre^ is equal to the angle included by the arcs of two 
great circles passing through the point of intersection, and whose 
planes produced include the tangents to the curves at their inter- 
section. 



SECTION 11. L r '- ' 

PROBLEMS IN SPECIAL OB ELEME5TART GEOIHETBT. 

^ 747. To biqgc^ flie angle'-larined ''^^~!^^ T 

by two lines whoB&Httitgrsection is ,-^ 
inaccessible. 



Suo. — M and N are points in the bisector. 




/^ 1>^ Fi«.«l8. 
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y/ 745. To pass a circumference through three points, not in the 
same straight line, when the radius is so long as to render the ordi- 
nary method impracticable. 

Buo.— Let A, B, and C be the three points; then are M and N other pointB in 
the same circumference. 





N 749. From tVo given points on the same 
side of a line giv^ in position, to draw two 
lines which shall moet in that line and make 
equal angles with it 

8ua.^>If a and)? are equal, what is the' relation of 
MEtoEF? 



Fi».4ia 



7S0. To construct an isosceles triangle with a given base and 
vertical angle. 

Stjg.— See Prob. 4, p. 102. 

7S1> To trisect a right angle. 

Sua. — What is the value of an angle of an equilateral triangle? 



7S2* Qiven the perpendicular of an equilateral triangle, to coU' 
struct the triangle. 

7S3. Oiven the diagonal of a square, to construct it 



7S4. To construct an isosceles triangle, so that the base shall be 
a given line, and the vertical angle a right angle. 



/ . 



A . 



-A 







'>**^ <c.': 



i, '/ C ^/ ^^-'^ ■ ■■^^<', 



> pnni^T.iKira tv nixiMTrAT. nn 11*1 
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^' 7^^- Oiven the sum of the diagonal and » side 

of the isqnare, to construct it vs>^ « 

BuG.—Wliat are the values of a and fi respectively f 



)L 



7tf C To construct a triangle when the altitude, ry jf^^ 




411. 



the vertical angle, and one of the sides are given. ' 



I V 



J r 



K 



7S7' To construct a 



and the angles at the base are given. 

SuG'a— MN being tlie sum of a, 6, and 
e, what are the angles M and N as com- 
pared with the given angles a and fi ? 



triangle when the sum ofihe t^e sides 




Fio. 413. 



^ 7S8* In a right angled triangle the perimeter, and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
construct the triangle. 



Buo*&— DE is equal to the perimeter, 
DBE is an angle of 185% and FE is the 
perpendicular on the hypotenuse. ABC 
is the required triangle. Let the student 
give the solution in fiiU, and the proof. 




^ 7S9> From two given points on the same side 
of a given line, to draw two equal straight lines 
which shall meet in the same point of the line. 



"^ 760. To pass a circumference through two 

given points, which shall have its centre in a given line. 




)^ 761. To construct a quadrilateral when three sides, one angle, 
and the sum of two other angles are given. 

Sno's. — What is the fourth angle? When two sides and their included angle 
are known, there will be two cases, according as the two angles whose sum is 
known are adjacent to each other or opposite. In the latter case we have to 
describe a segment on a dhigonal, which will contain the fourth angle. For the 
third case see Ex. 18, page 186. 



.. • 
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/L.— -^-""^ 76^. To construct a quadrilateral when three 

angles and two opposite sides are given. 

763* To bisect a trapezoid by a line \ 
drawn from one of its angles.^ >! \ m1 \K V^ » 
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764. In a giyen circle^ to inscribe a triangle equiangular with a^ 
given triangle. * 

Sua. — How does an angle at the centre compare with one inscribed in 
the same segment ? 



76S. To describe three circles of equal diameters which shall 
touch each other. 



766. In an equilateral triangle, to inscribe three equal circles 
which shall touch each other and the three sides of the triangle. 



767. To describe a circle of given radius touching the two sides 
of a given angle. 

Buo.—How far is the centre from each line? 



\ 768- To describe a circumference which shall be embraced be- 
tween two parallels and pass through a given point within the par- 
allels. 

Suo.—In what line is the centre ? How far from the given point f 



769. To describe a circle with a given radius, which shall pass 
through a given point and be tangent to a given line. 



770. To find in one side of a triangle the centre of a circle which 
shall touch the other two sides. 



771. Through a given point on a circumference, and another 
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^ven point without^ to describe a circle touching the given circum- 
ference. 

Bug. — Consider in what two lines the centre must lie. 



772* In the diameter of a circle produced, to determine the point 
from which a tangent drawn to the circumference shall be equal to 
the diameter. 

BiTO.— What is the relation between the radius, the required tangent, and the 
distance from the centre to the intersection of the produced diameter and the 
required tangent? 



^ 773. To describe a circle of given radius, touching two given 
circles. 



y^ 774. In a given circle, to inscribe a right angle, one side of which 
is given. 



^ 77 S* In a given circle, to construct an inscribed triangle of given 
altitude and vertical angle. 



^' 776. To inscribe a square in a given right- 
angled isosceles triangle, one side being in the 
hypotenuse. 




Fio. 417. 



^ 777. To inscribe a square in a given quadrant of a circle, the 
vertex of an angle being at the centre. 

778. To find the centre of a circle in which two given lines 
meeting in a point shall be a tangent and a chord. 



^ 779. To describe a circumference which shall pass through a 
given point and be tangent to a given line at a given point 



yC 7 SO. To bisect a quadrilateral by a line 
drawn from one of its angles. 

Sua.— The demonstration is based upon the prin- 
ciple that triangles having equal bases and equal 
altitudes are equivalent. Pio, ^^ 
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781. Through a giren point situated between the sides of an 
angle, to draw a line terminating at the sides of the angle, and in 
such a manner as to be bisected at the point 

Suo. — Conceive the point as sitoated in the third aide of a triangle of which 
the two given lines are the other two. 



< 




1^782. 



782. To draw a line parallel to the base of 
a triangle so as to divide the triangle into two 
equivalent parts, ^^ jpsi / ^^ .' i ti^ 



f;:?^* 



Suo. PB' = DB = iAB". See (34^, 362). 



783. To construct a square when the difference 
between the diagonal and a side is given. 




Bug.— Consider the angles. 



rdetermi] 



Fio. 490. 

784. To*3etermine the point in the circumference of a circle 
from which chords drawn to two given points shall have a given 
ratio. 



Suo.— Draw a chord dividing the chord Joining the given points in the re- 
quired ratio, and bisecting one of the subtended arcs. 



/ ' 78S. To bisect a given triangle by a line drawn from one of its 

angles. 




786. To bisect a given triangle by a line drawn 
from a given point in one of its sides. 



Fio. 4S1 



787> In the base of a triangle find the point from which lines 
extending to the sides^ and parallel to them^ will be equal 



788. To construct a parallelogram having the diagonals and one 
side given. 



789. To construct a triangle when the three altitudes are 
given. 
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gxje. — ^What is the relation of the perpendicnlars to the aides upon which 
tfaej fall? If a triangle can be formed with the perpendicnlars as sides, how 
will it compare with the first triangle ? How proceed when the perpendiculars 
will not form a triangle f 



790. What is the area of the sector whose arc is 50^, and whose 
radins is 10 inches ? 

JL e,cf ib% 

^ 791. To construct a square equivalent to The sum, or to the dif- 
ference of two given squares. 

^ 792. To divide a given straight line in the ratio of the areas of 
two given squares. 

^ 793. To construct a triangle, when the altitude, the line bisecting 
the vertical angle, and the line from the vertex to the middle of the 
base are given. 

8uG.— The centre of the circle drcnmscribing the reqnired triangle is in the 
perpendicular to the base at its middle point ; and the intersecdon of this per- 
pendicular and the bisectrix is a point in this circumference. 

Show that the bisector always lies between the perpendicular and the medial 
line. 



^ 794. Through a given point, draw a line such that the parts of 
it, between the given point and perpendiculars let fall on it from two 
other given points, shall be equal. 

What would be the result, if the first point were in the straight 
line joining the other two ? 



^ 79S. Prom a point without two given lines, to draw a line such 
that the part intercepted between the given lines shall be equal to 
the part between the given point and the nearest line. 

Bug. — Produce the lines till they meet, if necessary. Draw a line through the 
given point parallel to one of the lines, and produce it till it meets the other. 



^ 796. Oiven one angle, a side adjacent to it, and the difference of 
the other two sides, to construct the triangle. c 

QUEBiBS.—How \fb > a? How if B is obtuse? 

tf^J — X ^ A 

797. To pass a circumference through two given ^^ ^^^ 

points, having its centre in a given line. 

18 
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^' 798. To draw a line parallel to a given line and tangent to 

given circumference. 

8t7o.— Draw a diameter perpendicular to the given line. 





799. To draw a common 
tangent to two given circles. 

8no. — Iffr Mbthod. — There are 
two sets of tangents, AC, BD, and 
A'D', B'C. For the first, observe 
that if PE r= AP - OC, OE is panllel 
to AC» etc 



Fi0.4n. 




FI0.4M. 



2d Method. jK), p^O' 
being parallel to eaph other, 
pp'T gives the int^section 
of the tangent with the line 
passing through the centres, 
since 



pO : p'O' : : OT : O'T, or pO -p'O' : p'O' : : 00' : O'T. 

Also, PO - P'O' : P'O' : : 00' : O'T. 

Hence OT is constant for all positions of the parallel radii. Prove that if 

the parallel radii are on different sides of the Ime joining the centres, T' is 

the point where the internal tangent cats 00'. 

QuEBiBS.— Gow many tangents can be drawn— 1st When the circles are ex- 
ternal one to the other; 2d. When they are tangent externally; 8d. When 
they intersect each other; 4th. When tangent internally; 5th. When one lies 
"withhi the other f 




800. To describe a circle tan- 
gent to a given circnmferenoe 
and also to a given line at a given 
point 



FIG.4S6. 

at r — r' from C. AO » r, and CD 



Sno's. — ^There may be two cases-* 
1st When the given circle is exterior 
to the one sought ; and 2d. When it 
is interior. In either case the centre 
of the required circle is in the perpen- 
dicular AO'. In the former case, O, the 
centre of the required circle, is at 
r^-f^ from ; and in the latter 0' is 
AS = AB' = r'. 



< 
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801. To construct a trapezoid when the e, 
four sides are given. 

SuG. — Knowing the dlflference between the two 
parallel sides, we may construct the triangle AEC, 
and hence the trapezoid. 




X 



802. On a given line, to constmet a polygon similar to a given 
polygon. 

8ne'& — One method may be learned from 
{90), Ex. 8, page 152» fUmishes another 
method. The following is an elegant method : 
To construct on A' homologous With A, a 
polygon similar to P. Place A' parallel to A, fio. 497. 

and the figure will suggest the construction. 




/^<_ 803' To pass a plane through a given line and tangent to a given 
sphere. 

Suo'a — Pass a plane through the centre of the sphere and perpendicular to 
the given line. Through the point of intersection and in this secant plane draw 
tangents to the great circle in T^hich the secant plane intersects the surface of 
the sphere. The points of tangency will be the points of tangency of the re- 
quired planes (?), of which there are thus seen to be two. 



804. Dep. — A Tangent Plane to a cylindrical or conical 
surface is a plane which contains an element of the surface, hut 
does not cut the surface. The element which is common to the 
surface and the plane is called the Element of ContacL 



80S. To pass a plane through a given point and tangent to a 
given cylinder of revolution. 

Sxre'a— 1st When the point is in the surface of the cylinder. Through the 
point draw an element of the (ylinder, by passing a line parallel to the axis, 
or to any given element Through the same point pass a plane perpendicular 
to this element, making a right section (a circle). To this circle draw a tan- 
gent The plane of the element and tangent is the tangent plane required. 
[The student should prove that any point in the plane affirmed to be tangent, 
not in the element passing through the given point, is without the cylinder.] • 

2d When the given point is without the cylinder. Pass a plane through 
the given point perpendicular to the axis of the cylinder, thus making a right 
section of the cylinder (a circle). In this secant plane draw tangents to the 
section. Through the points of contact of these tangents draw elements of 
the cylinder. These elements are the. elements of contact of the tangent 
planes. Hence planes passing through them and the given point are the tan- 
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gent planes required. [The student should remember that this is but an out' 
Une, and be careful to fill it up, giving the proof.] 



806' To pass a plane through a given point and tangent to a 
conical surface of revolntion. 



807 » To find, with the compasses and mler, the radius of a ma- 
terial sphere whose centre is inaccessible. 

8uo*s. — With one point of the compasses at any point 
in the surface, as A, trace a circle of the sphere, as aeb. 
The chord Aa is measured by the distance between the 
compass points. In liiie manner measure three other 
chords, as ae^ ab^ and he. Draw a plane triangle having 
these chords for its sides, and circumscribe a circle about 
it. Thus aO is found. Knowing aA, and aD, and remem- 
bering that AaB is right angled at a, the triangle 
AaB can be drawn in a plane (?), whence AO becomes 
known. 




SECTION III. 

AFPUCATIONS OF ALGEBRA TO GEOMETRY. 

808. The mathematical method which is called technically Ap- 
plications of Algebra to Geometry consists in finding, by means of 
equations, the numerical values of the unknown parts of a geomet* 
rical figure, when a sulB&cient nnmber of the parts are given numeri- 
cally. 

809* By reference to the Complete School Algebra, page 
238, it will be seen that the algebraic solution of a problem consists 
of two parts : 1st The Statement^ which is the expressing by one 
or more equations of the conditions of the problem, i. «., the rela- 
tions between the known and unknown quantities (parts of the 
figure) to be compared; and 2d. The Solution of these equations, 
80 as to find the values of the unknown quantities in known ones. 

810. In applying the equation for the solution of such problems 
as are now proposed, we have to depend upon our previbusly ac- 
quired knowledge of the properties of geometrical figures for the 
relations between the known and unknown quantities, which will 
enable us to form the necessary equations, i. e,, to make the State- 
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menL The resolntion of the equations thus arising is effected in 
the ordinary ways. [See Note, page 239 of The Complete 
School Alqebba.] 

811. The details of this method will be most readily obtained 
firom a careful study of examples. 




EXAMPLES. 

812. In a right angled triangle, given the hypotenuse and the 
sum of the other two sides, to find these sides separately. 

Solution. — Let ABC be a triangle, right angled 
at B. Let the known hypotenuse be A, the unknown 
hase,^; the unknown altitude, x; and the known sum 
of the base and altitude, s. 

We have here two unknown quantities, and hence 
must have two equations, in order to find their 
Talues. One of these equations is fhmished directly 
by the statement of the problem, which says that the sum of the base and per- 
pendicular is to be given. Hence— 

Equation 1 is a; + y = «. 

A second relation between x and y and the known quantity h is fdmished by 
the relation given in Part II. (346). Whence— 

Equation 2 is a^ + ^ = A*. 

fiolving these equations we find — 

y zrz'is ± i^/2A*^^^, and a; = i« T i>/aV - «". 

If A = 10 and « = 14, we find « = 6, and y = 8 ; or a; = 8, and y = 6. 

Oeombtrical Soltttiok— It is exceedingly interesting and instructive to 
compare the algebraic solution of such problems with their geometrical solution, 
when the problem can be solved in both ways. The geometrical solution of 
this problem is as follows : 

Take DC = «, the sum of the two sides, 
and make ODC = 45"*. From C as a centre, 
with a radius A, the hypotenuse, describe an 
arc cutting DO, as in A and A'. Draw AC and 
the perpendicular AB, also A'C and the per. 
pcndicnlarA'B'. Both the triangles ABC and 
A'B'C folfil tiie conditions. For AB = DB (?), 
whence AB + BC = «, and AC = A, by con- 
struction. So, also, A'B'= DB' (f), whence A'B' 
+ B'C = «, and A'C = h, by construction. 




COMFARIBOKS OF THESE SOLUTIONS.— Ist. 

We find in the aJigetn'oic solution, that, in 



Fxo. 480. 



^ I 
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general, y may have two values— viz., ^ + iV'2/i» — «*, and i$ — i^2h* — «■ ; 

and that when y = ^ + ^^2h* — «», « = i« — i/^/^A* — li" ; but, when y = 

i« — i/\/3A" — «", oj = i« + iy'aA' — «». Correspondmgly, we find in the 
geometrical solution that the base {y) may have two values— viz., BC, and B'C ; 
and that when the base is BC, the altitude (;z;)isAB; but, when the baae is 
B'C, the altitude is A'B'. 

2d. From the algebraic solution, we observe that the base y=,\% ± iy^2A* — *», 
may be considered as made up of two parts— viz., a rational part, |«, and a 

radical part, \^/%h* — «* ; and that the altitude, 2 = ^7 iy^A* — «•, is made 
up of the same parts, only observing that, if the base is considered as the 9unt 

of these parts— viz., \8 + \^Vi* — «*, the altitude is their difference — via. 

\s — i>y/2/(t* — «". If, however, the base is i« — i>v/2X" ^^^, the altitude is 

\9 + 1-^/2 A* — «*. Now, we can discover exactly the same things geometrieaUjf^ 
and can show exactly what is the geometrical meaning of each of the parts of 
the values of y and x. To do this, draw C/* bisecting AA' ; let fall the perpen- 
dicular/a, and draw kk and fg parallel to DC. C/ is perpendicular to DO (?), 
and hence equal to D/ (?). Also, Dd = eC = /« = i« (?). From the right an^^ied 

1 « 

isosceles triangle p/C,/C = — -p DC = — rr (?). Hence, from V'C, Af = 

|/ AC* - /C' = //A« - i«" = --^V'2A« - *•. Again, from the right angled 

isosceles triangle Mf, wo have A* = -— VP) = i V^* "" ^- ^^* kk=zfk =. 

^2 

/^ = A'^ = B« = 0B'. Hence we see that the rational part of the value of y (\e) 

is «C, and that the radical part (iy'2A« — «•) is 60, or ^B'. , In the triangle ABC 
the earn of these parts is the base; and in the triangle A' B'C, their difference is 
the base. In like manner /d represents the rational part of the value of x, and 
fk = A'^, the radical part 

8d. From the algebraic solution we see that if <* = 2A*, y = )«, and x =z \e. 

The same thing is seen in the geometrical solution, for if «* =: 2A*, A = ~~p<, 

or/C ; whence the arc struck from C as a centre, with A as a radius, would be 
tangent to DO, instead of intersecting it in two points. Again, if ^ > 2A*, the 
quantity under the radical sign is negative, and the radical becomes imaginary. 
This means, that no triangle can be formed under these circumstances. This 

case appears in the geometrical solution also, for then A < —pM, or leas than 

/C, and consequently the arc struck from C as a centre, with radius A, will not 
touch DO, and we get no triangle. 



* This part of the ooostractloii Bhoold not be allowed on the flipire tUl it is wanted— iA, till 
this stage of the discnssion. 
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S13. ScH. — This problem is discussed thus at length as an illustration of 
what may be done by such methods. Of course, all problems are not equally 
Ihiitfol ; but the student should not rest satisfied with a mere determination of 
the yalues of the unknown parts in known terms, when anything farther is 
revealed either by the process or result of the algebraic solution. Especially 
should he desire to become expert in seeing what geometrical relations are 
indicated by the form of the answer obtained. 



814. Given the lengths of the medial lines from the acute angles 
of a right angled triangle, to determine the triangle, i. e,, to find the 
base and perpendicular. 

8uo'&--Let AD = a, CE = 5, AB = 2ar, and CB = 2y; then 

4a!« + |^=a»,andV + «» = y(r). .\2x = AB =2a/^* ~ ^, 

r 15 

and 1^ = CB =2^/^ZZ. 

The form of these results Indicates that CB sustains the 
same relation to CE and AD that AB does to AD and CE— a 
fiict which is evident fh>m the nature of the case. 

Again, if 4a' < 6', 2d; is imaginary ; and if 46* < 'a\ %y is imaginary. In 
either case the triangle cannot exist So also if 4a' = 5>,2a; = 0/ and if 4d* 
= a*, 2y = 0, and there can be no triangle. This may be seen from the figure 
by conceiving AB, for example, to diminish. As A approaches B, AD ap- 
proaches equality with DB, and CE with CB. Hence the Umii is AD = |CE. 

Thus we see that either medial line muet he more than half the other^^dk propo- 
sition which is proved by this solution. 




815' The hypotenuse and radius of the inscribed circle of a 
right angled triangle being given^ to determine the triangle. 

BetuUs, — Calling the hypotenuse A, the radius r, the base x^ and the per- 
pendicular y, we have, x = ^^ -^ ^ ± y A« - 4Ar ~ ^ ^^ 



„ _ 2r + A T A/hT— 4hr - 4!f* 
y 



t 



The results being the same in other respects, the double sign before the radical 
indicates that the base and perpendicular are interchangeable — ^a fact which is 
evident from the nature of the case. 

If the radical is 0, f. d., if A« - 4;ir - 4/* = 0, « = r + JA, and y = r + \h, 
and the base and perpendicular are equal. Let the student show the same thing 
geometrically (from a figure). 

Also, if A» — 44r - 4r« = 0, A = 2r (1 ± y/ky In this result the negative. 
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F B 



sign is to be rejected, since it would make h negaUve, as 
V3 > 1. 

The value A = 2r (1 + -y/i) is readily seen from the figure 
when AB = CB. Thus AC = 2DB = 2 (DO + 08) = 2 (r + 

r V2) = 2r(l +V^)(?). 



"^^ 816. A tree of known height standing perpen- 

dicular on a horizontal plane, breaks so that its top strikes the 
ground at a given distance from the foot, while the other end hangs 
on the stump. How high is the stump ? That is, given the base 
and the sum of the perpendicular and hypotenuse of a right angled 
triangle, to determine the perpendicular. 

JteiuU.—Let a be the height of the tree, b the distance from the foot to the 
point where the top strikes, and » the height of the stump ; then z = 

Since 



o»-6« 



&» 5" 



2a 
the tree breaks. 



= ia — ^, r- is the distance bdow the middle, at which 



817' In a rectangle, knowing the diagonal and perimeter, to find 
the sides. 



818. Knowing the base, &, and altitude, a, of any triangle, to 
find the side of the inscribed square, x. 

ResuUy X = r. 

a + A* 



819> In an equilateral triangle, given the lengths, a, b, c, of the 
three perpendiculars from a point within iipon the sides, to deter- 
mine the sides. 

8uG*a— Find an expression for the aldtude in terms of the sides ; and then 
get two expressions for the area of the whole triangle. Equate these. 

Result each side = — ;= -. 

V3 



820. In a right angled triangle whose hypotenuse is A, and differ* 
•ence between the base and perpendicular d, to find these sides. 

„ ,, - rf =b V2/*' - d" . , d^ V2h^ - d" 
BesuUsy X = ^ > a: + a = ^ * 
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Qdsbibs. — ^Why most the minus sign of the radical be omitted in the geo- 
metrical interpretation of these results ? What is the least possible value otdP 
What are the sides of the triangle for these values? What is the superior limit 
of the value of d f What do the sides become at this limit ? 



821. In an equilateral triangle given the lines a, i, c, drawn to its 
three vertices &om a point within or without, to find the sides. 

Result. — Each side = 

j g* + y + c* =fc a/6 (g'y + yg* + gV) - 3 (a^ + ^*T^) j* 

The radical is + when the point is within, and — when it is without 



822. The perimeter of a right angled triangle and the perpen- 
dicular from the right angle upon the hypotenuse being given^ to 
determine the triangle. 

8no'& — ^Let « be the perimeter, p the perpendicular upon the hypotenuse, and 
X + y, X — y the two sides about the right angle. Then the hypotenuse = « 
— 2x, and we readily form the two equations p (« — 2ar) = x« — ^, and 

(jf + y)» + (x - y)» = (« - aar)» (?). Hence a: = ^-^^r^, and this value substi- 
tuted in either equation will give y, 

823. The base of a plane triangle is b and its altitude a, required 
the distance from the vertex at which a parallel to the base must cut 

the altitude in order to bisect the triangle. 

a 
Resultf —p- 

m 

QusRT.— What does the &ct that b does not appear in the result show ? 



824. Having given the area of a rectangle inscribed in a triangle, 
can the triangle be determined? Can it, if the rectangle is a 
square? If the rectangle is a square and the triangle right angled ? 
If the rectangle is a square and the triangle equilateral? 



82S. The sides of a triangle being a, b, c^ to find the perpendicu- 
lar upon c from the opposite angle. 

Result, p = ~ V2c' («• + y) + 2a"y - a* - J* - ?". 

Bug's.— Observe that a and b are similarly involved in the result, but e is 
differently involved from either. This is evidently as it should be, since a and 
6 are the sides about the angle from which p is let &11 ; and are thus similarly 
related top. But c, the side on which p falls, is differently related to p from 



-J- 
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either of the others. The stadent should be able to write the value of the per- 
pendiculars upon each of the other sides, fix>m this one. Thus, that od a ia 

1 , 

2^ V2a» ((^ + 6^ + 2c»^ - a* - A* -el*. 



826. The sides of a triangle are a, b, c, to find the side of an in- 
scribed square one of whose sides falls in c 



8i70'& — The altitude may be found from the preceding, hence may be 
sumed as known. Call it p. Then the side of the required square is 



cp 



c -¥ p 

What is the side of the square standing on a ? On 6 ? 

« 

QuKRT.— Will the square be the same on whichever side it stands ? Observe 
that though the values here found are apparently dififerent, they may not be so 
really, since p is different in each case. But let the student decide. 



827. Having the area of a rectangle inscribed in a given triangle 
and standing on a specified side, to determine the sides of the 
rectangle. 

Result^ b being the base on which the rectangle stands, /? the alti- 
tude from this base, and 8 the given area, we have for the sides 



"=-% 



i/f"-f.od,=f^^^ 



sp 

T 



Sno*&— The ± and T signs indicate that, in general, there can be two equal 
rectangles inscribed standing on the same base. The student will do well to 
illustrate it with definite numerical values, as p = 10, 6 = 6, « = 10. 

Again, j must be greater than —, aud j- > ~, i. a, ^ must be less than ipfr. 

That is, the greatest rectangle is half the area of the triangle, since i p& is the 
area of the triangle. 



828. The Algebraic solution of a problem often enables ua to 
effect a geometrical construction. We will give a few examples. 

Through a given point within a circle, to draw a 
chord of a given length. 

of- TfT^ 

Solution Let « be the length of the required chord, and 

P the given point Since P is a known point, call AP 
= a, PB = h, AB being the diameter through P. Let CO 
represent the required chord, and calling CP, a?, PD = « — «. 
Then « — ai^ = a6 ; whence x = i» ± -v/i* ■- ab. 




Fio. 433. 



AFfUOATIONS OF ALQEBBA TO GBOMBTBT. 



288 



To effect the geometrical construction, let « be the length 
of the given chord, and P the point in the given circle. Draw 
the diameter through P, and erect PE perpendicular to it 

liake EH = i$; then since PE* = oft, PH = Vi «• - oft. 
Now take HI = ^, and fh>m P as a centre, with a radius PI 

= i« + ^i^ — ab, strike the arc Dl intersecting the drcum- 
ference. PC is the chord required. 




8 
Fig. 484. 



From the radical \/i^ ~ o^ we see that, if ab> i<*, x is 
imaginary, as we say in algebra. In such a case the problem is geometrically 
impossible, as will appear from the constiiiction, for then PE is greater than 

EH, wliich makes HP, the representative of V^rf' — ab, impossible. If i«* = o^, 
9 has but one value, and the segments are equal 



829. To find a point in a tangent to a circle from wliich, if a 
secant be drawn to the extremity of the diameter passing through the 
point of tangency, the external segment shall have a given length. 

Solution. — Let AB = d be the diameter of the 
given circle, DX = a the external segment of the re- 
quired secant, and the whole secant BX = x. Then 

a^ — ax =z €p, and « = Ja ± \/d" + iaK 
To effect the geometrical construction, construct 
the radical by taking AC = ia; whence BC = 

V^flP~+~i5*. Now make CY = ^, and witli B as a 
centre, and BY as a radius, strike an arc cutting the 
tangent, as in X. Then is P,^ ^^^ 

BX = a? = fi + ^(jP + ia». 

The negative value of the radical is inapplicable in this elementary, geomet- 
rical sense, since as -v/cP + {a* > ia, this would make x a negative quantity. 
Again we see that no real value of a can render x imaginary. 

We can observe the same things from tlie geometrical construction. Thus, 
if the negative value of the radical were taken, x would be numeiiecUly less 
than BC, by 4a, or AC. But BC — AC < BA. Hence an arc struck torn B 
with the required radius would not cut the tangent We see also that a may 
have any value between and oo . 




830. Oiven the hypotenuse and area of a right angled triangle, 
to construct the triangle. 



8no*& — Let A be the hypotenuse, «* the area, and x the 
perpendicular from the right angle upon the hypotenuse. 
Then hx = 2t^,arih itusiXj and h : 2s :: 28 ; 2x, 

The figure will suggest the construction. 




Fis.481 
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831* Through a point between two lines which intersect, to draw 
a line which shall cut off a triangle of given area. 

Suo's. — Let AY = x, and the required area = ^. 
We have A : H : : a? — ft : «. .*. H = 




«-*• 



And Ha? = 2««. /. H = 



2^ 

IT 



Thus 



X 



= ^ /-. (-. - »)• 



To construct this, find <' = ?-> ». «., construct 

a third proportional to A and 8. Then construct ^c(c — 2ft), «. €., find a mean 
proportional between c and c — 2ft ; let this be m. Whence x =. c -^ m. In gen- 
eral^ there may be two solutions, if any, since there are two yiftlues of a;. [This 

should also be observed fi-om the figure.] Bat if 2ft > v there is no solation. 

I&- = 2ft, there is but one solution. In the latter case where is the ^ven point 

? What is the geometrical difficulty when ^ > r ? Oan m be numericaUy 
greater than c ? 



N-J 



832* To constmct the four forms of the affected or complete 
quadratic equation, viz., (1.) a;' ■\- px — q^O, (2.) a^ — px — q ^ 
0, (3.) a;' — joa; + 5^ = 0, (4.) x* + pa; + j' = 0, without solving tlie 

equations. 

First Form. aj« + /» — 5 = 0.— Draw any 
two lines as LM, NP, intersecting in some point 
O. Resolve q of the equation into two factors, 
as r and q', so that we have aj*+|w — rxj'=: 
0. Take OA = p, OB = r, OC = q[. Bisect CB 
and AO by perpendiculars, and from tlieir in- 
tersection F as a centre, with a radius FB, draw 
a circle. Then DO, or AE, is x, the positive 
root For x(x •¥p) = rg', or aJ» + jw? — rg' = 0. . 
The negative root is OE. Thus, let OE = (— x\ 
Then DO = AE = (— a? — p). Hence (— x) 
{— X — p) = a^ + |w = rg', or a^ + px — rq' 
= 0. 
This construction is evidently always possible irrespective of the relative 

magnitudes of p, r, g' ; a fact which agrees with tiie statement in algebra that 

this form always has real roots. 

Second Foric. sfi —px — rq^ = O.—The construction is the same as for the 
first form ; only, in this case OE is the positive, and DO tiie negative root 
Thus for OE = a? (positive), we have DO x OE = (« — p) a? = rg*, or a^ — pa? — 
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r^ = 0. For DO = (- ar), we have DO x OE = DO (OA + AE) = DO (OA + DO) 
= (— «) (p — a?) = tT*, or a^ — jw — rg' = 0. 

Observe that in the first case the negative root is nnmerically greater than 
tiie positive ; while it is the reverse in this form. This agrees with the conclu- 
rions of algebra (See Complbtb School Alqbbba, 104), 

Third Form, a^ — px -^ rq' z=z 0.— 
Draw any two lines, as OM, OP, meet- 
ing at 0. Take OA = p, OB = r or q', 
and OC =^ orr. Erect perpendiculars 
at the middle points of OA, and BC ; 
and fh>m their intersection F as a cen- 
tre, with a radios F6, strike a circum- 
ference. Then OE and OD are the 
yaluea of «.. For OE = a;, OE x OD = 
OE X EA = OE(OA -OE) = z(p - x) ^^ ^ 

= fV', or ic* — /wj + rq' =0. For OD 

= a;, OO X OE r= OD (OA - AE) = OD (OA - OD) = a? (p - x) = rg', or «• 
— poj + r^ = 0. 

Observe that the former value of s is greater than the latter, but that neither 
is negative. 

So also, we maj readily see that the roots may become equal, and also, im- 
aginary. Thus if the circle were tangent to OA, the roots would be equal, and 
if it did not touch OA they would both be imaginary. (See Algebra, as 
above.) 

Fourth Form, sfi •{- px -^ rq^ = 0.— The construction is the same as the 
last, only both values of 2b are negative. Thus, (— ») [p — (— x)] = (— x) 
(p + a;)=77', — p» — a^ — rg'rrO, oraj' + pa?+ rg' = 0. 

ScH. — Thus we see that we can construct any equation of the second degree 
containing but one unknown quantity, which has real roots. Hence, if the al- 
gebraic solution of a geometrical problem requires only the resolution of such an 
equation, the algebraic solution will lead to the geometrical construction. 



833* We have now given stifScient illastrations of this most in- 
teresting and important snbjecty so that the stndent should hare 
caught the spirit of this method of using algebra to subserve the 
purposes of geometrical investigation. We shall simply append a 
list of problems, upon which the student can put in exercise both 
his algebraic and geometric knowledge. But we cannot refrain 
from repeating the advice, that the learner should not rest satisfied 
with the mere algebraic resolution of the problem. He should be 
ambitious to trace, as fully as poasibhy the wonderful relations which 
exist between the abstract operations of algebra, and the more con- 
crete relations of geometry. 
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EXEBCI8ES IN OEOMETBICAL INVENTION. 




EXAMPLES. 

834. Given the perimeter of a right angled tri« 
angle and the radius of the inscribed circle, to de- 
termine the triangle. 



83S> Given the hypotenuse of a right angled 
triangle and the side of the inscribed square, to de- 
termine the triangle. 

836. In a right angled triangle, given the radius of the inscribed 
circle, and the side of the inscribed square, the right angle of the 
triangle constituting one angle of the square, to determine the 
triangle. 

SuG-s.— Letting x and y be the sides, « the hypotenuse, r the radius of the 

inscribed circle, and s the side of the inscribed square, we have « = ^ * 

•C + y 

ay r= r (» + y + e), and « + y = e + 2r. VHience B=2r (5--^). etc 

837. In any triangle whose sides are a^byCy to find the radius of 
the inscribed circle. 



838. Show that the area of a regular dodecagon inscribed in a 
circle whose radius is 1, is 3. 



/ 


1 <m 


\ 


/ 



a^ 



839. Find the area of a regular octagon 
whose side is a. 

ResuU, 2 (V2 + 1) a*. 



Fio. 441. 



840. Find the radii of three equal circles de- 
scribed in a given circle, tangent to the given 
circle and to each other. 



841. The space between three equal circles tangent to each other 
is a ; what is the radius ? 



842. In a triangle, given the ratio of two sides, and the segments 
of the third side made by a perpendicular let Ml from the angle 
opposite. 
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843> In a triangle^ given the base and altitude^ and the ratio of 
the other sides^ to determine the triangle. 

84d. Given the base, the medial line, and the sum of the other 
sides of a triangle, to determine the triangle. 

84S. To determine a right angled triangle, knowing the perim- 
eter and area. 

8uG*& aj' + y^rr*", « + y + e = 2p, and aiy = 8^, give y + a; = 2p — «, 
aj» + 2^ + ^ =r 4/>» — 4tp» + e«, e* + 4^ = 4p' — 4p2 + a{»; whence 

c = . Now use y + a? = 2p— « = '*- , and xy=z2t^. 



S46. To determine a right angled triangle, knowing the perim- 
eter, and the sum of the hypotenuse, and the perpendicular upon the 
hypotenuse from the right angle. 

Stxo's. aj' + y's^, « + y + « = 2p, f + « = a, xy = eu. Then 
^ + Say + ^ = ^« — 4p8 + ^; whence 2xy = 4p' — 4p«, and hence 
2s (a — 0) = 4^ — 4p0, etc 

847' The volume, the altitude, and a side of one of the bases of 
the frustum of a square pyramid being known, to determine a side 
of the other base. 



848. To determine a right angled triangle, knowing the perim- 
eter, and the perpendicular let fall from the right angle upon the 
hypotenuse. 

849. To determine a triangle, knowing the base, the altitude, 
and the difference of the other sides. 



8S0. To determine a triangle, knowing the base, the altitude, 
and the rectangle of the other side& 

8S1- To determine a right angled triangle, knowing the hypote- 
nuse and the difference between the lines drawn from the acute 
angles to the centre of the inscribed circle. 

Sue's.— Let &11 CD a perpendicular upon AO produced. 
Now, since the the angles BAG and ACB are bisected, 
and COD = OAC + OCA, and ICD =: lAB, they being 
complements of the equal angles CID, lAB, we have, COD 

= OCD, and CO = OD = V^ CO. Hence, putting AC 
= A, CO = 2B, and AO = « + <f, we have 

(a? + d + V^i xy + {-y/l xf = A*. Prom this x is readUy found. 
The student should then be able to complete the solution. 
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8S2. Given two sides of a triangle and the bisector of their in- 
cluded angle, to determine the triangle. 

8^3. Giyen the three medial lines, to determine a triangle. 

8S4> Given the three sides of a triangle, to detennine the 
of the circumscribed circle. 



8SS' Four equal balls whose radius is r are placed on a plane so 
that each is tangent to the other three, thus forming a pyramid ; 
what is its altitude ? 



8S6> Given the base of a triangle, the bisector of the opposite 
angle, and the radius of the circumscribing circle, to determine the 
triangle. 

Sug'&— First to find ED = sc Since 
EM = r — V^ — ^» it niay be considered known and 
put equal to e. We then have DM = V^ + ^ ; a^<^ *^^f 
DM X a = AD X DB = ^ - *«, or DM = ^ ~ ^ . 




Whence ■\/<^ + aJ* = , and x is readily found. 

Calling ED = «, the student will have no difficulty in 
proceeding with the solution. 



OHAPTEB n. 

INTBOJDUCTION TO MOJDEBN GEOMETBT.* 



SECT/ON /. 

OF LOCI. 

8S7' The term IjOCUS f^ as used in geometry, is nearly synony- 
mous with geometrical figursy yet having a latitude in its use which 
the other does not possess. The locus of a point is the line (geo- 

* With strict propriety only the latter Bcctions of this chapter belong to the Modem Oeoms- 
try^ technically k> called. Bat, as the entire chapter is composed of matter which has not 
hitherto fonnd place in onr common text-books, and the relative importance of which is be- 
coming more fblly appreciated in modem timea, the author has Yentnred to embrace the whole 
under this title. 

t The word Loau is the Latin totpiaee* 
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metrical figure) generated by the motion of the point according to 
some given law. 

In the same manner, a surface is conceived as the locus of a line 
moving in some determinate manner. 

Ilx'b. — The locus of a point in a plane, which point is always equidistant 
ftom the extremities of a given right line, is a straight 
line perpendicular to the given line at its middle point < 
Thus, suppose AB a fixed line, and tlia locus of a point 
equidistant from its extremities is required ; that point 
may be anywhere in a perpendicular to AB at its mid- 
dle point, and cannot be anyvikerc else in this plane. a 1 B 

This perpendicular is the locus (place) of a point 
subject to the given law. 

Again, a boy on the green is required to keep at Just q 

20 feet from a certain stake ; where may he be found t j,^^ ^^ 

». «., what is his locus (place) ? Evidently, the circum- 
ference of a circle whose radius is 20 feet. Thus, the locus of a point in a plane, 
equidistant from a given pohit, is the circumference of a circle. This is the 
plaee of such a point 

What is the locus in space of a point equidistant from a given point? 

What is the locus of a point in space equidistant from the extremities of a 
given line f A plane. 

What is the locus of a line moving so that each point in it traces a right line ? 
In general, a plane ; if it move in the direction of its length, a straight line. 

What is the locus of a right line parallel to and equidistant from a given line? 

What is the locus of a right line intersecting a given line at a constant 
angle ? * A conical surface of revolution. 

What is the locus of a semicircle revolving on its diameter ? 



PROPOSITIONS AND PROBLEIHS IN DETERMINING LOO. 

[NoTB. — The student should be required to give every demonstration inform, 
and in detail. Frequent exercise in writing out demonstrations, is almost the 
only method of securing a good, independent style in demonstration. Plane lod 
ai<e always understood if the contrary is not stated.] 

8S8. Theo- — The locus of a point in a plane, equidistant from 
the extremities of a given line, is a perpendicular to thai line at its 
middle point 

8uo.— To prove this we have simply to show that every point in such a per- 
pendicular is equidistant from the extremities of the given line, and that no 
other point has this property (Part II., 129). 



* Thftt is, an angle which remains of the same sice. 

19 
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8S9. Proh.—Find the locus of a point at any constant distance 
m from a given straight line. Of what proposition in Part IL ib 
this the conTerse P 



c 
A. 



41 



ip' 



ffi 



Suo'b.— To prove the proposition which the answer to this question aaserta, it 
will be necessary to show that eyeiy point in the affirmed locus is at the same 

distance from the given line and tliat 7U> other point 
is at that distance. We affirm that ihs locus is ttoo 
D right lines pa/rdllei to the given Une and at a distance 
Q m therefrom. The formal demonstration is as follows: 
tn Let AB be the given line, and OE, OE', perpendiculaxB 

7 0^ thereto, each equal to m. Through E and E' draw 

CD and CD' parallel to AB ; then is CD, CD', the 
Pw. 446. locus required.* For, by Part 11. (ISO), every point 

in CD, CD', is at the distance m from AB ; and we may 
readily show that any other point, as P or P', is at a distance greater or less than 
m from AB. Hence CD, CD', is the locus required. 

860. Theo. — In a circle^ the locus of the centre of a chord par^ 
allel to a given line is a diameter perpendicular to the given lifie. 

Deh.— Let mn be any circle, and AB a given line. 
Then is the locus of the centre of a chord parallel to AB, 
a diameter of the circle. 

For, let DH ^ anp chord parallel to AB. Through the 
centre of the circle C, and P, the middle point of DH, 
draw EL Now EL is perpendicular to DH (?), and con- 
sequently to AB (?). Then will EL be perpendicular to 
any and eyery chord parallel to DH (?), and hence will 
bisect such chord (?). Therefore the locus of the centre of a chord parallel to 
AB is a diameter. 

Again, any point in the circle and out of the line EL is not the middle point 
of chord parallel to AB. Thus, letting P' be such a point, draw a chord 
through P' parallel to AB. As there can be but one such chord (?), and aa EL 
bisects it (?), P' is without the diameter (?). 
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S61. Theo. — The locus of the centre of a circumference passing 
through two given points is a straight line perpendicular to the line 
joining the two points at its middle point. 

^UG.— Onunat Pabt H. {,159 f 168, 197)^ 

862. The04 — The locus of the centre of a circle which is tan- 

* n is important tbat the stndont tMnk of those two lines as one Ioods, or as parts of om and 
CAtf tame locos, if this will aid the conception. A locos may consist of any nnrobcr of detached 
parts; all that Is necessary being that the given conditions he fhlfllled. In this respect tha 
word loout has a more enlarged meaning than (be term geometrical JIgure. 



i 




gent to a given circle at a given point, is a straight line passing 
through the centre of the given circle. 

Dem. — Let C be the centre of the given circle, 
and B the point in the circamfbrenco to vhich 
the drcle * shall be tangent, the Iocub of whoeQ 
centre is required. Through B draw TL tangent 
to the given circle. Now, a circle paasing through 
B, and tangent to the given circle, will have TL 
fbr its tangent (?), and as a radius is perpendicn- 
lar to a tangent at its eitremitj, and only one 
perpendicnlar can be drawn to TL through B, 

the centre of a circle tangent to the given circle at B mast be in this straight 
line. Moreover, as the given t^rcle is tangent to the right line TL at B, its 
centre is in the perpendicular AX. Hence AX is the locos required. 

863- Theo. — The locus of the centre of a circle of given radius 
n, and tangent to a given straight line, is two parallels to this line at 
a distance R therefrom, on each side. Give proof ia form. 

864. Prob. — Find the locus of the centre of a circle of given 
radius R, whose circumference passes through a given point. Give 
proof in form. 

865. Theo. — The locus of the centre of a line of constant length, 
having its extremities in two Jixed lines which cut each other at right 
angles, is the circumference of a circle. 

Sua'fl.— Let MN be the length of the 
given line, and CD, and AB, the tvro lines 
Intersecting at right angles, In which the 
extremities of MN are to remain. Now, 
In whatever position MN may be placed. 
Its middle point, P, is at the same distance 
rtMN) from O ff). To show that any point 
not in this circumference, as 9, is not the 
middle point of a line equal to MN passing 
through it, and limited by the fixed lines, 

from ipnB A centre, witli a radius IMN cut p,,g ^^ 

CD, aa in C ; and from C ss a centre with 

the same radios strike the arc pP. If g> is without the circle, CB > MN, if 
within, less. Hence, the required locus Is a circumference whose centre is 0, 
and whose radius Is )MN. 

• OtMcrrs the fonn of eipRHlon. We uj " the clrela," and not " (ho clrcUi," n»liw ih* 
l«nn In > genirle Mnw, u lueladlng ill wlilch bav« tbe teqnired proportr, i. >■, all wbleh an 
twgcnt In tbe glT«D drds at B, 
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866. JProb. — Find (he locus of the centre of a chord of constant 
Jengthj in a given circle. 

SuG.— We say, once again, (dmays ffitje the proof in form. 



867* JProb. — Fhid the locus of the vertex of the right angle of a 
right angled triangle of a constant hypotenuse. 



868. JProb. — Fi7id the locus of the middle point of the chord in- 
tercepted on a line through a given point, by a give^i circumference^ 
when the giveii point is without the circumference, when it is in, 
and when it is within tlie circumference. 




869. Prob. — Find the locus of a point the sum of whose dis- 
tances from two fixed intersecting lines is consta^it, i. e., is equal to 
a given line, 

8oLirnoH.--Let AB and CE be the fixed 
lines, and m the constant distance. Draw 
MN parallel to AB, and at a distance m 
firom it Bisect the angle CPN. Then is 
LR (a part of) the locus required. For 
[the student will here show that the sum 
of the distances from anj point in LR to 
AB and CE, as PD, P"D" + P'd", P^ 
+ Pd', P"(r", P'D*' + PV% is con- 
Btant and equal to m], obsenrc that when 
one of the perpendiculars measuring the distance from a point in the locus, 
changes from one side to the other of the line on which it is let &11, its sign 
changes. Thus P"D", P"d' being considered +, PdT and P'D" are to be con- 
sidered ~. This is a general principal in mathematics. 8ee Part II. {21S), 
and foot note. 

Finally, LR is only a part of the locus, since there is another line on the op- 
posite side of AB, obtained by drawing the auxiliary MN on that side, which 
fulfills the same condition. The student should show what the result is when we 
draw the auxiliary parallel to CE, and on either side of it, also that any point 
not in one of these lines cannot fhlflll the required eondilion. The complete 
locus is four indefinite right lines intersecting each other at right angles, so as 
to inclose a rectangle. 
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870. Prob. — Find the locus of a point such that the sum of 
the squares of its distances from ttoo fixed points shall he equivalent 
to the square of the distance betioeen the fixed points. 



871* Prob. — Find the locus of the intersection of ttoo secants 
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dratopi through the extremities of a fixed 
diameter in a given circle^ one of the secants 
being always perpendiciilar to a tangent to 
the circle at the point where the other 
cuts it. 



8U6*& P being the point, show that PB = AB, 
for any position of AP and BP. Hence, any point 
in the circumference having B for its centre, and 
AB for its radius, fulfills the conditions. Show that 
any point oat of the curcamference does not iUlfiU the 
conditions. 




872. Prob* — Find the locus of the intersection of two lilies 
drawn from the acute angles of a right 
angled triangle, through the points where the 
perpendicular to the hypotenuse cuts the op- 
posite sides, or sides produced. / ^ 

Bug's.— The locus of P is required. Prove that 

APC is always a right angled triangle, wherever the 

perpendicular EF to the hypotenuse AC is drawn. 

Fio. 461. 




S73. Prob- — Find the locus of a point which divides a liiie 
drawn from a fixed point to a fixed line in a fixed ratio. 

Bua'a— Most problems in finding loci such as are treated in Elementary 
Plane Geometry, viz., right lines and circles, are readily solved 
by constructing a few points according to the given conditions, 
whence we can determine by inspection whether the required 
locus is a right line or the circumference of a circle; and, 
having discovered this fact by inspection, it will remain to 
show why U should be 9o, Thus, in the present problem, O p* 
being the fixed point, and AB the fixed line, drawing a few 
lines, OC, according to the requirements, and dividing them 
in the same ratio (in the figure 8:3), we find a few points 
P in the locus. We then discover at once that the locus is 
a right Une parallel to AB, and can easily see why it should 
beso. 
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874:. Prob. — Two fixed circumferences intersect: to find the 
locus of the middle point of the line drawn through one of the points 
of intersection and terminated by its other intersections with the dr- 
cumferences.* 
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8T7a'& — ^We will flrot give an example of the course which the mind of the 
student might take in his efforts to discover tlie solution. He would natnrallj' 

draw two unsqtuU * chrdes, as M and N, 
and, through one of the points of intersec- 
tion, as A, draw BC, and bisect it at P. It ia 
the locus of P that is desired. Now, sap- 
pose the line BC to revolve about A, B 
passing towards B', and C towards A. It is 
tlie path of the middle point that he seeks. 
When C reaches A, the line becomes tangent 
to N, and P is the middle point of the dhord 
AB'. In a similar manner, he sees that tlie 
* middle point of the chord AC, tangent to M 
at A, is also a point in the locus. 

Again, he observes that as 6 moves towards M, and C towards N, P moves to- 
wards A, and when AC = AB, P is at A. It now appears probable that the locus 
of P is a circumference. Proceeding on this hypothesis, he reasons, that, if this is 
true, AP' and AP' are chords of the locus, and, bisecting them with perpendicu- 
lars, he will have the centre of the locus. Locating O thus, he observes that it 
appears to be in the line joining the centres 0' and 0", and about midway be- 
tween them. This leads him to see, whether, by assuming the middle point of 
O'O'' as the centre of a circle, and OA as a radius, he can prove that any sach 
line as BC drawn through A is bisected by this circumference, as at P. This 
ho can readily prove by means of the perpendiculars OD, CD', and (y'iy\ 
which bisect the chords AP, AB, and AC. For, since these perpendiculars are 
parallel, and O'O = 00", D'D = DD" ; whence D'P = AD", and, addmg AP 
to each, D'A = PD", or D'B = PD". Adding to BD', DP, and D"C (= AD" = 
DP), there results BP = PC, and the hypothesis is true. 

But, in giving this problem as a reeUaiian^ the student will proceed as follows: 
Letting M and N be the two fixed circumferences, intersecting at A, join their 
centres O' and 0", and bisect O'O" as at 0. With O as a centre and OA as 
a radius, describe a circle. Then is this circumference the locus required. 
For, let BC be any secant line passing through A, we may show that P is the 
middle point of BC- [Having done this, as above, and shown that any point 
not in this circumference is not the middle of the secant line passing through A, 
his solution is complete.] 



8VS. Prob- — If the line AB %8 divided at Oyfind the locus of p, so 
thai angle apc = angle BPa 

gx7G'8.—. Jn seeking far the solution, the following would be a natural process. 
Drawing any line, as AB, in the lower part of the figure, taking C, any point in 
it, and conceiving BP and AP drawn so as to make equal angles with PC, we 
would naturally discover that, if a circle were circumscribed about BPA, PC 
produced would bisect the arc below AB. Thus we discover a ready method 
of locating P ; t. «., in the main figure, bisect AB by a perpendicular, as ED, and 



* Bqual circles would probably have iptckH relations. 



OF LOCL 



295 



with any point on ED as a centre, pass a circumference through A and B. Through 
D and C draw a line, and P is a point in the locus (?). Any number of poinds 
can be found in this way ; and, 
having found a few, as P, P', P", 
P"\ etc., the situation of these 
will suggest that, probably^ the 
locus is the circumference of a 
circle whose centre is in A6 pro- 
duced. If this should he the fad, 
CP is a choixl of that circle, and, 
erecting a perpendicular at the 
middle point of CP, its mter- 
section with A6 produced, as 
O, will be the centre of the 
locus {?). We will now endeayor 
to prove that any point in this 
drcumference, as P', is so situated 
that BP'C = CPA, and tliat no 
point out of this circumfer- 
ence has this property. We can 

readily show that the angle OPB = OCP - BPC = OCP - CPA (?). But 
PAC = OCP - CPA (?). . - . Triangle OPB is similar to OPA (?), and 
OA : OP : : OP : OB, or OA : OC : : OC : OB. Now, for any point in this dr- 
cumference, as P', we shall have OA : OP' : : OP' : OB, since OP' = OC, and OA, 
OC, and OB are constant.' Hence, wherever P' is taleen (in this circumference), 
the triangle OPB is shnilar to OPA, angle OP'B = P'AB, and BP'C = CPA. 
Finally, that no point out of this circumference possesses this property is evi- 
dent, since the distance of such a point fh>m O would not equal OC, and the 
angle OPiB (Pi bemg such a pohit) would not equal PiAB. 
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876' JPr6b-—In a fixed circle, any two chorda intersect at right 
angles in a fixed point ; find the locus of the centre of the clwrd join- 
ing their extremities. Give the proof. 

877' Prob' — JFHnd the locus of the point in space equidistant 
from three given points. Give the proof. 

878. Frob. — Find the locus of the point in space equidistant 
from two given points. Give the proof. 

879' JProb' — Find the locus of the point in a plane such thai 
the difference of the squares of the distances from it to two fixed 
points without the plane shall be constant. 

Sno's. — Conceive the two points without the plane Joined by a right line» 
and a perpendicular to this line drawn from either extremity of it ; the point 
where this perpendicular pierces the plane is a point in the locus (?). The re- 
quired locus is two paraUel straight lines. 
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880. JProft. — Mnd the locus of the middle point of a straiffhi 
line of constant length, whose extremities remain in two fixed lines 
at right angles to each other, but which are not in the satne plane. 
Give the proofl 

881. JProb. — Find the locus of the point equidistant from two 
fixed planes. Give proof. 

Sua's.->Con8ider, lat, When the fixed planes are parallel ; and 2d, when they 
hitersect 



882. Prob. — What locus is the intersection of a plane and the 
surface of a sphere t Give proof. 



883. JProb. — What locus is the intersection of the surfaces of 
two give7i spheres 9 

884. Prob. — Find the locus of the point in space such that the 
ratio of its distance from a given right line to its distance from a 
fiaed point in that line is constant. 



SECTION II. 

OF SYMMETBT. 

885. Def. — Two points are said to be symmetrical with respect to 
a third, when the right line joining the two points is bisected by the 
point of reference, called the Centre of Symmetry. 

886. Def. — Two loci, or two parts of the same locus, are sym* 

metrical with respect to a point, when 
every point in one has its symmetrical point 
in the other. 

Ill's.— In (a) P is symmetrical with P in re- 
spect to S, it* S is the middle point of PP'. In (6) 
we observe that the semi-circumference Am'B is 
symmetrical with the semi-circhmferenoe AmB, 
in respect to the centred ; for any point P in the 
latter has a symmetrical point P in the former. 
In (c) the triangle A'SB' is symmetrical with 
in respect to S (?). 
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887. Theo. — The symmetrical of a 
straight line, with respect to a point, is an 
equal straight Uns, 

Sug'b. — We commence by assuming A'S = 
AS, and B'S = BS« and drawing B'A'. We then 
have to sliow that any point in AB, as P, has ila 
symmetrical point P' in B'A\ 




7xe. 4S0. 





888. Theo. — The symmetrical of an angle, with respect to a 
point, is an equal angle. o 

Sug'& — ^To show the symmetrical of AOB, with respect to 
S, take AS = AS, B'S = BS, OS = OS, and draw OB', O'A'. 
Then show that any point in OA has its symmetrical in O'A', 
and any point in OB has its 83rmmetrical in O'B'. Hence, 
A'O'B' is the symmetrica] of AOB, with respect to S. 

Then apply AOB to A'O'B' and show that these symmetricals 
are equal 

889. Prob. — Having given a polygon, to 
draw its symmetrical with respect to a given 
point. 

890. Theo. — Any polygon is equal to its 
symmetrical with respect to a given point. ^lo- ^66. 

Bug's.— Proof by revolying the figure about S, keeping it in its own plane, 
each line, as AS, ES, eta, passing through 180*". 

891* Dbf. — ^The lines AS^ ES> BS, etc.^ are radii of symmetry. 

892. Def. — Two points are symmetrical with respect to a straight 
line in the same plane, when the straight line which joins them is 
bisected at right angles by the line of reference, called the Axis of 
Symmetry. 

893. Def. — Two loci, or two parts of the same locus, are sym- 
metrical with respect to a straight line when every point in the one 
has its symmetrical point in the other. 

Ill's.— Thus in (a) P and 
P are symmetrical points 
with respect to the right 
line X'X, 9'$ =: P« and X'X 
is perpendicular to PP. So 
the part of (6) above X'X is 
symmetrical with the part 
below, i. «., the curve is sym- 
metrical with respect toX'X. Fio. 4M. 
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894:. Theo. — The symvietrical of a straight line, with respect to 
a rectilinear axis of symmetry^ is an equal right line. 

Dbm.— Let AB be any stndght line, and X'X the 
axis. Let fall the perpendiculan A« and B; and 
produce them till A'« = A«, and 6'« = B«. Then is 
AB = A'B', the symmetrical of AB. For, taking P, 
any point in AB, letting fall P«, and producing it to 
P, the point P' is symmetrical wiUi P ; since re- 
yolvmg «A'B'« upon X'X, A'B' wUl coincide with 
AB, and P will fall at P. Hence A'B' = kB, and 
every point in AB has its symmetrical point in 
A'B' (898), 

895- Cor. 1. — If two straight lines intersect, their symmetricdU 
int&i'sect, and the points of intersection are symmetrical. 

The student should show how this follows from the proposition. 

896- Cor. 2. — Two rectilinear symmetricals meet the axis in the 
same point, and make equal aiigles therewith. 

Student give proof. 

897* Def. — A Trapezoid like ABB'a^ having its nou-paitdlel sides 
equal, is called Isosceles. 




Fio. 461. 



898. Theo- — Tlie symmetrical of an angle^ 
with respect to a rectilinear axis of symmetry, 
is an equal angle. 

SuQ*s. — ^The student should be able to give the dem- 
onstration from the figure, in a manner altogether 
similar to the preceding ; or, drawing AB and A'B', he 
can base it upon the preceding. 




899- Prob. — Having given a poly- 
gon, to draw its symmetrical mth respect 
to a given axis. 



Pio. 4d3. 



900. Theo. — Any plane figure is 
equal to its symmetrical, with reference 
to a rectilinear axis. 



Proof by applying one to the other by revo* 
lution. 
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901» Dep. — Two loci in space, or two parts of the same locus 
(planes or solids), are symmetrical with respect to a point, when every 
point in one has a corresponding point in the other, such that the line 
joining them is bisected by the point called the centre of symmetry. 

IjLL*a.--Syinmetrical triedrals (Part II., 432) afford an illustration of solids 
symmetrical with respect to a point — the vertex. The two hemispheres into 
which a great circle divides a sphere are symmetrical parts of the solid (sphere) 
with reference to the centre. 

902. Def. — Two points in space are symmetrical with respect to 
a plane called the Fla7ie of Symmetry , when the line joining the 
points is perpendicular to the plane and bisected by it 

903. Def. — Two loci in space (planes or solids), or two parts of 
the same locus, are symmetrical with respect to a plane when every 
point in one has its symmetrical point in the other. 

904. Def. — The corresponding (symmetrical) parts of symmet- 
rical figures are called Homologous parts. 



905. Theo. — The symmetrical of a right line, with respect to a 
planCy is an equal right line. 

Dbh. — ^Let AB be any right line, and MN the plane 
of symmetry. Let fall the perpendiculars Bh, Aa, upon 
the plane, produce them, making B'b = Bb, A'a = Aa, 
and Join A' and B'. Then AB' = AB, and is its sym- 
metricaL For ABB 'A' being a plane figure (?) and o^, 
the intersection of this plane with MN, being a right 
line bisecting AA' and BB' at right angles (?), we may 
leyolye o^B'A' upon ab and bring A'B' into coincidence 
with AB. Hence A'B' = AB. Again, P being any 
point in AB, draw PP' perpendicular to ab, and upon 
revolution P will fall in P,and P'« = P«. Hence, every 
point in AB has its symmetrical in A'B', and the latter 
line is the symmetrical of the former. 

906. Cor. 1. — A right line and its symmetrical, with respect to a 
plane, pierce the plane at the same point. 

Student give proo£ 




90V. Theo. — The symmetrical of a plane angle, with respect to a 
plane, is an equal plane angle. 
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DEif.— Let AOB be any plane angle, and MN the 
plane of symmetry. Let P be any point in AO, and 
Pi any point in OB. Let 0' be the symmetrical of O, 
P' of P, and Pi' of Pi ; then is A'C the symmetrical of 
AO, O'B' of OB, and angle A'O'B' of AOB. Now by 
the preceding proposition the two triangles POPi^and 
PO'Pi', are mutually equilateral, whence AOB = its 
i^mmetrical A'O'B'. 

QuEBT. — When will the triangle pop* exist, and 
when not ? 



908* Theo. — Any pla^ie polygon has for its symmetrical, with 
reference to a plane, an equal plane polygon* 

Sua*8.— ABODE being any plane polygon, and 
MN the plane of symmetry, by constructing 
A',B',C',D',E' symmetrical with A, B, C, D, E, we 
haye by the preceding propositions A'B'C'CyE' 
equilateral and equiangular with ABODE ; whence 
it only remains to show that A'B'C'D'E' is a plane 
(not a warped) surface. Let F be any point in the 
angle AED, draw HI, an4 let H' and I' be the sym- 
metricals of H and I (89S). Draw H'l'. Then is 
the symmetrical of F in H'l' (?X as at P. Now, 
every pohit in HF within the angle BAE has its 
symmetrical in H'F' (90S). Thus, by taking three 
points, not in a straight line, in the angle BAE, we 
can show that their symmetricals are in the plane 
B'A'E', and also hi A'E'D'. In Uke manner, all 
the angles of A'B'C'D'E' can be shown to be m the same plane. 

909' Cor. — If two planes intersect, their symmetricals intersect^ 
and the two intersections are symmetrical right lines. 

The student should show how this grows out of the proposition. 





910> Theo. — The symmetrical of a diedral is 
an equal diedrdU 

Dsif. AOB being the measure of the diedral A-OC-B, 
and A'-O'C'-B' the symmetrical diedral, and O' th^ sym> 
metrical of O, the symmetrical of AO being A'O', the angle 
A'O'C is right, and in like manner B'O' being the symmet- 
rical of BO, B'O'C is right But BOA = B'O'A' (?), whence 
the diedrals are equal. 



Fio. 466w 
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911- TheO' — TtBO polyedrons, symmetrical 
with respect fo a plane, have their faces equal, 
each to each, attd their homologous solid aitffles 
symmetrical 

6do'& — TliiB la an Immediate coDscqnence nf preced- 
iiif( iHYipoMtiODB. Thus E' being the Bymmetrical solid 
Itomologous with E, the homologona plane faces Inclad- 
ing tbeni are eqnal {908). Again, the facial angles 
belnf; equal, but not similarly disposed, the solid angles 
are qrm metrical. 



912. Cor. — 7\oo symmetrical polyedrons can 
be decomposed into the same number of tetraedrons, symvietrical each 
foeach. 

For yre can decompose one of (he polyedrons into tetraedrons having for 
th^ common vertex one of the vertices of this polyedron, and each of these 
tetraedrons vill have its Bymmetrical in llie other. 

013- Theo. — Tv!0 symmetrical polyedrons are equivalent. 

Dku.— Prom the last corollaiy it will appear that It is snfflcient for tlie de- 
monstration of this proposition to show that two symmetrical tetraedrons are 
equivalent (?). Let S-ABC, and S-ABC be two tetraedrons symmetrical 
with respect to their common base. They have a common base and eqiial alti- 
tude8(T), hence they are eqaivalenL 

914- Oekbral 8cHOLnTM.—We may speak of two loci, or two parts of the 
same locus, aa symmetrical with respect to a line or plane, whenever all the 
points in one have symmetrical points In the 
other, even thmigb the line Joining the symmet- 
rical points be not perpendieular to the axis, or 
tlte plane, of symmelry ; observing, however, 
that this line Is always bisected by tlie axis or 
plane. Thas, the ellipse in the flf!:iire Is symmet- 
rically divided by the line X'X, since every point f 
in one portion has a symmetrical point in the 
other, as Pi = P'«, for every point in the curve. ym ^gg. 
In snch a case the parts cannot tie brought into 
cointide&ce by simple rerolation : one put must be reversed. 
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SECTION III. 



OF IIAXIMA Ain> MINnLL. 



Q16* Def. — A Mdocimum value of a magnitude oonceived to 

vary continuously in some specified way, is a value 
which is greater than the preceding and succeeding 
values of the magnitude. 



Ill'&— Thus, suppose in a g^ven circle, a chord passittg 
through a fixed point, P, revolyes so as to take successively 
the positions la, 2b, Ac, dd, 4e, etc. It is at a maximum when 
it passes through the centre, as Ac. The chord is the magni- 
tude which is conceived to vary in the way specified, and A« 
is a value greater than the preceding and the succeedinj^ 
values. Again, conceive a circle to be compressed or ex- 
tended, as in the direction mn, so as to take the forms in- 
dicated by the dotted lines, its area will be diminished, 
the perimeter remaining the same. That is, of aH 
figures of a given perimeter, the curcle has the maxi- 
mum area. 




Fio. 409. 




Fia. 470. 



'A Minimum value of a magnitude conceived to 
vary continuously in some specified way, is a value 
which is less than the preceding and succeeding 
values of the magnitude. 

Ill's. — Thus, conceive the varying magnitude to be a 
X ' straight line fix)m the fixed point P to the fixed line X'X ; 
that is, suppose such a line to start from some position PI. 
and move through the successive positions P2, PA, P3, P4. 
PA is a minimom, since it is less than the preceding and succeeding values. 




PROPOSITIONS CONCERNING MAXIMA AND MINIMA. 

917. Axiom* — The minimum distaivce between ttoo points is a 
straight line. 

918. Theo. — The minimum distance from a point to a line is a 
straight line perpendicular to the given line. 

Student give proof. 

919. Theo. — The maximum line which can be inscribed in a 
given circle is a diameter* 
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Proof based on the fact that the hypoteniue of a right angled triangle la the 
greatest side. 



920. Theo^ — The sum of the distances from 
two points on the same side of a line, to a point 
in the Une, all being in the same plane, is a mini-- 
mum when the lines measuring the distances 
make equal angles with the given line. 

Stodent proye AP + BP < AP' + BP'. 




Fio. 47S. 



921> Theo* — If a triangle have a constant 
base and altitude, its vertical angle is a mood- 
mum when the triangle is isosceles. 

8uo. — ^By what is the vertical angle measured ? 




Fio. 478. 



922. Theo. — The base and area of a triangle being constant, its 
perimeter is a minimum when the triangle is isos- 
celes. 



8no'8. — The area and base being constant, the yertcx 
remains in a line parallel to the base, for all values of the 
other sides. The figure will suggest the demonstration, 
which is based on the fact that any side of a triangle is 
leas than the sum of the other two. 




Fio. 474. 



923. Theo. — The difference between the distances from two 
points on opposite sides of a fixed line to a point 
vi that line, is a maximum, when the lines 
measuring tliese distances make equal angles 
with the fixed line. 

StJG'a- P'O = AP - AP; but PO > A'O (= A'P) 
-A'P. 

QusRT.—Having the points P, P, and the fixed line 
given, how is the point A found by geometrical construction ? 




Fio. 475. 



924:. Theo. — The lengths of tico sides of a 
triangle being constant, the area is a maximum 
when the included angle is right. 




' Fio. 476. 
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92S. Theo. — The sum of two adjacent sides of 
a rectangle being constant (AS), tlie area is a nuixi' 
mum when the sides are equal. 



ISOPERDIETRT. 

926. Isoperimetric Figures are such as have equal perim- 
eters, i. e.f bounding lines of equal length. 

Problems in isoperimetiy are a species of problems in Maxima and 
Minima. Thus, of all figures whose perimeters are m (say 10 
inches), to find that which has the greatest area, is a problem in 
isoperimetry. Again, what must be the form of a pentagon whose 
perimeter is di^ in order that its area may be a maximum ? 

927. Theo. — Of isoperimetric triangles mth a constant base, the 
isosceles is a maximum, 

Sug's. — By means of the flgnre to Theorem {921)y we can readily show 
that any triangle having the same base as the isosceles triangle, and its vertex 
either in or beyond the line through the vertex of the isosceles triangle and par- 
allel to its base, has a greater perimeter than the isosceles triangle. Hence, the 
isoperimetric triangle on the given base has its vertex below this parallel, ex- 
cept when isosceles ; and consequently the isosceles is the maximum. 

928. Cob. — Of isoperimetric triangles, the equilateral has the 
maximum area (f ) 



929' Prob. — Given any triangle with a constant base, to con- 
struct the maximum isoperimetric triangle, 

930' Prob. — Oivefi any triangle, to construct the maximum 
isoperimetric triangle. 



931. Theo. — Of isoperimetric quadnlaterais, 
'if the square has the maximum area. 

Debc.— Let ABCD be any quadrilateraL If AD ia not 
equal to DC, ADC can be replaced by the isosceles 
isoperimetric triangle ADX, and the area of the quadri- 
lateral increased. So ABC can be replaced by AB'C. Theve- 
fore AB'C'D > ABCD. In like manner if AD' is not equal 
to AB' , D'AB' can be replaced by the maximum isoperi- 
metric triangle D'A'B'. So also D'CB' can be replaced by 
D'C'B'. Therefore A'B'C'D' > AB'CD' > ABCD. Now, 
A'BX'D' is a rhombus (?), and the student can show that 
the square on A'B' is greater than any rhombus with the 
same side. 





Fie. 4ia 
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933. Prob. — Having give?i a quadrilateral, to comtruct tltfi 
maximum isoperimetric qtuzdrilatereU. 

933' OTheo. — Of tscperimetric quadrilaterals with a constant 
base, the maximum has its three remaining sides equal each to each, 
and the angles which they i^iclude equal. 

Deh.— Let A6CD be the maximum isoperimetric quadrilateral on tlie base 
AD, then AB = BC = CD, and angle ABC = BCD. For, if AB is not equal to 
BC, draw AC, and replacing the triangle ABC with 
its isoperimetric isosceles triangle, we shall have a 
quadrilateral isoperimetric with ABCD, and greater 
titan ABCD, i. «., greater than the maximum, which 
isabsunl 

Again, if angle ABC is not equal to BCD, let ABC 
< BCD. whence BCE < EBC, and BE < EC. Take 
EF = EC, and EC = EB, whence the triangles PEG 
and B€C are equal, and FG = BC. Also, since AB 
+ BC + CD ^ AE + ED - (EB + EC) + BC, and 

AF + FG + CD - AE + ED - (FE + EC) + FC, it follows that AFCD and ABCD 
are isoperimetrical, and, since ABCD = AED - BEC, and AFCD = AED — FEG, 
that AFCD and ABCD are equal. Therefore, AFCD is a maximum, and by tlie 
preced'mg part of the demonstration AF = FC = BC = AB, which is absurd; 
and there can be no inequality between angles ABC and BCD. 




Fig. 479. 
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034> Theo. — Of isoperimetric polygons of a given number of 
sides, the regular polygon has the maximum area. 

Dbm.— First, the polygon must be equilateral ; for, 
if any two adjacent sides, as AB, BC, are unequal, tlic 
triangle ABC can be replaced by its isoperimetric 
isosceles triaugle, and thus the area of the polygon 
be increased. 

Second, the polygon must be equiangular ; for, if 
any two adjacent angles, as B and C, are unequal, the 
quadrilateral ABCD can be replaced by its isoperime- 
tric quadrilateral with B = C, and thus the area of the polygon be increased. 

93S. Theo. — Of isoperimetric regular polygons, the one of the 
greater number of sides is the greater. 

Dbk.— Let ABC be an equilateral (regular) triangle. 
Join any vertex, as A, with any point, as D, in the opposite 
side. Replace the triangto ACD with the isosceles isoperi- 
metric triangle AED. Then is the quadrilateral ABDE > 
the triangle ABC. 

But, of isoperimetric quadrilaterals, the regular (the 
square) is the greater. Hence, the regular quadrilateral (the 
square) isoperimetric with the triangle ABC, is greater than 

20 
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the triangle. In the same manner the regular pentagon isoperimetric with the 
square can be shown greater than the square ; and t)ius on, ad libitum, 

936* CoE. — Of plane isoperimetric figureSy tlie^ circle has ihs 
maximum area, since it is the limiting form of the regular polygon, 
as the number of its sides is indefinitely increased. 




SECTION IV. 

OF TRANSTERSALS. 

937' Def. — A Transversal is a line cutting a system of line& 
A transversal of a triangle is a line cutting its sides \*^ it either cuts 

two sides and the third side produced, or the three 
sides produced. In speaking of the transversal 
of a triangle (or polygon), the distances on any 
side (or side produced) from the intersection of 
the transversal with that side tp the angles, are 
Segments. Of these there are six. A dja- 
cent seg^nents are such as have an ex- 
tremity of each at the same point. Non- 
adjacent segments are such as have no 
extremity common. 

IiJi*B. TR is a transversal of the triangle 
ABC ; aA, aC, 6C, 56, eA, cB are adjacent seg- 
ments two and two ; aC, &B, cA, and oA, iC, eB 

4ure the two groups of non-adjacent segments. 

938. The two Fundamental Propositions of the Theory 
OP Transversals. 

939' Theo. — Tlie product of three rum-adjacent segments of the 
sides of a triangle cut by a transversal, is equal to the product of 
'the other three. 

Dbm .— ABC being cut by the transversal TR, aAx bC x eB = aC x b& x cA. 
Draw BD parallel to AC, and from the similar triangles we have « 

oA cA , DB aC 

whence, multiplying, 
aA_ ffC X cA 
m^bO X eB* 
^ or aA X 6C X cB = 

'^'^'^ "J aC X 5B X cA. 

Fra.488. 



Fio. 48S. 





* Or, eldee prodQced--thi8 exprewion being asaally omitted in higher Geometry at til Ubm 
are to be considered indefinite anleee limited In the problem. 
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94:0. Cor. — Conversely, If three points he taken in the aides of 
a triangle {as a, b, c) such that the product of three non-adjacent seg- 
ments equals the product of the other three^ the points are in the 
same straight line. 

For, passing a line through a and h^ let it cat the third side in e'. Then, by 

the proposition, aA x hO x e'B = aC x bB x e'A, But, by hypothesis 

cB cA 
aA X bC X eB z=aC X bB X c A. Whence -th = -tt i a^^ ^ ^^^ ^ must coincide. 

Sena. — This theorem is known among mathematicians as The Ptolemaic Theo- 
rem^ and is usually attributed to Claudius Ptolemy, an Egyptian mathematician 
and philosopher who flourished in Alexandria during the first half of the second 
centmy. But it is thought to be more properly due to Menelaus, who lived a 
century before Ptolemy. 





041. Uieo. — TTie three angle-transversals* of a triangUy passing 
through a common pointy divide the sides into seg- 
ments such that the product of three non-adjacent 
segments equals the product of the other three. 

Deh. — From the triangle ACe cut by the transyersal aB, 
\re have oA x CO x eB = AB x aC x Oe; and from CB<; 
cat by bA, Oc x ^ x AB = CO x 66 x cA. Multiplying, 
we obtain aA x 6C x <; B = aC x bB x eA, 

942. Cor. 1. — Conversely, If the three angle- 
transversals of a triangle divide the sides into seg- 
ments such that the product of three non-adjacent " Pia. 4&l 
segments equals the product of the other three, the 
transversals pass through a common point. 

For, the sides bemg divided at a, 6, and e, so that clA xbO x cB = aC x bB x 
eA, draw Ce, and Ab, and let be their intersection. Now, let a' be the point 
in which BO cots AC. Then, by the proposition, a' A x 60 x cB = a'C x 66 x cA. 

aA aO 
Whence -rr = -77; » aud a and a' coincide, 
a A a'C 

943. Cor, 2. — If any one of the sides is bisected, the line joining 

the other points of division is parallel to this side. 

For, let 6C = bB. Then aA x 60 x <;B = aC x 5B x M, becomes 

aA X eB = aO x <;A ; or Aa :aC::Ae: cB. 

QuEBT.— How does this apply to the second figure ? 

944. Cor. 3. — If the line joining two points of division is par- 
allel to the third side, the latter side is bisected. 



* The tiansvenalB ptMlng through the angles. 
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For, If ab is parallel to AB, aO ibOnak : b3, whence aC x bB z^bC x aA. 
And, since aA x bC x eB =t aC xbB x eA, eA = cB, 

943» We will now give a few problems to illnstrate the use of 
the theory of transversals. 

946' Prob> — To show that the medial lines of a triangle peus 
c through a common point. 

Solution.— Since a A = aC, bC =5B,and cB = cA, by mul- 
tiplying, we have aA x bC x cB = aC x bS x eA; whence 
by the last corollary these transversals pass through a com- 
Fxa. 485. mon point 




947- Prob. — To show that the bisectors of the angles of a fri-^ 
angle pass through a commoji point, 

SoLUTiox. — In the last figure let aB, &A, eO be the bisectors. 
_, aA AB bO AC cB CB , . , . aA x hO x eB 

^"^ ^=Ci' 6B=AB' ;a = AC ' ""'^P'yg' aC X «B X cA = *' *" 

aA X 5C X cB z= aC X 6B x <;A. Therefore these transversals pass through a 

common point 

948- JProb- — To sh&iv that the altitudes of a triangle jhus 
through a common point. 

Sno^s. — In the last figure, IfaB, 6A, eC, were the perpendiculars, there would 

aA AO bC CO cB OB 
be tliree pahrs of simihir triangles giving ^ =fo* cA^AO' oC^CO' 

whence, as in the last 



949. JProb. — To shoto that the angle-transversals terminating in 
the points of tangeiicy of the sides of the triangle with its inscribed 
circle, pass through a common point. 

Suo's.— In the last figure, if a, 6, c were the points of tangency we should 
have aA = cA, bC = aC, «B = 5B ; whence aA x ftC x «fi = aC x 68 x cA. 
Which shows that the transversals pass through a common point 

950. Theo- — If two sides of a triangle are divided proportion- 
ally, starting from the vertex, the angle4rans- 
versalsfrom tJie extremities of the other side 
to the corresponding points of division, in- 
tersect in the medial line to this third side. 




DsM.— Since AC and CB are divided proportian- 
ally at a and a\ aA x a'C = aC x a*B ; and as 
DB = DA, aA x a'C x DB = aC x o'B x DA, 
the angle-transversalA Aa', Ba intersect in CD. 

The same may be shown of any other angle-transversals from A and B, dividing 

CB and CA proportionally. 



OF TRANSVEBSALS. 
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OSl' CoE. — In any trapezoid the transversal passing through 
the intersection of the diagonals^ and the intersection of the nonr 
parallel sidesy bisects the parallel sides, 

Suo. — Joining oa'^in the last figure, CD is such a transyersaL The student 
trill readijj see the connectloQ with the proposition. 



9S2. Pirob*— Through a given point to draw a line which shall 
meet two given lines at their intersection in an invisible^ inaccessible 
point. 

Solution.— Let Mm, N;i be the two 
given lines which meet in the invisible^ 
inaccessible point 8, and P tlie given 
point through which a line is to be lo- 
cated which will meet Mm, N/i in S. 
Throngfa P draw any convenient trans- 
versal, as BF, and any other meeting this, 
as AF. Now» considering MS as a trans- 
yeraal of the triangle CDF, we have 
AFx BC X SD = AD X BF X SC; whence 
SO AD X BF „ ^ ur, . , , 
SC ~ AF X BC * ^^ ^ drawn 

« w or ,- HD SD AD X 
parallel to BF, we have 




Fig. 467. 



BF 



orHD = 



AD 



BF 



PC 



PC SC AF X BC* AF X BC 

whence HD is known, as AD, BF, PC, AF, BC can be measured. The points P 
and H determine the required line. 

953. Dep. — The Complete Quadrilateral is the figure 
formed hy four lines meeting in six 
points. The complete quadrilateral 
has three diagonals. 

III. — ^ABCDEF is a complete quadrilat- 
eral, and its diagonals are CF, BD, and AE, 
the latter bciqg spoken of as the third or 
exterior diagonal 

Fie.488. 

954. Hieo. — The middle points of the three diagonals of a complete 
quadrilateral are in tJie same straight line. 

DB3C.T-m, », o being the centres of the diagonals of the complete quadrilat^ 
eral, in the preceding figure, are in the same straight line. Bisect the sides of 
the triangle FDE, as at I, N, L, and draw IN, IL, LN. Bince IN is parallel to BE, 
and bisects DF and DE, it also bisects DB (?) and hence passes through n. For 
like reasons IL passes through m, and LN through o. Now, AC being a trans- 
versal of the triangle FDE gives CD x BE x AF = CE x BF x AD. Therefore, 
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noticing that iCD = m\, ^BE = nN, ^AF =oL, iCE = mU iBF=n1. and 
^AD = ^N, we have ml x nU x oL = mL x nl x oH, Hence these three poinlB 
171, n, lie in a transversal to the triangle ILN. 



SECTION V. 

HARMONIC PROPORTION AND HARMONIC PENCILS. 

955* Dep. — Three quantities are in Harmonic Proportion when 
the difference between the first and second is to the difference be- 
tween the second and third, as the first is to the third. 

Ill, — 6, 4, 8 are in harmonic proportion, since 6 — 4:4 — 8::6:8. In. gen- 
eral, a, b, c are in harmonic proportion, it a — b x b — c ii a ic 



956. Theo. — If a given line be divided interndUy and externally 

in the same geometric ratio, the distance between thepoifits of divisiofi 
is a harmonic mean between the distances of the extremities of the 
given linefrmn the point not included between them. 

Dbm. — Let AB be the given line ; and let O and 0' be so taken that 

AO : BO : : AO' : BO' ; then is OO' a har- 

' g — 5 57 — monic mean between AO' and BO'. For 

AO = AO' -00', and BO = OO' - 80*; 
^ra- 4*>- whence AO', 00', and BO' are snch that 

AO — 00' : 00' —BO' : : AO' : BO', that is, tliey are in harmonic proportion. 



957. CoE. 1. — ^AO, AB, and AO' are in harmonic proportion^ i.e.; 
AB is a harmonic mean between AO a^nd AO'. 

For AB - AO (= BO) : AO' - AB (= BO') : : AO : AO'. 

958. CoR. 2. — When AO, 00', BO' are in Jiarmonic proportion^ 
AO X BO' = BO X AO'. 

959. CoE. 3. — Conversely, When a line is divided into three partx 
such that the rectangle of the extreme parts equals the rectangle oftlu 
mean part into the whole line, the line is divided harmanically. 

Thus, let AO' be the line, and AO' x BO' = BO x AO' ; then AO : BO : : AO' : BO'. 
wlience, by the proposition, 00' is a harmonic mean between AO' and BO'. 

Def. — The points and 0' are called Harmonic Conjugates^ 
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960. Theo. — If two lines be drawn^ one bisecting the interior and 
the other the adjacent exterior angle 
of a triangle^ and meeting the op* 
posite sidCi* they divide this line liar- 

monicaUy, 

SiTG —By means of (S58, 859 f Pabt 
n.) the student will be enabled to establish 
the relation AO : BO : : AO' : BO', whence, 
by the last proposition, AO', 00', BO' are in harmonic proportion. 




B 



O 
Fi«.4«. 



'sr 



961. Ihroh. — Given a right line to locate two harmonic conjtcgate 
points. 

Solution. — Let AB be the line. O may be taken at pleasure between A and 

B. We are then to find 0', so that AO : BO : : AO' : CO'. Taking this bj divi- 
Oon, we have AO — CO : BO : : AO' — BO' (= AB) : BO'. The first three terms 
being known, the other can be constructed. Or, we may first locate O' at 
pleasure, and then find 0. 

962. Theo. — If from the given point C in a line the distances 

CO^ CB, CO' be taken in the same di- 
rection, so that CO x CO'=CB' ; and if 
CA = CB be taken in the opposite di- 
rection, AO' mil be divided harmonically at and B. 

Dem. — From CO x CO' = CB^ we readily write CO : CB :: CB : CO'. 
CB + CO (= AO) : CB - CO (= BO) : : CO' + CB (= AO') : CO' - CB (= BO'). 

963. Cob. 1. — Conversely, If a line AO' be cut harmonically at 
and B, and either of the harmonic means be bisected, as AB at C, the 
three segments CO, CB, CO' will be in geometric proportion. 

For, since AO' : BO' : : AO : BO, AO' + BO' : AO' - BO' : : AO + BO : AO-BO, 
or 2C0' : 2CB : : 2CB : 2C0, and CO' : CB : : CB : CO. 

964. Cob. 2. — ^In a given line, aa AB, as approaches the centre 

CB^ 

C, 0' recedes, and when is at C, 0' is at infinity, since CO' = p^. 



965. Theo. — The geometric mean between two lines is also the 
geometric mean between their arith- 
metic and harmonic means. 

Dem.— Let AO' and BO' be the two lines. 
On their difference, AB, draw a semicircle, 
draw the tangent OT and let fall the perpen- 
dicular TO. Then O and O' are harmonic con- 
jugates, since CO x CO' = CB' (?), CO' is the 

* The blaector of the exterior angle meets the side prothtoed ; bat In higher geometrr, as it isi 
alwayB nndentood that lines are indefinite nnlesa limited by hypotheeia, anch speciflcationa are* 
deemed imneceeeary. 




Fie. 498. 
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arithmetic mean (that is, ^ the earn) of AO' and BO (f) and TO' is the geometric 
mean (?). .-. CC : TO' : : TO' : 00' (t). 

QUBBIBS. — Which is the greatest^ in geneial, the aritlmietic, geometrie. or 
harmonic mean between two quantitiee ? Are they ever equal t 

966» &cn,^Thi8 proportion afibrda a ready method of finding either of the 
liarmonic coig agates and 0', when the other is given. The student will show 
how. 

967* OoB. 1. — 77w rectangle of the harmonic mean and the ^um 
of the extremeSf is equivalent to twice the rectangle of the extremes. 

For, CO' X 00' = T6^* = kCT x BO', whence aCO' x 00' = 2A0' x BO'; ftad. 
since 2C0' = AO' + BO'. (AO' + BO') x 00' = 2A0' x BO'. 

968. Cor. 2. — The rectangle of the harmonic mean and the differ- 
ence of the differences of the 1st and 2nd, and the 2nd and 3rd, is 
equivalent to twice the rectangle of these differences. 

That is, 00' X [(AO' - 00') - (00' - BO')] = 2 (AO' - 00') (00' - BCX 
or 00' X (AO — BO) = 2A0 x BO. Let the student give the pioot 

969. OoB. 3. — If three quantities are in harmonic proportion 
their reciprocals are in arithmetic proportion (f. e., the difference be- 
tween the Ist and 2nd equals the difference between the 2nd and 3rd). 

For, fipom AO', 00', BO', we have the redpi^ocals t^,, ^^j, kq-,. Now 

_1 1_ _ AO' - O O' _ AO J. 1_'_ 00' - BO* 

00' AO' ~" 00' X AO' ~ 00 X AO' ' . BO' 00' "" 00' x BO' 

BO _ ^ AO BO . AO BO ^ 1 



00' X BO'* 00' X AO' "■ 00' x BO' AO' "" BO' ^ '* * ' 00' 

1 _ J 1_ 

AO' " BO' 00' 



k»* 



970. Proh. — Oiven the harmonic mean and the difference le- 

tween the extremes^ to find the extremes, 

Bug's.— We have 00' and AB, {Fig. 493, Art 967) given. Then CO x CO' 

= CP = JAB^, and CO' — CO = 00', whence CO* - 00' x CO' = JAB*. 
From tliis equation CO' can be constructed {832), and the problem solved. 




971* Theo. — When two circles cut 
each other orthogonally (t. e,, bo that 
the tangents at the common point are 
at right anglea), any line passing 
through the centre of one, and cutting 
the other, is divided hamumicaUy by 
Pio. 494. the circuiT{ferences* 



r 
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Dm. — ^The tangents being perpendieular to each other pass through the een- 
trea, hence CO x CO' = CT^. But CB = CT. Therefora AO' is cat harmoniealljr. 

972* Frob. — To find the altitude of a triangle in terms of the 
radii of the escribed circles touching the adjacent sides. 

Solution.— Let r and r* be the radii of the 
eacribed cirdee, and p the altitude. Now RT, 
AT, and QT are in harmonic proportion ; since, 
considering the triangle ACT, CQ bisects its in- 
terior and RC its exterior angle (¥), we have 
QT : QA : : RT : RA. But r,p, r'. sustain the 
same relation to each other as RT, AT, QT; 
hence r, Pf ¥ are in hannonic proportion. 

Therefore, by (4k69)p (r +r')=2iy ; or p=— --^ 




Fio. 405. 



HAEMONIC PENCILS. 

979* Dbf. — A JPencil of lines is a series of lines diverging 
from a oommon point 

DsF. — A BamtOfiie Pencil is a pencil of four lines cutting 
another line harmonically. 

Tt.t. — ^In the foUowing figure OA, OB, OC, OD constitute a JSdrmonic Pencil^ 
if they divide the line mn harmonically at A, B, C, D. 



974. Theo. — A harmonic pencil divides harmonically every line 

which cuts it. 

Dem. — OA, OB, OC, OD being a harmonic pencU, that is, AD, BD, CD, being 

in harmonic proportion, A'D', any other line 
cutting the pencil, is divided harmonically, so 
that A'D', B'D', CD', are in harmonic propor- 
tion. Through C and C draw parallels to OA, 
as LK and L'K'. Now, from similar triangles, 
AB : BC : : AO : CK, and AO : CL : : AD : CD. 
^ But AD : CD : : AB : BC, since AD is harmoni- 
cally divided. Hence AO : CK : : AO : CL, and 
CK = CL Hence horn, similar triangles 
CK' = CL'. Again AB' : B'C : : A'O : CK' (?). 
and A'D' : CD' ; : A'O : CL' (= CKO(?), whence 
A'B' : B'C : : A'D' : CD', or A'D', B'D', C'^, 
are in harmonic proportion. 

SCH.— If the line through C cut the prolongation of AO beyond 0, it is still 
harmonically divided ; and, in &ct, it is scarcely necessary to make this state- 
ment, since in all general discussions lines are to be considered indefinite, unless 
limited by hypothesis. 

7/77/ Fowler. 




Fie.4M. 
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975* Def. — The alternate legs of a harmonic pencil are called 
cofijugate, as OA and OC, OB and OD. 



976. Theo. — If two conjugate legs of a harmonic pencil he at 
right angles, one of them bisects the angle included by the other pair, 
and the other the supplement of this angle. 

Sua.— This is the converse of {960), remembeiing that the biseetois of two 
a^JAoent supplemental angles are at right aaiglea 




Fw.4g7. 



977* Theo. — In the complete quadrUateralj any diagonal is 

divided harmonically by the other 
two. 

Dmc—Thas, AFH is divided hannoni- 
cally at G and H. For, oonriderini; BH as 
a transversal of the triangle ACF, we have 
HF X DC X BA = HA X OF X BC. And 
CG, AD, FB being angle-transversals of the 
same triangle, we have GF x BA x DC = 

GA X BC X DF. Whence, dividing, g^ = gr* »X AH is divided hannonicaUy. 

Again, if CH is drawn, CA, CG, CF, CH oonstitate a harmonic pencil, and BH, a 
transversal of it, is cut hannonicaUy at B, I, D, H. Finally, if F and I be joined, 
FH (or FA), FB, Fl, FD oonstitate a harmonic pendl, and hence CG is cut har- 
monically at C, I, E, G. 

978* Cob. — An angle-transversal of a triangle, and a line passing 
through the feet of the other angle-transversals, divide the third side 
harmonically. 



SECTION VI. 
ANHARHONIC RATIO. 

979. Dep.— 2%6 Anharmonie Ratio of four points in a 

right line is the ratio of the rectangle of the distance between the 

first and fourth into the distance between the second and third to 

the rectangle of the distance between the first and second into die 

distance between the third and fourth, 

A 

lUi. — The anharmonie ratio of the four points 

A, B, C, D is AD X BC : AB X CD. 



B C 

Fra. 49a 
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980. The relation AO x bc : AB x CD is expressed for brevity 

tABCD]. 

Ii«L.— Thas [ABCD] means AD x BC : AB x CD ; [ADBC] means AC x DB : 
AD X BC ; [BACD] means BD x AC : BA x CD ; etc. The ratio [ABCD], or 

AB AD 

AD X BC : AB X CD is evidently the same as ^^ ' 7^. 

dC CD 

981. ScH. — The appropriateness of the term arOtarmanU (n(7^harmoDic) 
will be seen when we observe that, if AD is JiarmoTvicaUy divided, q?; ^9tux& =:^. 

I^ therefore, gg ^ ^'^ equal to ^, which is the general case of division, irre- 
spective of tlie position of the points B and C, we may consider the ratio of 

AB AD 

RC ^ CD* '^^^ general ratio, or, what is the same thing, AD x BC : AB x CD, 

is called the anharmonic ratio. 



982. Theo. — The anliarmonic ratio of four pohits is not changed 
by interclmnging two of the letters, provided the other two be inter- 
changed at the same time. 

Dem. [ABCD] = [DCBA] = [BADC] = [CDAB], 1. e., AD x BC : AB x CD 
= DA X CB : DC x BA =: BC X AD : BA X DC = CB x DA : CD x AB, which 
are evidently identical. [The student should notice the dififerent segments of 
the line indicated by the different forms.] 

983. ScH.— But [ACBD] is a different anharmonic ratio from [ABCD] ; since 
AD X CB : AC X BD is not necessarily equal to AD x CB : AB x CD. Now, as 
there can be twenty-four permutations of four letters, there may be formed six 
different anharmonic ratios fi-om four given points in a Hue. 



984. Theo. — If a pencil of four lines is cut by any iransversaU 
the aniiarmonic ratio of tlie four points of intersection 
is consta7it. 

Dem. SL, SM, SN, SO, or, as we may read it, S-L,M,N,0, 
being such a pencil, and AD any transversal, draw through 
C NP parallel to SO. Then, 

AOxBC:ABxCD:=JJC;AB[,,JCN:ASj,,CN:CP. 

But CN : CP is constant for all positions of C on SM. There- 
fore AD X BC : AB X CD is constant for any transversal 

98S. ScH. — Other constant ratios may be written from the preceding prop- 
osition and scholium. The anharmonic ratio [ABCD] is calleil the anharmonic 
ratio of the pencil. The angles of the pencil are the six angles included by the 
rays. 
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986. — Cor. 1. — If two pencils are mutually equiangular (heir 

anhannonic ratios are equal. 

Qt7EB7. — li tlie converae of this ooroUaiy true ? 

987. Cor. 2. — If two pencils have their inter- 
sections in tlie same right lim, their anJianmnic 
ratios are equal. 




Ui ^^^^f^ 



Fig. 499. 



988. Dep. — The anharmonio ratio of four 
points on the circamference of a circle is the anharmonio ratio of 

the pencil formed by joining these points with any 
point in the ciroumference. 

III. — Thus, the anharmonic ratio of the points A, B, C, D is 
the anharmonic ratio of the pencil 0-A,B,C,D, it being im-> 
material where in the circumference the point O is taken, 
since by Cob. 1, preceding, the ratio is the same for any posi- 
tion of 0(?). 




989. Tlieo. — If four fixed tangents to a circle are cut by a fifths 

the anharmonic ratio of the four points 
—V of i7itersectio7i, called the anhannonic 
ratio of the tangents^ is constant. 




Dbx. a, B, C, D being the fixed points of 
tangency, any transversal, as TV, cutting the 
tangents, has the anharmonic ratio [LMNP] 
Fie. 601. constant. For tlie pencil O.L,M,N,P has its 

angles constant Thus LOM is measured by i arc (AX— 6X) = -(AB, which is con- 
stant And in like manner MON is measured by \ arc BC, and NOP is measured 
by i arc CD. Hence, by the first of the preceding corollaries, the anharmonic 
ratio [LMNP] is constant 



990 > The theory of anharmonic ratio is applied with great facility 
to the demonstration of theorems showing that several points are 
in a right line, and that several lines intersect in a common point 
We give three specimens of each class. 

991. Theo. — If two pencils have the same anharmonic ratio 

and a homologous ray common, the 
intersection of tlie other homolo- 
gous rays are in the same right 
line. 



DKM.-Let S-A,B.C,D and S'-A.B'.Ciy 
be two pencils having the same anharmonic 




Fio. SOS. 
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ntib, and the rays SA^S'AcoiDcident; then the intenectionfl E,f , H arc in the 
tame right line. Let the line pasBing through E and F intersect SA in K, and sup- 
pose it intersect SD in H', and S'D' in H". Then, since the anharmonic ratios 
of the two pencils are equal [KEFH'] = [KEFH"] ; whence H' and H" are the 
same point, and must be the intersection of the two lines SD, S'D', that is, K 

992. Theo. — If in two right lines four points in the one have 
the same anharmonic ratio asfonr points in the other y and one ho- 
mologons point in ca)m)ian, the three lines passing through the other 
pairs of Jiojnologous points meet in a cwnmon 

point. 

Dem.— Let A be common, and [ABCD] = [A'B'C'D']. 
Draw SA and SD'. Call the point in which SD' 
cats AL D" (for the time being). Then [AB'C'D'] 
= [ABCD"]. Bat by hypothesis [AB'C'D'] = [ABCD]. 
Therefore [ABCD] = [ABCD"],anh D and D" are one 
and the same point Hence the three lines which 
pass through B and B', C and C, D and O' meet in a 
coaunon point S. 

993. Theo.— If the lines passing through the corresponding ver- 
tioes of two triangles meet in a common pointy the intersections of their 
homologous sides lie in the same right line. 

Dbm.— Let ABC and A'B'C be 
two triangles so situated that the 
lines AA', BB', CC meet in the com- 
mon point S ; then L, M, N, the in- 
tersections of the homologous sides, 
are in a right line. For the pencil 
S-L, B, A, C being cut by tlie 
two transversals LD, LD', .gives 
[LBAD] = [LB'A'DQ {fi84). But 
C-L^,A,D, and C'-L,B'A,D', have 
these anharmonic ratios, hence C-L, 
0,M,N, and C'-L,0,M,N, their equiv- 
alents, and having a common ray 
CC, have equal anharmonic ratios, 
and consequently L, M, N are in the 
same right line (991). Fia. 604. 




994. Theo* — If the intersection of the corresponding sides of two 
triangles are in the sam^ right line, the lines passing through their 
corresponding angles meet in a common point, 

Dkm.— In the last figure, if AB and A'B', AC and A'C, BC and B'C have llieir 
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intersections in the same right line, as LN, the lines passing throngh B and B', 
A and A', C and C meet in a common point, as S. By (987) C-L,0,M,N has the 
same anharmonic ratio as C'-UO,M,N, whence [LBAO] = [LB'A'D'], and the 
truth of the theorem follows from (992). 



995. Theo. — The opposite sides of an inscribed hexagon have 
their intersections in the same straight line. 

Dem. — The anharmonic ratios of the 
pencils B.A,E.D,C ,♦ and F-A,E,D,C be- 
ing eqnal {988), LGDE, which intersects 
the first, is divided in the same anhar- 
monic ratio as NHDC, which cats the sec- 
ond, or [LODE] = [NCDH]. Bat these 
lines have a common homologoos point D, 
hence the lines Joining the other pairs of 
homologous points, as LN, CC, EH, meet 
m a common point, as M. Thereftue 
L, M, N are in the same light line. 

996. ScH.— This theorem is due to 
Pascal, whose wonderful achievenKnts 
in his brief life of thhly-nine years (lG2a- 
1662) have been the admiration of all suc- 
ceeding generations. 

Fig. 806. 




997. Theo. — The diagonals joining the opposite vertices of a air-- 

cumscribed hexagon intersect in a 
common point 

DBM.^Consider AB. BC, CD, EF four 
fixed tangents cut by ED and FA. Then 
[PNDE] = [AQMF] (989). Hence the an- 
harmonic ratios of B-P,N,D,E,* and 
C-A,Q,M,F are equal {98S)\ and since 
they have a common ray (CQ, BN) the in- 
tersections A, O, D, of their homologoos 
rays, are in the same right line. Therefore 
the diagonals pass through a common 




^ The Btudent C4ui oono6iiv€ the rays BE, BD% •tc,, as drawn, without encambcriug the flgara 
with them. 
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POLE AND POLAB IN RESPECT TO A CIRCLE. 

998. Def. — If a secant to a circle be revolved about a fixed point 
in the plane of the circle, the locus 
of the harmonic conjugate of the 
fixed pointy in reference to the in- 
tersections, is the Polar of the fixed 
point The fixed point is the Pole 
of the Polar Litie. The terms pole 
and polar as here used are correlative^ 
and neither has any significance 
without the other. 

III. — Let AP be a secant revolving about 
the fixed point P, and let C be so taken that 
(in every position) AC : CB : : AP • BP, then 
is the locus of C the Polar of P, and P is Fio. Wi, 

the PoU of the locus of C. 




999- Theo* — The Polar of a given point in respect to a circle is a 
right line, 

Dsu.^Let P be the pole, AP any secant 
passing through P, and a point in the polar. 
The locus of C is required. Draw PL through 
the centre, and let fall the perpendicular 
CC. Draw AL, AH, ACT, and CB. Since 
AC : CB : : AP : BP, C'P bisects the angle 
BCT, the exterior angle of the triangle 
AC'B (?) ; hence, as LAH is a right angle, AL 
bisects NAC, the exterior angle of the tri- 
angle CAP (?). Therefore, PL is harmonicaUy 
divided at C, and H ; and, C being a fixed 
point, and C any point in the locus, the locus 
is the perpendicular TCC'V. 

1000. Cor. 1. — Since, as the secant revolves, the points A and B 
faiU vanish in C", C" is the point at which a tangent from the pole P 
touches the circle. 
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1001- Cob. 2.— Drawing OC", C"P, we see that OC"' {or oh*) 

s OC X OP. 



820 



INTRODUCTION TO MODEBN GEOMETRY. 



1002. CoR. 3. — Tlie polar of a point in the circumference is a 
tangent at that point 

For, as OC x OP is constant and equal to 5h*,0P diminishes as OC in- 
creases, and when OP = OH, OC = OH also. 



1003. JProb> — 7b draw tlie polar to a giveiipoU in respect to a 

given circle. 



Cor. 1 effects the solution. 



1004. JProb. — To find the pole of a polar to a given circle. 

Through the centre draw a perpendicular to the polar. [The student should 
be able to complete the solution.] 



1005. Def. — ^The point c where the polar cuts the line passing 
through the pole and the centre of the circle is called the Polar 
Point 

1006. Theo.—Tlie pole and polar 
point are interchangeable. 

Deic. — ^TV being the polar to P, we are 
to show that T'V, parallel to TV and pass- 
ing through P, is polar to C ; i.«., that any 
secant, as AC'C", passing through C, is di- 
vided harmonically in the intersections with 
the circumference, C\ and the intenectSon 
with TV. Drawing AP, since P is the 
pole of TV, we have, as in the last demon- 
stration, angle APB bisected by PC' ; and 
consequently RPB bisected by PC". Therefore AC : C'B : : AC": BC". Q. B. D. 




1007. Theo.— 
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Tlie polars of all the points in a right line pass 
through the pole of thai line; andy con- 
versely , Tlie poles of all straight lines which 
pass through a given point are in the polar 
of that point. 

Dun.— Ist TV being a given line and P its pole, 
we arc to show that the polar to any point, as N, 
passes through P. Draw through P a perpendicu- 
lar to ON ; then P' is the polar point to N. 
For. OP : ON : : OP : OB (?) : whence ON x OP" 
= OP X 08 = OA*- Therefore, T'V is the polar 
of N (?). 8nd. P being any point and TV 
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ite polar, the pole of any line, as T'V passing throngli P, is in TV, as at N. 
Draw ON perpendicular to T'V. Then, as before, 

ON X OP = OP X 08=07?, and Nisthepoleof 
T'V. 

1008. Cor. — The pole of a straight line 
is the intersection of the polars of any two 
of its points ; and, conversely, The polar of 
any point is the straight line joining the 
poles of any two straight lines passing 
through that point. 




RECIPROCAL POLARS. 

1009. Dbf. — If two polygons be constructed, one within, or 
inscribed in, a circle, and the 
other without, or circumscribed 
about the same circle, such that 
the vertices of the one are the 
poles of the sides of the other, 
the two polygons are called 
JUecipracdl Polars; and 
the circle is called the Auxiliary 
Circle. 



The posubility of constructing such 
polygons is apparent from the last the- 
orem. When the points P, P', P", P"' 
are in the circumference, TV, TT', 
TV, VV become tangents, as appears ih)m (1002). 
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1010. Prob, — Hamng given one of two reciprocal polars^ to con- 
struct the other. 

The student should be able to make the construction. 



1011* By means of the relation between reciprocal polars a large 
class of propositions relating to the relative positions of lines and 
points, become, as it were, double ; i^., one proposition being proved, 
another can be inferred. The process by which the inference is made 
is called reciprocation. We will give an example. 
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1012. jProb. — To dechtce the reciprocal of PascdPs ihetHrem 
(996). 

SoLTTTiON.— Draw tangents at the six ver. 
tlces of the fnecribed hexagon. Thus, a cir- 
oamsctifoed hexagon is fimned whose sides 
are Uie pokos of the yertices of the inscribed 
hexagon, through the verttoes of wfaich they 
respectively pass (1002). Now, drawmg the 
diagonals PM, NQ, OL, they are the polars 
of the intersections of the opposite sides of 
the inscribed hexagon, as PM, polar to the 
intersection of DE and CB (?) ; and hence 
they psss through a common point, as V. 
Thus we have Brianchon*s theorem, 
Th$ Une» joinrng the cppoats wngLu cf a 
cumaortbed hexagon pate through a eanunon 
point. 
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1013* — ^The three following theoremB are of frequent use in ap- 
plying the theory of reciprocation. 

4 

1014. Theo. — The angle included by itoo 
straight lines is eijual to the angle indtided by the 
lines joining their poles to the centre of the auxiliary 
circle, 

Dkm.— The pole of a line being hi the perpendicular fhun 
the centre of the auxiliaiy circle upon the line (1000), (X Is 
the supplement of ; hence o = (X 

Fio.614. 




1015. Theo. — TJie distances of any two points from the centre 

of the auxiliary circle are to each other as tlie 
IT distances of each paint from the polar qf the 
other. 

Dem. p. P being the points, and TV, TV their 
polars respectively, we are td show that 

CP : CP' : ' PD" : P'D'". 

By (1001) R« = CP X CD = CP' X CW, R behig 
the radius of the auxiliary circle. Whence 
CP: CP' : : CD' : CD. But CP : CP' : : CF : CE (?), and 
there follows CF : CE : : CD' : CD, CD' - CF (= PD") 
: CD - CE (= P'D'") :: CF : CE :s CP : CP. 
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SCB.— This is known as BaXmenU Theorem. 
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10 16* Xheo- — The anharmonic ratio of four points in a ^imiffht 
line is equal to that of the pencil formed by the 
four polars of these points. 



Dem. — tat The polars pass through a common point 
and thus form a pencil (?). 2d. The angles included 
by the lines Joining the four points with the centre, and 
those included by the polars are equal (?), hence the 
two pencils have the same anharmonic ratio. 
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SECT/ON VIIL 

RADICAL AXES AND CENTRES OF SIMILITnDE OF CIRCLES. 

1017' Dep. — The JPmver of a Point in the plane of a circle 
is the rectangle of the distances from the point to the intersections 6t 
the circamferenoe by a line passing throngh the 
point 

Iix.— Thus, the power qf a point P, without the circle, 
is PA X PB;— the power of a point within, as P', is 
PA' X P'B' ; the power of a point in the pircnmference 
is eerOf since one of the distances is then ; — the power 
of the centre is the square of the radius. -psa. 517. 




1018. Cor. — The power of a given point with respect to a given 
circle is a constant quantity. 

Thus PA X PB = the square of the tangent from P to the circle, in whatever 
position PB lies, so long as it passes through P. So also P'A' x P'B' = the 
rectangle of the segments of any other chord passing through P'. 



1019. D^v.—The Radical Axis of Ttoo Circles is the loons 
of the point whose powers with respect to the two circles are equal. 
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1020. Prop.— The Radical Axis of two circles is a righi Una. 





Fio. 51& 



Deh.— Join the centres of the two circles O, 0', and take a po int R on this 
linesuch thatOR* - OR* = OT* - 0T'\ or OR* - OT* = 5^ - OT'*, and 
erect PR perpendicular to 00'. Then P being any point in this perpendicular, 
OP* — OR* = O^ — O^*. Adding this to the preceding equation, we have 
OP* - OP = CFP" -or', or PT* = PT''. /. PT = PT'. PT and PT' being 
tangents to the drcles from any pomt in PR. Hence PV is the radical axis of 
the two circles. 

1021. Cor. — When the circles are exterior to each others the Radi- 
cal Axis lies between them, touching 9ieither ; when they are tangem, 
either externally or internally , the radical axis is the common tan- 
gent ; when they cut each other, the axis of the common chord produced. 

1022. BcH.— When the circles hitersect it might seem that the above de- 
monstration fails for points within, as in the common chord. But, the powers 
of any point In this chord are still equal. Thus, at the intersections the poweis 
are zero; and at any other i>oint in the chord, as a, a6xatf = a(lx oe, since 
each is equal to oo x a«. 

1023. Cor. There is an infinite numl>er of circles havifig their 
centres in the same right line, which have the same radical axis as 
any ttoo given circles. 

Thus, in the first figure, PV being the radical axis of the circles O, O', letting 
circle O remain fixed, O' may vary indefinitely so that O^* — O^'* remains 
constant, and equal to OR* — OT*. 



1024. Brob.— Given two circles, to draw their radical axis. 

Solution.— Draw a common tangent, bisect it, and through the pohit of 
DisecUon draw a line perpendicular to the line joining the centres. When the 
« A ^*" ^^^^^ ^ ®*<^ ®^^» ^0 distance between the points of tangenc^ 
11^ ^^ ^® perpendicuhur is erected at this point When they intersect^ 
produce the common chord, or use the first method 
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102S* JProp. — When two circles cut each other orthogonally, that 
iSy at right angles, the sqxmre of the raditis of either is equal to the 
power of its centre with respect to the other. 



DsM.— The power of wiUi respect to circle O' is 

Oa X On = OP*, and of O' with respect to circle O, 

O'b X O'm = O'P* ; since, as the circles cat each other 
orthogonally, their tangents are at right angles, and the 
tangent to either passes through the centre of the 
other. 
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1026. Prop.— The radical axes of a system of three circles 
whose centres are not in the same straight line, intersect at a common 
point 

Dbm.— Since O, O', O" are not 
in a straight line, the radical axes 
of O, O', and O. O", as PV" and 
PV intersect Let P be their 
common point Now the power 
of P with respect to O' is equal 
to its power with respect to O", 
since each is equal to its power 
with respect to O. Hence P is a 
point m the radical axis of O', O". 

1027. OoB. — If the centres are in the same straight line, their 
radical axes are parallel, and the common point is at infinity. 

1028. Dep. — The intersection of the radical axes of three circles 
is called their lUulicixl Centre. 
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CENTRES OF SIMILITUDE. 

1029. Def. — If the line joining the centres of two circles be 
divided externally, as at 0, 
and internally, as at c, 
in the ratio of the radii, 
these points are respectively 
the Ext&mal and the In- 
ternal Centres of Sim^ 
Uitude of the two cir- 
cles. ''^- **• 

III.— If CO • CO' * : EO : E'O', C is the external centre of similitude ; and, if 
CO : CO' •' : EO : E'O', C is the internal centre of similitude. 
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The fititdeot should constnict the figure when the circles aie tangent exter- 
nally,— when th^ are tangent internally,— and when one is wholly within the 
other. 

QuBBT.— How are the centres of simUitude situated in the three diflTeient 
relative positions of the circles? 



1030. JProp. — In two circles the line passing through the ex- 
tremities of tivoparailel radii on the same side of the line passing 
through the centres^ intersects this line in the external centre of sim- 
ilitude^ and if the radii are on opposite sides of this line the inter- 
section is the internal centre of similitude. 

The proof consists in showing that the line passing through the centres is 
divided as above. Let the student show it tot the three different positions of 
the circles. 

1031. Cob. 1. — Conversely, If any transversal be drawn from 
either centre of similitude^ the radii drawn to the inierseotions are 
parallel. 

Thus in the last figure, since CO : CO' : EO : E'O', and the triangles baTe the 
angle C common, EO and E'O' are parallel. 

1032. Cor. 2. — Tangents drawn at tlie alternate irUersections of 
a transversal through the external centre of similitude are parallel j 
also, those at the mean intersections, and those at the extreme inter- 
sections, if the transversal he drawn through the internal centre of 
similitude. 

This fbllows as a consequence of the parallelism of the corresponding radii, 
to which the tangents are perpendicular. Thus, tangents at E and E' are par- 
allel, as are those at F and F'. 8o, also, tangents O and O', and at E' and E^ are 
parallel. 

1033. Def. — The extremities of two parallel radii on the same 
side of the line joining the centres are called Homologous Points, 
and those of non-parallel radii where the transversal cuts the 
circumferences, as E, F', are called Anti-Homologous Points. 

1034. Cor. 2. — Tlie distances of a centre of similitude from tteo 
homologous points are to each other as the radii. 

1033. Cor. 3. — 77ie centres of similitude and the centres of the 
circles are four harmonic points. 



1036. JProp. — If a circle tou^h ttoo others, the line joining theif 
points of contact passes through the external centre of similitude of 
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tJie latter if the contacts are both external or both internal ; and 
through the internal centre of eimilitude if the contacts are the one 
external and the other interndL 
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Dxif .--In either caae let O" be the chrcle tangent to 0, and O' ; and through 
the pohitB of tangency draw E'C. The angle 0"E'F = 0"FE' = EFO = FEO ; 
whence OE and O'E' are parallel, and the similar triangles CEO, CE'O' give 
CO : CO' : : OE : O'E'. [The student should make the other constractionB.] 

1037* JProb^ — To draw a line parallel to a given line so that the 
distance between the extreme intersections with two given circles shall 
be a maximum. 

Solution. — ^Draw a line through the internal centre of similitude and par- 
allel to the given line. Now, at the extreme intersections draw tangents, and 
it will become eyident that the line first drawn is a maximum. [The student 
should make the figure and fill out the proof.] 

If the circles are wholly exterior to each other, the distance between the 
mean intersections is a minimum. 



1Q38, CoKCLXTDmo NoTB. — Our limits preclude our pursuing these topics 
fiurther. We have given enough to make the language of the Modem Geome- 
tiy intelligible, and to afiford some insight into its character. One of the best 
elementaiy resources for the English student who wishes to pursue the subject 
at greater length, is Mulcahy's Principles of Modem Geometry, Dublin, 1862. 
It is, however, much to be regretted, that there is no English treatise which 
presents tlie elements of this subject with the philosophic elegance of the 
French. The best of the latter is Rouch^ and CoHBEROussife's Treatise on 
Elementaiy Geometry. For a more extended view of the subject, Salmon or 
Whttworth wUl fbraish the English student; but he who would be proficient 
must read the works of CHASUfiB and Poncslbt, who are the great authorities. 
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TRIGONOMETRY, 



OHAPTEE L 

FLANE TJRIGONOMJETBT. 



SUCTION I. 

DEFminOllS AJSD FUNDAMENTAL RELATIONS BETWEEN THE 
TRIGONOMETRICAL FUNCTIONS OF AN ANGLE (OR ARC). 

1. Trigmhfmetry is a part of Geometry which has for its snb- 
ject-matter. Angles. It is chiefly occupied in presenting a scheme 
for measuring and comparing angles, by means of certain auxiliary 
lines called Trigonometrical Functional in investigating the relations 
between these functions, and in the solution of triangles by means 
of the relations between their sides and the trigonometrical functions 
of their angles. 

2. Plane Trtganometry treats of plane angles and triangles, 
in distinction from Spherical Trigonometry, which treats of spherical 
angles and triangles. 

3» A Function is a quantity, or a mathematical expression, 
eonceived as depending upon some other quantity or quantities for 
its yalue. 

Iij/a — A man's wages /or a giwn Hme is a function of the amount received 
per day ; or, in general, his wages is a ftmction of both the Ume of service and 
the amount received per day. Again, in the expressions y = 2aa^y y = a^ — 
2&P + 5,y = 21ogair,y = oF,y is a Amotion of a; ; ^ce, the numbers 2, 5, a andft 
being considered fixed or constant, the value of y depends upon the value we 

assign to x. For a like reason such expressions as \^a" — a?", and daafi — 2\^ 
may be spoken of as ftmctions of x» Once more, the area of a triangle is a ftmc- 
tion of its base and altitude. 

4. Angles as Functions of Arcs^—^e have learned in 
Geometry (Pabt IL, Sec. YI.), that angles and arcs may be treated 
as functions of each other; and that^ if the angles be taken at the 
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SECTION I 

DEFDOTIORS ADD FDHDAMENTAL BELlTIOmS BETWEBH THE 
TBieONOKETSICAL FUVCTIOirS OP AS ANGLE (OB ABC). 

1. Trigmn^tnetry is a part of Oecmetry which has for its sub- 
ject-matter, Anglet, It is chiefly occupied in preBeDting a scheme 
for measoriBg and comparing angles, by means of ceiiain aoxUiary 
lines called Trigonomeirical Functions, in inTestigatitig the relations 
between these ftmctione, and in the solntion of triangles by means 
-**i i„t.-»». v.«^^» 4i.«;>i>i.ioB«n^ *^'' ^^'Miiiometrical functions 

e angles and triangles, 
lich treats of spherical 

thematical expression, 
tntity or quantities for 
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15 • The Tr^igonarnetrical Tangent of an angle (or arc) 
is a tangent drawn to the measnring arc at its. origin, and limited 
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by the proditced diameter passing throngh the termination of the 
arc. Thus in Fig, l!S, oc is in each case the tangent of the angle AOB, 
or of the arc axb. 

16. The Secant of an angle (or arc) is the distance from the 
angnlar pointy or centre of the measuring circle, to the extremity of 
the tangent of the same angle (or arc). Thus in Fig, 2, Oc is in 
each, case the secant of the angle AOB, or of the arc axb, 

17* The Vereed'Sine of an angle (or arc) is the distance 
&om the fbot of the sine of the same angle (or arc) to the origin of 
the measnring arc Thus, in i%. 2, dar is in each case the versed- 
sine of the angle AOB, or of the arc aab. 

18* The prefix cOy in the names of the four trigonometrical func- 
tions in which it occurs, is an al>breTiation for the word complement. 
Thus cosine means complement-sine, t. e., the sine of the comple- 
ment; cotangent means tangent of the complement; etc. The co- 
sine of 40* is the sine of 90** — 40% or 60* ; the cosine of 110** is the 
sine of 90* — 110*» or — 20*; the cotangent of 30* is the tangent of 
60* ; the cosecant of 200* is the secant of — 110*. 

19; Construction of the Cotnplenientary Functions* 

—Let us now see how the complementaiy flinctionB are constructed with refer- 
«ioe to their primitiTes, premising that all arcs in Fig, 8, reckoned from A, aic 
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10 tie reckoned arotind from right to left in tliiB discussion. Ist Let AP be 
any arc less than 90* ; then 90* — AP = oP i^ its complement. Now considering 
a as the origin and P the termination of "" 
this complementary arc, Pd is its one, ai 
its tsngent, Ot its secant, and ad its versed- 
sine. Hence, Pd, a<, 0^, and ad are respect- 
ively the cosine, cotangent, cosecant, and 
ooTened-sine of the arc AP, or the angle 
AOP. ad. Letting APP be any arc between 
90* and 180*, its complement is 90* — APP' 
or — aP'^ the -> sign signifying that the arc 
is reckoned backward from P' to a. Bat as 
the valuea of the ftmctions will be the same 
whether the origin be taken at P' or at a, 
we may take a as the origin of this comple- 
mentary arc, and P' as its termination, 
whence P'df becomes its sine, at its tan- 
gent. Of its secant, and a<f its yefsed-sine. 
Therefore P'<f , of. Or, and ad\ are respect- 
ively the cosine, cotangent, cosecant, and Fra. 8. 
coversed-sme of the arc APP\ or the angle AOP*. 8d. In like manner, aP'* is 
shown to be the complement of arc APP'P" ; and as P"c{", a<, 0^, and act" 
are respectively the sine, tangent, secant, and versed-sine of this complement, 
they are the corresponding cofunctions of the arc APPP", or the salient angle 
AOP'- 4th. In the same way, it appears that P'^cT", at', 0^, and a^" are the 
cosine, cotangent, cosecant, and coveised-sine of the arc APPP'P'^, or the 
salient angle AOP''. Obsene thai a, a paint an tlie measuring are Wfrom Iks 
prwMte origin^ is the origin ofa&the camplemsniary fancUons. 

BcH. — ^It will readily appear from the figure that the cosine of an angle 
(or arc) is always equal to ihs distan/oefram the foot of the sine to the vertex of the 
angle (or the centre of the measuring arc). This is the more convenient prac- 
tical deflnidon. Thus the cosine of AP is P<i=DO; the cosine of APP is 
P'cf = D'O, eta 

20» Jfotationf — Letting x represent any angle (or arc), the 
several trigonometrical fanctions of it are written sina;, cos a:, tana;, 
cotz, BeoXf coseoxy versrc, and covers^ They are read ''sinete,^ 
" cosine a?/* ** tangent x/' " cotangent x" etc 



nmBASENTAL RELATIONS BETWEEN THE T]II€N)N0][£TBIC1L 

FUNCTIONS OF AN ANGLE (OR ARC). 

[Note.— Hmm ftmdameDtal rektlimt nm«t he made perfectly flunlUar. Ihej mint be 
memoiiaed, ud be m flunilUr m the MaltlpUaitioii Table. The etodeat cm do nothing la 
tilgonometiy wlthoat them.] 



The discnssions in this treatise all proceed npon one general 
plan; yiz.,—Mrgt obtain the particular property of the 



^ I 



6 



PLANE TBIGONOXBTBT. 



Hue and cosine, and from this deduce aU Hie others 
' ticcording to the dependencies shown in the foUow^ 
ing proposition. 

21. Prop. — The Fundamental Rdatione which the Trigans- 

metrical Functions sustain to each other are: 






(1) fldn'aj + coB*» = 1; 
sin a; 



I (5) Beca;=: 



(2) tana; = 



0082 



/o\ J. COSflJ 

^ \ (3) cotaj= -: — : 

1 



(4) oota;=r ; 



ooBs; 



(6) co8eoa; = -T^ — , 

(7) sec'a: = 1 + tan*»; 

(8) cosec'o; = 1 + cot' as; 

(9) versa? = 1 —coea;; 
(10) ooTersa; = 1 — gino^ 



(The forms sin'o;, sec'a;, etc., signify the square of the sme, the 
square of the secant of x^ etc.> and are read ^^ sine square a;/' ^ secant 
square x^^ etc The student should distinguish between sin*a^ and 
sina^*) 

) Dbm.— In ^.4, let represent any arc as AP, leas than 90*. Then PD = 8ui«i 
OD or Pd = cosd;, AT = tana;,OT = seca;, at = ooto^ Ot = oosecte, AD = yenlna^ 
and ad = coyersina^ 




Fi».ii 



(1). In the right-angled triangle POD, 
PD* + OD* = OP'i or 8ln'« + oob'« s= 1, 
since OP = radios = 1. 

(2). From the similar triangles POD and 
TOA, 

TCI — rrKtOrtan^s- 
OA OD' cos a:: 

(S). From the nmllar triangles POtf and 
lOa 

iU Pd ^ oosjQ 

oS=o5;^^*="SEi' 

(4). Multiplying (2) and (8) together. 
slnd»coB« ^ 1 



tttl«COt0=: 



si. 01 tanca 
oosa^Bin^ ' coti 



(<Q. From the similar triangles OTA and 
OPD, 



^ = §§ ; but P and A each = 1. /. sec • = — • 
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IONS. C JaM ^ 



.^H^ 



(8). From the aimilar trianRles Ota and OPd^ yw 

Ot OP 1 ^ 

Oa Od' sLao* - ^.^^t 

(7). From the right-angled triangle OAT, \MPP^VPr" 

Ot' = OA' + AT',orBec««=l + tan««. ^^ ^ * -< 

(8). From* the righ^angled triangle Oa^, W'* 

6? = Oa' + oi*, or cosec'x = 1 + cot'^ii. 

(9). AD = AO-.OD,orverBaj = l-co8a>. ) '^ 

(10). od = aO — Od, or coversa; = 1 — sin & 

Thus the ftmdamental relations of the functions are established for an arc 

less than 90°. But it will readily appear that the relations are the same for any 

other arc. For example, let x = AP be any arc between 90"* and IdO"*. Then 

the triangle P'D'O gives sin*:B + cos*a; = 1, since P'O' = sin a?, and 00' =r cos x, 

AT' P'D' sin X 
The similar triangles P'D'O and OAT give ^ = ^,ortanaj= ; and the 

w A U w COS 9 

similar triangles P'ttO and faO give cot « = -, — . In like manner let the 

student observe the relations when x = APP'P', or an arc between 180** and 
270^ So also when x = APPP"P'", or an arc between 270** and 8W. 

22. Gob. 1.^ — The tangent and cotangent of the same angle are 
reciprocals of each other ; so also are the secant and cosincy and the 
cosecant and the sine. Thus, if tan^r = 3^ cota; = ^ ; sinoe cotx = 

I — .If 860^ = 2, cos^ss^; sincesecrsss — -, or oosa; = . 

tana; *' cosor seca; 

23. Gob. 2. — Sines and cosines cannot exceed 1. Tangents and 
cotangents can have any values frofn (> to co. Secants and cosecants 
can have any values between 1 and oo . Versed-sines and coversed' 
sines can have any values between and 2. These conclasions will 
readily appear from the definitions, and an inspection of Fig. i. 



:hJ 



nmm of the TBIGONOMETBICiL FUNCTIONS. 



24* Prop* — Angles (or arcs) considered as generated from rigM 
to left being caUed positive * and marked +, those considered as gen* 
eratedfrom left to right are to be catted negative and marked — . 



• This if pnrely an arbitrary coDTenUoii. Wa might eqnaHj well reTene It 
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BcH. 2. — The signs of Amotions of angles greater than 360' are readily detef>- 
mined by observing in what quadrant the measuring arc terminates. Thin, 
sin STO"" is — , since an arc of 570* terminates in the 8d quadrant In any giyen 
case, the sign of the Amotion is the same as the sign of the same function of the 
remainder left after dividing the arc by 860*, or 2ie. Thus tan 1180* is the same 
as tan 100* ; i, «., it is — . The same may also be said of th\wUue of the Amo- 
tion. 



saia 01 xxMwuue or me nmo- 
BTKICIL FUHCTIOm 




»99 



ft 



f 



UMITOe YALUES OF THE TRIOONOMETKICIL 

33. Prop.— Sin 0*' = qp 0, sin 90** = 1, sin 180* = ±0, 
gin 270""= -1, sin 360"*= tO, and the limits within which (he 
sines of all angles are comprised^ are -h land —1. 

Due — ^Let the point P be euppoeed to start finom A and move around the 
circumference firom right to left, and let« represent the angle (or arc) generated. 

Now, when P is at A, 9 =: 0, and PD = 0. 
Moreover, if we condder the sine P" D 
as reaching its limit, by the moving of P 
from some point in the fourth quadrant to 
the origin, the shie of 0* becomes — 0, sinot 
vihati$iriieqfavarjfini;quafUiiifaUthefe^ 
as it approaehsi Us Uadt^ is assumsd true of 
thsUmit, But, if the sine reaches its Umit by 
the passage of the point P from some point 
in the first quadrant to the origm, the sine 
of 0* is to be considered as +, since the 
ftmction is + as it approaches its limit. 
.*. sin 0* = T 0.* As m increases from 0* 
to 90* (i e., as P passes fh>m A to a), PD ia 
+ and increases from to 1 ( + to -f 1). 
•'. sine 90* s= 1. As continues to increase 
from 90*, sin x diminishes and becomes at 
180*. TodetenninethesignofsinldO*,we 
notice that it is + when the point P approaches this limit from the second 
quadrant, and — when it approaches it from the third quadrant, .*. sin 180* s= ± Ol 
Conceiving a; to go on increasing firom 180*, sin x appears below AB and is ^^^ and 
beginning at — dimini^ieg (a wumerical inerease of a negative quanti^ being 
considered an absolute decrease) till at 270* it becomes — 1. .*. sin 270* = ^ L 
As2 passes from 270* to 860*, sin« increases (see above) firom — 1 to 0. The sign 
of this limit is ambiguous, as appears by regarding the limit as reached by the 
angle passing from something less than 860"* to 860*, whence we have — , md alio 
as reached by the angle passing hack from something greater than 860* to 860% 
whence the sign is +. .*. shi860* =7 0. Finally, as it is evident that these 
values would recur in the same order as the point P passed around again, tlie 
above comprise all real values of sines of angles, q. s. d. 



Fw. 7. 



^ It bM been cuBtomary to disregard the sign of 0, in sncb a eeriee ae — m . . —8, — 9, 
—1, TO, -t-l, •fS.'fS, .... -fm, whareaa it ahonld be r^gaided as amblgaa^a. aa ai^paatt 
above. 



DEFINITIONS AND TUNDAXENTAL KELATIONS. 11 

34. I^rop.—Co8 0^ = 1, cos 90^ = db 0, co« 180** = - 1, co« 270* 
= zpOfCOs 360** = li and th$ cosines of alt angles are comprised 
between + 1 and —1^ 

Deic— Using the same figure and the same conception as in the last demon- 
stration, it is evident that as P approaches A, frwn eUfiar direeUon^ that is as a 
Approaches 0*", the oosme 00 approaches to equality with the radios and reaches 
it at^sO, being + in either case. .*. cosOsl. As s approaches 90*ih>ma 
less yalue, %, «., from the first quadrant, cos^is +, and approaching + ; but as 
u approaches 90** from some greater value, i. «., from the second quadrant, cos a; is 
— and approaching » 0. .*. cos 90* s= ± 0. In Uke manner we observe that as 
c hicreases from 90'' to 180*, cos x deoreoies (see Dex. of 88) from to — 1, which 
it reaches at 180*, and this, whether the point is reached in one way or the 
other. .'. cos 180* s- 1. Again, cos 270* =s TO; since it is — if « passes to 
970* firom some value lem than 270*, and + 0, if it passes from some value 
greiUer than 270. While sb passes through the fourth quadrant, cos a; passes 
from to + 1, reaching the latter value when x s 880*. •*. cos 860* = 1. Finally, 
M it is evident that the above values would recur in the same order as the gen* 
erating point passed around agahi, this discussion comprises all real values of a 
cosine. 



3S. Prop.— Tan 0** = =f: 0, tan W = ± oo, tan 180* = :f 0, 
tan 270* = d= oo ^ ton 360* = :p 0^ and the tangents of all angles are 
comprised between 4-00 and --co. 

"r^_ ^ ^. sin 0* T ^ ^ ^.^- sin 90* 1 

^^-^"^^"Sifo'^^T-'^^^^- 'T^^^^SS^So-'^T^^^^ 

TanlSO* = !^*= ±±= T 0. Tan270*«?!5^«^« ± 00. Tan860* 
cos 180* -1 ■'•"•^•"^•v ^jQg270' TO ^«-*«*«~ 

sin 860* TO « 

» ' Q^o == "J- sr T 0. From these results it appears that the tangent may 

Lave any value whatever from 4- » to — 00 ; and as subsequent revolutions of 
the generatrix would evidently only repeat these values, these are all the real 
values of a tangent (Moreover, aU real values are comprised between + oo 
and — 00 ). q. b. d. 
It is easy to observe the direction of the change in the tangent (whether it ia 



sm 



increasing or decreasing) by observing the fraction — . As the arc increases fai 

Wo 

the first quadrant, the sine increases and the cosine decreases, for both of which 
reasons the tangent increases, and hence changes more rapidly than either sine 
or codne. The student should observe the change in each of the four quad- 
rants in the same manner. 

Boh.— These values of the tangent are illustrated by Fig, 7. Thus AT, which 
i§ +, becomes + when P returns to A, or « ss 0. Also AT\ which is — , 
and may be considered as the tangent of AP'", a negative arc, becomes — 0, 
when AP"' s 0. Again, if AP passes to Aa, AT passes to + <x>. But, if P' 
passes back 10 a, so that AaP' passes to Aa, or 00*, AT' passes to — oo. .-. We 
see that tan may be considered T 0, and tan 90* s ±-^0. In like manner th# 
other limits are illustrated. 
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36. Prop.— Cot 0"" =^ zpoQy cot 90"* =: ±0, cot 180* = qc «, 
cot 270'' = ±09^0^ 360'' = ^=00, and the limits of the cotangent are 
+ 00 , and — 00 . 

Dem.— -These values are the reciprocals of the coirespondiag yaluet of the tan- 
cos 
gent ; or they may be dedaced from the relation cot = -T-y in a mimii^ 

altogether analogous to those of the tangent Fig. 7 also affords geometrical 
illustrations of them. The student should not &il to deduce and illustrate 
them, and also to observe the law of change. 



37. Prop^—Sec (f = 1, ««j 90** = ± 00 , 8ecl^(f = - 1, see^lQT 
= zp oQ, sec 360^ = ly and all real values of this function are com" 
prised iettoeen 1 and ±ooy and — 1 andzpco. 

Dem. — These values are the reciprocals of the corresponding values of the 
cosine. Tlie student should obtain them from the cosine, and illustrate them 
from Ftg. 7, observing the law of change. Thus beginning at OA = 1, which is 
the secant of O"", the secant increases till x = 90% when the secant OT becomes 
+ 00, if we consider this limit as reached thus ; but — oo , if we consider 
such an arc as AaP', whose secant is » OT', which becomes — co , when the 
point P' passes back to a. 

ScH.— The series which represent the values of secants are, for the first and 
second quadrants, + 1, + 2, + 8, + . . . . + m, ± 00, — m, — . . . . — 8,-2, 
— 1 ; for the third and fourth quadrants, — 1, — 2, — 8, — ... . — m, 7 oo , 
+ m, -f .... + 8, + 2, + 1, understanding the numbers in these aeries as rep- 
resenting a few terms of series which have an infinite number of terms of all 
values eztenomg, in the first case, from + 1 to db ao , and thence to — 1. It will 
be a good exercise for the pupil to write the series representing the values of 
each of the trigonometrical ftmctions. Thus, for the sine, we have 7 0, + i, -1- i, 
4. )^ ^. ly 4. }^ + (, + i, i: 0, for the first and second quadrants, understand- 
mg that all values intermediate between those represented are included. For 
the second and third quadiants, we have, + 1, + }, + ti + ii i 0, — J, — i, 

38. Prop.—Cosec if = :t='oq > <^^^ ^^* = 1> ^^^ 1^0** =±00, 
cosec 270* = — 1, cosec 360* = qp 00 , and all the real values of this 
function are comprised between 1 and ^ 00 , and — 1 and qp oo. 

DEiL^Let the student demonstrate and illustrate as in the precedbig artide. 
Do not neglect to go through the whole in detail ; it is an important and 
excellent exercise. 



39. Prop.-- Versin 0* = 0, versin 90* = 1, versin 180* = 2, ver- 
sin 270* » 1, versin 860* = 0, and the real limits of the function are 
0and2. 



DEFmrnoKs and fundamsmtal belations. 



13 



Djstf.— The student will readily deduce these results from the relation vena 
: 1 — co8% Thus when « = 0, vers = 1— oosO = 1 — 1=0, eta 



40. Prop.— Cavers 0** = 1, cavers 90** = 0, cavers 180° = 1, cavers 
270** = 2, cavers 360* = i; and the limits af the real values of this 
function are and 2. ^4. 



Dsic— The student should be able to give it 




"^o^r 



(^^ *-^ 



dl* GxNiEBAL ScHOLiuic.— It Is important to observe that in the case of 
each of the aboye ftmctions it changes ita sign by passing through ^ oo . In fact, 
it is assumed, in mathematics, that a yazying quantity which passes from + to 
— , does so by iMissing through or oo . The converse, however, is by no means 
true; viz., that whenever a varying quantity passes through or oo, ita sign 
necessarily changes.* 



# The Co-ordinate Ge- 
ometTj affords elegant il- 
lostrationB of the theory 
of the change In valae and 
•ign of these ftinctiona. 
(See Oen. Geom., 98^ 
etc) The annexed Fig- 
ure represents a carre, 
(or as the stndent may 
be disposed to consider 
It, a mHu qf curves)^ 
oonetmcted as fbllows : 
On the indMlnite Une 
AE« * drcomference Is 
developed (as it were 
^straightened oat), the 
origin being at A. uid 
AE heing the length ol 
the^drcomference. The 
^nrres wn, »•»', m^n^ 
ire drawn by erecting 
at every few degrees 
from At <i lino equal 
to the tangent of the 
number of de- 
p, abow the line 
AE when the tangent is 
•f,and below AE when 
the tangent is — . Thus 

Aa a 46* in length, and od s tan 4S* ; A« » I8S*, and «l s tan 186*. Such lines wtab^ed, etc, 
are called ordinates of the curve. The law of change in these ordinates Is manifes^y the same 
as the law of change in tangents. We see that as we pass from G* to 90*, the ordinate (tan- 
gent) passes from to -i- oo. AfBO* theordinate (tangent) Inboth -¥ and — , I. #., ± oo. So also at 
STO*, and at other similar points. A similar device Ulustntes the changes in the other trigono- 
metrical flinctlons. Some may see the propriety of distinguishing oo as •!• and — , who, never- 
theloes, do not see why it Is necessaiy to make the same distinction in the case of 0. But a 
moment*s reflection win show that one distinction Involves the other, since oo and are mntn- 
ally redprocals of each other. 




Fra. 8. 
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42. SoH. The resalts of the preceding diBCOssion of the signs and limlti d 
fhe trigonometrical ftmctions, 34 to 41, are exhibited in the annexed 
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rniGONOMETRICAL FUNCTIONS OF NEOAHYB AB€S (OB ANGLES). 

43m Prop. — Changing the sign of an arc {or angle) changes the 
Btgn of its sine, and consequently of its cosecant; t. 0., sin (~ 2;) =3 
— giix 05,* and coeec (—«) = — cosec x. 

Dkh. — 1st, If the angle (or arc) is nnmerically le$$ than 90*, and + , it ends in 
the first quadrant, and hence its sine is + ; but, if the angle (or arc) is numeri- 
cally lea thia 90* ani — ,it ends in the fourth quadrant, and henccUts sine is — , 
That is, X being numerically less than 9Q*, sin(— ic)= — sinz. 8d, If a; is 
l)etween 90** and 180* in numerical ralue, the arc ends in the sec5nd quadrant 
"when X is -h^'and hence its sine isr + ; but when a; is —, the arc ends in the third 
quadrant, whence its sine is —. /.In this case, also, sin (— jt) = — sin x. 8d, 
If 2 is between 180* and d70* in numerical yalue and +, the arc ends in the 
{bird quadrant, whence sin a; is — , (— sin 9); but if the arc is —, it ends in the 
second quadrant, whence its sign Is -)-,[+ 8in(— sr)1* •'• 1° this case — sin 3 
= sin (— x\ or sin ;e = — sin (— x). 4th, In lilce manner the student will observe 
that — sin 2 = sin (— x), or sin a; =: — sin (^ x), when x is between 870** and 8G0*. 
Moreoyer, since this order will recur as we pass around again, we learn that 
in any case the sign of the sine of a negative angle is the opposite of that of an 

equal positive angle. l«^y» cosec (- aj) = jgp^ = ^^j^ 

coseca. q.B.ix 



44. Prop. — Changing the sign of an angle {or arc) does not 
change the sign of its cosine or secant; t. e., cos (— a?) = cos a;, and 
sec (— x) = sec a:. 

Dsic— 1st, When a; < 90* and +, the arc ends in the first quadrant, and hence 
its cosine is + ; so, also, if a; < 90* and — , though the arc ends in the fourth 
quadrant, its cosine is still + . /. cos (— a;) = <^06«. (The student can supply the 

other three cases.) Finally, sec (— 0) = — ; — — = = seca. q. b. n. 

' •" ^ ' coe(— a^ cos« 



4Sm Prop* — Changing the sign of an angle {or arc) changes 
the sign of its tangent, and consequently of its cotangent; i. «.» 
tan (— a;) = — tan a?, and cot (—«) = — cot a;. 



• The ftadent shonM be careAil to note the exact meaning of tblg ezprefnion. It la 
**itne mlnaei x » minus sine «/* and meane that the sine of a negatlre angle (or arc) is eqoa 
(naroerlcally) tc> the sine of the same poaitiTe angle (or are), bat haa the opposite sign. 
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Dbic. — This is an immediate coniequence of the fact that changing (he sigc 

of the angle (or aic) changes the sign of its sine, but not of its cosine. Thus. 

♦-«/ -.\ Bin (—SB) — Bin0 sin x . ., */ v 

tan(— a) = ■ — f — J = = = — taaas. Also, cot (— x) = 



cos (—2) coss C0S2 ' ^ ' tan(~a;) 

= — i— = - -i-= - cotx; or cot(-*) = ^?i=^ = -^?£. = _£2« 
~ tan SB tantp sin (—a;) — sm« sina 

= — cot ». 

ScH. — ^The proper sign of a Amotion of a negative angle can always be ascer- 
tained by observing in what quadrant the measuring arc ends, in a mannei 
altogether similar to that in which the signs of the functions of positive angles 
are determined. 



?^ 



€IR€ULAB FUNCTIONS. 

46* Circular Functions are angles (or arcs) expressed as 
ftinctioDS of sines, cosines, tangents, or other trigonometrical lines. 

Ill's. — ^In the expression sin a;, we designate a ane, i, 0:, a right line, merely 
using the 2; to tell what sine, as the sine of 20'', of 135^, etc. But we often wish 
to speak of an angle (or arc) which has a particular sine, tangent, or other trigo- 
nometrical line. Thus, we say, *' the angle (or arc) whose sine is i,** ** the angle 
(or arc) whose tangent is 8,*' etc. In this form of expression, it is evidently the 
angle (or arc) which is the thing mainly thought of; and it is conceived as de- 
pendent upon its trigonometrical lln& 

47* Notation. — The circular functions are written sin-'y, oo8~*3j 
tan'~^2;, etc. ; and are read ^Uhe angle (or arc) whose sine is y/' ''the 
angle whose tangent is V' etc. 

Ill'&— The expressions » = sin-'y, and y = sin te, are nlllmately equivalent, 
since the first is ** a; = angle whose sine is y," and the second, '* y = tiie sine of x." 
The only difference is, that in the first form the angle (x) is the tlung thought of; 
and the sine {y) is used merely to tell wIkU angle ; but in the second fonn, the «jm 
(y) is the prominent thing, and the angle (x) is used simply to tell v^uU sine. This 
mutual relation has caused the circular functions to be called also Invei'se IfUno- 
tian$. 

BcEL — ^This notation is rather an unfortunate one, inasmuch as it is the same 
as has been already adopted in the theory of exponents. The student will how- 
ever observe that the signification in this instance is altogether different from 
the former. Thus, since we write ** the square of sine x" sin*^; according to the 

iheoiy of exponents, sin-*« would be -r^. So also sin-^a; should mean 



8in*« sin 9 

Now, the former of these expressions would actually signify as indicated (though 
it were better to write it (sin a;)-*), while the latter does not mean at all what 
the theory of exponents would make it Unfortunate as the notation is, It is 
probably best to retain it It, doubtless, was suggested thus: If we hava 
y = a*aj, we may write x = a-^y, so also y zz ax^ may Xt written x = a-^. 
This affords a parallelism in form, but not in signification. 
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EXERCISES. 

1. What 18 the complement of 150° 21' 13".6 ? What the sup- 
plement? Give the complements and also the supplements of 
125° 15', 283° 21' 11", 36° 05' 02". and 89° 00' 12". 

2. How many degrees in the angle (or arc) -» ? In {r ? In the 

arc2«'? Infr? Inlfr?>:^/ 

3. How many times is the radins contained in 108° ? How many 
times in 2^* ? How many in 460° ? How many in 210° ? 

4. Eadins being taken as the measure of the arc, by what are 45° 
represented? By what 90°? By what 180°? By what 225°? 
How many degrees does 1 represent, radins being the measure ? 

5. Find the length of a degree of the meridian upon a globe of 18 
inches diameter. 

6. Express 12° 22' 13" 11'" 05'^ in °, ', ", and decimals of a second. 
So also express 53°.51 in °, ', ", eta 

7. How many degrees, minutes, and seconds in an arc equal to 
twice radius? three times radius? Show that 27° is equivalent to 
A*. That 10° to radius 10 ft. = 1.75 fL What radius gives 1° = 
1 inch ? 

8. Draw any angle, and construct its sine, cosine, tangent, or any 
other trigonometrical function, and then determine as nearly as prac- 
ticable the numerical values of the function by actual measurement. 

Solution.— Given the angle MON, to find the numerical 
vnlue of the tangent as near as practicable by measurement 
Taking any convenient unit, as OA, for a radius, and striking 
the arc A a, draw AT tangent *o a A at A. Now apply OA to 
AT and find their ratio (Part L, 3e^ In this case AT = \\ 
approximately, .*. tan MON s li. 

[Note. — ^The student should practice upon such exam- 
ples, finding the values of all the functions until the process, 
and the meaning of the numerical value of any function 
of an angle, are clearly seen.] 

9. Construct an angle whose sine is f , t. e., sin~'{. 

Solution. — Let be the required angular point, 

and OA one side of the angle. Lay off fi^m on 

OA 8 measures of any convenient length, making 

Oa. Using Oa as a radius, describe the indefinite 

arc aM. Erect 00 perpendicular to OA and tak» 

00 = } of Oo. Through C draw CP parallel to 

OA. Finally, draw OB through P. AOB is the 

angle required, since Oa being 1, the sine of 

AOB. PD, is }. AOB = sin->i 

Fis.lOk 
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10. ConBtmct an angle whose cosine is f* That is, onstruct 
co8~-*f. 

Bug. — ^The conBtraction is the same as in the last example, except that instead 
of OC being drawn to limit the arc, a perpendicular is erected to Oa at } (the 
second point of division) fix)m O. and the point P located where this peri)endica]ar 
faitersectB the arc 

11. Gonstrnct an angle whose tangent is 2. That is, coustraot 
tan-'2. 

8uo.— To constract this at on the line OA, t^, 10, take any conyenient la- 
dins, Oa, and strike the indefinite arc. Then erect at a a tangent, and make it 
equal to twice the radius used. Through the extremity of this tangent and O 
draw a line, and the angle between this and OA is tan~'^2. 

12. Construct Bec""*2; cot~'3; cosec"**!^^; an obtose angle sin"'^ ; 
tan-'(-3). 

SuG. — To construct 8in~H, see i^. 7. Let OA be one side of the angle, and 
the vertex. With any convenient radius draw the semicircumference Aa8, 
and draw the perpendicular Oa. Bisect this perpendicular, and through the 
point of bisection draw a parallel to AB, hitersecting the arc in tlie 2d quad- 
rant Through this intersection dmw a line, as OP'. Then AOP (assuming the 
constniction as specified, and not as in tlie figure) = sin~~>i. 

sl3. Oonstruct the following: tan""*l ; tan*"*(— 1); tan~"f ; 
tan-'(-2); tan-*(-i); co8-*(-J); 8ec-'(-2); cosec-'(-3); 
versin""4 > versin"*!^. 

14. From the fandamental relations {21) dednce the following : 
sina;=\/l— co8'a?;co8aj=Vl--8in*a;; tana?cota5=l; tana;cosa;=sina^ 

sin a? . cosjr . 1 1 

coaa; = -T :8inaj = — r— : sina?= ====;co8a?=a . 

tana? ' cota; vl+cot'a: Vl-t tan"«* 

tana; = sina? seca;: cota; = cosa: coseca;; tana; = ; sina; = 

' ' coseca; 



<508a; seca;— 1 coseca;— cot a; . \/\ — gin^ 

/ , — ==; vers a: = = :cota;= — ; . 

ycoseca;— 1 seca; coseca; sin a; 

15. Given tana;=:|, to find the other trigonometrical functions 
of a;; 

Results : Sec a; = | ; cos a; = f ; sin a; =: | ; cosec a; = { ; cot « 
= \ ; vers a; = i; covers a; = j. 

16. Given sin a; t= }, to find the other trigonometrical functioni 
of X, 

17. Given sec a; = 2, to find the other trigonometrical functions 
of «. 

18. Given tana; = — 1, to find the other trigonometrical ftmctionft 
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Jtesutts. — Oota; = — 1; geca; = qpV^; cosec x = dt^/2] sin z 
c= ± J\^; COST = qp J-v/^ ; versin a? = 1 ± IV^J coversiii « « 

[KoTB.— Obserye closely the signs of the Amotions in Ex. 18.] 

19. In the preceding examples the constrnctions required haye 
been limited to angles less than 180°^ bnt it is evident that an infi« 
nite number of angles (or arcs) according to the more comprehensiye 
trigonometrical yiew, correspond to the same function. What angles 
or arcs have their tangents each 1 ? What^ each ^1 ? Construct an 
angle between 180^ and 270% whose sine is — ^. What other angle 
less than 360^ has the same sine ? 

20. Haying giyen a sine, how many angles less than 180^ corre- 
spond to it ? Construct the angle or angles less than 180^ whose sine 
is t* How many angles less than 180° have the same cosine P tan- 
gent ? cotangent ? (In each of the last three cases only (me.) Con- 
struct y = cofiT'J; y = cos~*(— J). How are these angles related 

to each other? Construct y = tan""'3; y = tan"'(— 3). How are r. 

these angles related to each other? (Restrict the constructions and ^ 

questions in this example to angles less than 180°.) ^ 

21. Giyen y = sin"*a;, show that cosy = y'l— a;*; tany = . 

X 1 1 , .\ 

/ . ;8ecy= rr ^ ; y = coseo"*— ; yers v = 1 — Vl — «•: ^ 

J I ^ f A vr < ! n • > 



y 
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22. Wlat are trigonometrical functions of 450° ? Of 1350° ? Of 

9oo°?r^-/"^ -^ r-/:- ^/ z^-^/ 

23. Show that the following are true for all integral yalues of n, 

including 0: sin 4n- = 0; sin (4n + 1)- = 1 ; sin (4n + 2)g = 0; 

iT It ^ 4r 

iin(4n + 8)^ = — l;cos4n- = l; cos(4n+l)g = 0; cos(4» + 2)^ 

= -1; ooB(4n + 3)g=:0; tan2ng = 0; tan(2» + 1)|=qo. 

24. What are the signs of the seyeral trigonometrical functions 
of- 110°? Of -35°? Of -500°? Of -2000? 

25. Proye that sin 30°= i, cos 30° = i\^, tan 30°= |V8, and 
ccrt30°= Vd, sec 30°= fVS, and cosec 30°= 2. 

, 8uo.— Observe that the chord of 60* = 1, and that the sine of 80*= k the 
^ord of 00*. Make the figure. 



so 
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26. Prove that sin 45^ = ^^2, cos 45**= ^ VI, tan 45°= 1, cot 45* 
= 1, sec 45''= V2, and cosec 45**= V^. 

Bug. — Observe that sin 45* = cos 45* ; hence sin' 45* + cos* 45* = 1, beoomea 
29in« 45* = 1. 

Sen. — The yulues obtsdned m the last two examples should be retahied in the 
memory, as they are of frequent use. The functions of 80* and of 45* are 
always assumed to be known in any trigonometrical operation. 
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RELATIONS BETWEEN THE TBI€N)NOMETRICiL FUNCTIONS OF 

DIFFERENT ANGLES (OR ARCS). 

(a) FUNOTIOKS OF THE SUK OB DIFFEBBKOB OF AKGLBS 

(OB ABGS). 

48* Prop. — The sine of tlie sum of two angles {or ares) is equal 
to the siiie of the first into the cosine of the second, plus the cosine of 
the first into the sine of the second. Thus letting x and y represent 
any two angles (or arcs)^ 

sin (a: + y) = sinrc cosy + cos x sin y. XpJC 

Dem.— Let AOB and BOC be the two angles 
represented respectively by x and y. Draw the 
measuring arc oP, and the sines PD, and P'E of 
the angles. ADC = AOB + BOC, is the sum of 
the two angles. Draw P'D', the sine of the 9um 
of the two angles. Then PD = sin x, P'E = sin y, 
00 = cosaj, OE = cosy, P'D* = Bin(« + y), and 
00* =zooB(x + y), 

Now sin (a; + y) = P'D' = EF + P'U But from the shnilar triangles EOF, 

and POD.wehaveJE = £R, or -£E- == ?IL-. /. EF= Bina^cosy. A]80,from 
' OE OP cosy 1 

P'L OD P'L COS a 
the shnilar triangles P'EL and POO, we have ■p7|-= qP'^' sEy^T^ 

/. PL = COS* sin y. Substituting these values of EF and PI-, we havs 
BUI (* + y) =s sina; cosy + cosajslny. Q. b. d.* 




^ This demonstration may seem defsctlTe, since the snm of the angles x and y, as r epr es e nt^ 
in the diagram, is less than 90* ; nsTertheless, in the Qeneral (Analytlcat) Geometiy, ire coa- 
etantiy proceed in a manner entirely analogous ; tIs., first prodace the equation of a loan 
from some particular figure, and then makje it general In application. The demonstntloos in 
cases in which the sum of the angles is greater than 90*, etc., are similar, and some of them 
win he given In the SzxBOisn at the dose of the section. It is not thought hest to eomber th* 
purely theoretical part of the snhject with such matter. 
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Cor. Sin{90''-^z)=zco8X. 8in{lS0''+x)^^8%nx. 8in{2'7W'^») 
^ ^eosx. iSin(360° + a?) = 9in x. 

Dxic— From the propoeition we haye, 

4isk(!^* -t-ff) = 8inOO*coB0 -f oosOO'sins =:o08«; 

linoe sin 90* = 1» and cos 90* = 0. 
In like nuuiner, 

sin (180*+ 0) =s sin 180* oos« + cos 180* sin « = — sin*; 

since sin 180* s= 0, and cos 180<^ = — 1. 

[The student will vefudSij produce the other forms.] 



49. Prop. — The sine of the difference between two angles {or arce) 
tB equal to the sine of the first into the cosine of the second^ minus the 
cosine of the first into the sine of the second. Thus, letting x and y 
represent the angles, 

sin (a; ^ y) = sin a; cosy — cosa; siny. 

DsM.— In ^(iv + y) s sin « cosy -f cosa; siny, substituting — y for y» we 
liave, sin(sB — y) = sina; co8(— y) + co8« sin(^ y) r= sin^ cosy — cos« siny ; 
since cos (^ y) = cosy, and sin (— y) = « siny. (4d, 44.) 

Cob. Sini^V" ^x) — cos X. Sin(l%{f--x)- sinx. 5in(270''~a?) 
=r — cosx. 5in(360* — a) = — sinx. 

Dbic— This is simply an application of the proposition, ss the preceding 
corollary is of its proposition. (The student will make it) Or we may deduce 
the results from the corollary under the preceding propoeition by merely sub* 
stituting — a? for as. Thus, sin (90* — «) = cos (— a?) = cos « ; t&n (180*— a;) = 
— sin (— ar) = — (— «n a;) = sin « ; etc. 

{ . 



SO* Prop* — The cosine of the sum of two angles {or arcs) is equal 
to the rectangles of their cosines^ minus the rectangle of their siftes. 
Thus, letting x and y represent the angles, 

cos (a; + y) = cos a; cosy — sin a; sin y. 

Dxic — Taking the formula sin (a; — y) = sin a; cos y « cos x siny, and substi- 
tuting 90*— CB for X, we have, shi (90* — ^b — y) = sin (90* — a;) cos y — cos (90* 
— x)9iiiy. Now 90* — » — y = 90* — (« + y); and sin [90* — (« + y)] = the 
stale of the complement of {x + y), or cos (a; + yV Also sin (90* — «) = cos m 
and cos (90*— x) = sin x, .*. Substituting, cos (a; -f y) = cos « cos y — sin « sin y. 

Cob. (7o«(90*+ic)=-«nic Ca«(180°+a;)=-co«a;. Cos{270''+x) 
«= sin X. Cfa«(360* +«) = «?««. 

Deql— Apply the proposition. / 
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51. Pri^p. — The cosine of the difference of two angles {or are$) U 
^ equal to the rectangle of their cosines, plus the rectangle of their sine$» 
Thus, letting x and y represent the angles, 

cos(a; -- y) = ooBX ooay + bIrx mny. 

Dbk.— In 008 («+ y) = oos«ooBjr^8in0 siny, substituting ^ y for y, we 
have, cos(^ — y)ssoo8«ooB(— y)^8in0sin(— y), or cos(ai — y)rsoo8« oosf 
+ 8in<rBiny;6inoecos(— y)= cosy, and 8in(^y)ss ^ainy. [Nctice that tbs 
last tenn becomes — sin «(— siny), which equaU + sin^ siny.] 

Cob, Cos{90'''-x)=sinx. Co8{lS0''—z)= -cosx. Cfe« (270**— a?) 
=5 — «n X. Cos (360* ^x) = cosx. 

Deic— Apply the proportion. 



S2. Prop. — The tangent of the sum of two angles {or ares) u 
equal to the sum of their tangents, divided by 1 minus the rectangh 
of their tangents. Thus, x and y being the angles, we have, 

. , , . tan a; + tan y 

tan (» + y ) = -r — ^-. 

^ ^' 1 — tana; tany 

_. -, . . 6in(i9+y) sin^cosy + oosi];8iny Tkt^At 

Dbil Tan(» + y)=s — ) 2Z-- 2 . —2. Dividing numer 

' co8(a; + y) co8«co8y — 8in«Blny ° 

ator and denominator of the last firaction by cos iS cos y,* we haye, tan (x + y) =s 
sing siny sing siny 

5;^ co8y_ coBg coay _ tang + tan y,_sing_, ^,-*--Titl 

^ BJn X siny sing siny 1 — tangtany oosg 

co8goo8y cosg cosy 

rin g sin y sin g sin y 

oosgcosy co8g cosy' 



Cor. Tan{90'*+x)=:: --cotx. Tan{mf '{'X)^tanx. Tan{%l(y' -{-x) 
sz-^cotx. 3ran(360** + a;) = tan x. 

• fbe three following ftmui may readily be obtained by dividing reapeetlvely by tin • tin y, 

ten (g •!• y) s -—r ?—zr» -Any one of these may be redoced to the one glren In the prop* 

cot y ~->tang 

oeition, bT sobetitatlng In it ^-r for oof, and redndng. Notice that the foim In the Pn^, la It 

terms of the tangents. Also obeerre wAy dividing by a certain term giTea a paitknlar fom 
ond by which to divide to get a required form. 
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■ 

•ta" ^±4 = nilif = ton *. etc. etc 



53. JProp. — T^ie tangent oftlis difference of two angles (or arcs) 
is equal to the difference of their tangents^ divided by Iplus the re<^ 
angle of their tangents. Thas, x and y being the anglesy 



, . tan X — tan y 

tan (a? — y) = :i-7-T 1 — - . 

^ ^' l + tanatanv 



tany 
^ m / V sin (^ ^ 1^) Bin s cos y — cos a sin y 

DSMOKBTRATION. Tan (« — y) = \ ^ = ^ r r-^ =- 

COS (a; — y) cos x cos y + am js sin y 
sina^cbsy cos^siny sing siny 



CO^gCOB 

cosJ^os 



foot-notes to preceding proposition.) This proposition is also readily deduced 

from the precedinff by substitutinf in the formula tan (« + y) = ^ ^ + ~-JL» 

1 — tan«tany 

^ y for y, and remembering that tan (« y) = — tan y. 



OoR- Tan{W-x)=cotx,Tan(l^(f'--x)='^tanx. Tan{%W^x) 
=zcotx. Tan (360'' - a) = — tow as. 

DEK. Tan(90--.) = ^g;53 = ^=cot.. Tan(180--.)^ 

!![lS^--^^^ = -tang. Tan(270-~g)=^^:^=^^5iL=, 
cos(180'-«) — cos« co8(270' -a?) -sin* 

m /»i>/u» X shi(8«0<>— a;) — sin* 
cot* Tan(860»-*) = 355^ggBi:^=-55j^ = -tan* 



* These and the kindred formulm maybe prodaeed b/ a direct application of the proposttioi. 
... M. /»«. V tan90» + tanaj tanM* 1 * ^.. 

droppittg tan« aad 1 ia that thej are finite terms connected with inllnltles, aa tan 90* a oo . Or, 
** 1 tang ^ tang 

. , . _-- . . tan90* •»• tang tanW* oo 1 _. 

oth«nrl.e,t.nO»* + aO«i^:i55n»MiJ^ T^'T"- rsSTi' '^ « 

SSnioJ--^* --tang 

flnite divided by an inlinlte equals 0. Again, tana«>* •!• g) » }^}^,1^^ ' - « ^^ » 

^ — o»x '1 — tan ISO* tan g 1 

Ian g, since tan 180* a 0, etc., etc 
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54. Prop. — The cotaiigent of the sum of two angles {or arcs) is 
equal to tJis rectangle of their cotangents minus 1, divided by their 
sunu ThaSy x and y being the angles, 

cot ra: + f/w 22i?.?2^yj^ 

coflgooay slagaiiif 

• ^ ^ 8mOi}+y) suiccosy 4.008icsuiy toe cosy cosgsifty 

su^ainy aiiuBsiny 

COB a; coey . 

-^— — X ^ ^ 1 

8in« Biny cotajcoty— 1 ^ j ^ •* *i 

= *^ =s — :^ ^~ — . a B. D. Or we may deduce it thua, 

cosy COB a? coty + cot* ^ 

siny 8ini0 

1— -J— 

. \ — 1 _ 1 — tana? tany _ cot a? coty _ cot x cot y -- 1 

^' ^' " tan (a? +y)"^ tana; + tany "" 1 . 1 "" cot y + cot« 

cot« coty 
Q. s. D. 

Cor. Cb^(90**+ a;) = - tanx. Cb^(18p^+ «) =(?o^ «. Cot{270''+x) 
= - ^flw a;. Cot (360**+ «) =z cotx. 

Dbm« Divide cosine by sine, or take the reciprocala of the correspondhig 
tangents Tlius, cot (90<> + ^) = ^ ^^. ^ ^^ = ^1;^^ = ^ tan a^. eta 



S3* Prop. — The cotangettt of the difference of two angles {or 
arcs) is equal to the rectangle of their cotangents plus 1, divided by 
their difference. Thus, x and y being the angles, 

^ ^' "" coty — cot a; * 

Dkm. Substitute ^ y for y, in the preceding formula ; or, divide cos (^ — y) 
by sin (x — y) and reduce ; or, take the reciprocal of tan (x — y), and substitale 

—7 lor toTi. 

Cor. Cot (90° - a;) = /aw a-. Cot (180°-a;) = - cot x. Cot (270^- x) 
= tan X. Cot (360**— x)=i --cotx. 

Dbm. Same as above. 

ScH. 1. The famvulm for the secant and cosecant of the sum and of the 
difference of two angles (or arcs) are not of sufficient importance to warrant 
their introduction here ; some of them will be given in the exercises, as also tlie 
extension of those already given to the case of the sum of three or more angles, 
or arcs. 
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0CH. 2. The results reached in this discossion are so important that we wUl 
collect them into a 



(A) sin {« + y) = 
(B)sln(aj-.y) = 

(C) cm(x +y) = 

(D) cos(:i;— y) = 

(E) tan (s + y) = 
(P) tan(«^y)=r 

(O) cot {« + y) = 
(H) cot(a?-y) = 



TABLE. 

sindjcosy + cos a; sin y. 
sin « GOB y — cos a; sin y. 
cos fl} cos y ^ sin a; sin y. 
coB« cosy -f sin 9 sin y. 

tang+ tany 
l-*tana; tany* 

tan a? — tan y 
1 + tana;tany' 
cotgcoty — 1 

cot y + cot X * 
cotgeoty + 1 

coty — cot « * 

(I) ' 



X 


90»— « 


gO*-i>a; 


ISO*— « 


180* 4. « 


f70»— « 


STO'-i'ff 


800*-« 


800* •I'S 


slue 


oos« 


0M« 


iln« 


— 8iD » 


— coBo; 


— COBflB 


— Bins 


Bins 


tfosine 


tUnx 


— fins 


— oos« 


— COB9 


— Bins 


Bins 


COBS 


COBS 


utngent 


COtJB 


— cot« 


— taii<B 


tans 


cots 


— cot« 


— tans 


tans 


coUngent 


tana 


— tan* 


— cot 9 


oot« 


taii« 


— taa« 


—cots 


cots 



( ( 



It will not' be found difficult to memorize and extend set (I), if the student 
observes, that, when the number of whole quadrants is odd (as 00°, 270^, etc), 
the ftmction changes nafne (as from sin to cos, from cos to sin, etc.) ; but, when 
the number of whole quadrants is even, the ftinction retains the same name. 
The sign of the sine and cosine is readily determined according to fbndamental 
principles by obsenring where the arc ends, assuming x < 90"*. Thus 180*+ x 
ends m the third quadrant ; hence its sine (which in numerical value is sin s) is 
— , and its cosine is also — . As the signs of the tangent and cotangent of the 
same arc are alike, wo have only to observe whether the sine and cosine, in any 
^ven case, have like or unlike signs, in order to determine the sign of the tan- 
gent and cotangent For example, what is cot (680* -^x) equal to ? The num- 
ber of quadrants being odd (7), the function changes name, and since the arc ends 
in the fourth quadrant, its sine is ^, and its cosine + ; therefore cot (630*+ x) 
r= — tan 2; If in any given case x > 00®, determine the character of the Amotion 
as above, on the hypothesis x < 90*, and then modify the result for the partic- 
ular value of X, Thus in the last case, if x was between 90* and 180®, its tan- 
gent would be — , and for such a value cot (680* + s) = tan «. Or, we may 
consider at first where the arc ends, taking into consideration the /dven value 

OliP. 



26 



PLANE TKIGOKOMETBY. 



(i) FUNOTIOKS 07 DOUBLE AKD HALF AlfTGLBBb 

S6* JProp»^LeiHng x represefU any angU (or arc)f 



(K) sin %x = 2An.zQo%x\ 

(L) cos 2a? = cos's; — sin'a; = 
2oos*a;— 1, orl— 2sin'a;; 



rtrv i^ r* 2taii« 

(M) tmS. = J— SS^J 



Deic These results are readily deduced from (A), (C), (E), and (G). Thiu^Sn 
•in (a + y) = sin « COB y + cos a; sin y, if we make y = as, we have sin 2a; = 
■in « cos« + cos « sin a; = Ssin « cos «. (In like manner produce the others.) 



57m J?r€fp% — Letting x represent any angle (or arc), we have. 



(0) sin^a; = =bVi(l— cosa:); 
(P) cos^a; = dbVi(l + cosic); 



cos re 



C08X 



(B) cotia? = =fcf/i± 



cos a; 



COB a; 



Dbm. From (L), 2sin*« = 1 — cos 2«, or sins = i: Vi (1 — cos 2;^). Putting 
i« for a;, this becomes sin ia; = ± y^i (1 — cos «). Li like manner, from the same 



formula (L), 2co6'a; = 1 -i- cos 2a;; whence, cos la; = ± ^i (1 + cos x). Again, 

^ , sinia; . , /I — cos a? ^ ^, 1 . ./I + 

tania;= — ^ = ±4/7— ;andcotia;=r — =-= ±4/- — 

cosia; r 1 4- cosa^' "^ tan^a; r i — 



oosx 



cos« 



Qp&D. 



BcH. The sign of the ftmction in the case of each of these is + if » < 180* ; 
but can only be determined by the yalue of a; in any given case. 



EXERCISES. 

1. Proye from Fig. (a) that sin {x + y) = sin a; cos y + cosxsiny; 
when X and y are each < 90^, bat x -k- y 

> 90^ 

2. Same as in Ex. 1, from (b)y when 
X < DO**, « + y > 90^ and < 180% and 
y > 90'' and < ISO*. 

* Suo. Inthi8caae,8in(a;-4-y) = P'D'=:P'L^ 
EF, lu other respects the demonstration is 
identical with the preceding. This gives 
sin(a; -i- y) = cos a; sin y -- sin a; cosy. But the 




d^A 



W. 
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— flign Is aoooanied for in the general formula, 
sin (9 + y) = Bin« CO0 y + 00s « sin y, by notic- 
ing that ooey is — , when y > 90* and< 180*. 

3. Same as in the preceding, when 
X > 90°, y < 90°, and (« + y) < 180°. 

Bto. Here 8in(:r + y) = P'D' = EF - PL In 
all other respects the demonstration is identical 
with the other cases. The -- sign in this case 
arises from » being between 90* and 180*, 
whence ooa « is ^. 

[Norm. A number of other cases may be 
devised, but the nbore illustrate the yarieties.] 

4. From Fig. 11, Abt. 48, demonstrate 
geometrically the formula cos {ic + y) = 
oosrccosy— 'Sinrc siny. The same for 
each of the cases in Ex's 1, 2, and 8, 
above. 



i 




w 


y 


r 


/ 


\ 


^ 


r^ 


Y 




^ 


DaA 



dh. 




4V A 



(iO. 



8uG In Fig, 11, cos (« -f y) = OD' = OF - 
"-^ 9= = ?S,orOF=sco8«cosy. -^^^.or LE =8ln«siny. 



OE OP* 



PE-OP' 



5. Prove geometrically the relation sin {x — y) 
r= sin X cosy — cos a; siny. 

8uo. Let aP = «, and since y is to be subtracted we 
measure it h(uk from P, and y = 99\ Now shi (« — y) 
= PD'= EF - PL 

9. Prove firom Fig. (d) that cos (a? — y) = 
00s as cosy + sin a; sin y. 




(^. 



^ 7. Given sin 45°= vT> and sin 30°= J to find sin 76°, and sin 15* 
Also tan, and cot SesuU, sin 75° = .97, sin 15°= .26, nearly. 

8uo. Use farmulm ( A • . . . H). 

8. Given sin 80°=^, to find sine, cosine, tangent, and cotangent, 
of 16°, 7° 30', 3° 45', and 1° 52' 30". RemUs, sin 16°= .2588, cos 16° 
= .97, nearly. 

Sue. Use the formulm in <57)* Compare results with those found In the 
Table of Natural Sines, etc. 

9. Of what angles may the trigonometrical functions he found 
firom sin 45°= iV2, by means of the formula in {S7) ? How P 
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10. ProT6 that 8m(x + y + 2) ^sinziiosyooBz + oobx amy cost 

+ cos z ooBg Bin z ^ sin X sin if sin c Also, cos (x + y -i- z) =i 

oosic COS y cos f — sina^sin y cos i? — sin X cos y sin s ^ oosz siny sin £i 

Ai xi.i.x / . . \ tanx + tany + tans — tana^tanytans 

Also that tan (x + v + « 1 = ^ — r t-^ ; — ^ • 

^ ' ^ 1 — tana;tany ^tanxtanis — tanytan^ 

Bug. Bints -t-y + i9=8in[(« + f) + 1] = do fv + ^ cos f + costs + f)8inf. 

BcH. Bince if (;« + y + s) = ir, tan (sb + y + ^ = 0, we haye flfom the last 
form, tans + tany + tanf = taai^tany tanf ; i. &, if a aemicircamferaDce be 
diyided into any tliree paitB, the aom of the tangents of the three parts equals 
the products of the tangents of the some. 

-- ^ ... / . V sec a; sec y cosec a; cosec y 

11. Prove that sec (a? + y) = ^ i-. 

^ ^^ coseca;cosecy — secxsecy 

12. Prove that sin Sx = 3sin x — 48in* x. Also that cos 3x s 

4cos*aj — 3cos as. Also, tan Sx = —^ 57 — i — . Also, oot 3a; s 

' 1 — 3tan' X 

cot* a? — 3cota; 
3cot*a;-l * 

Buos. Binfts = 8in(2s + a;) = sin 2s cos a; + cos 2x sins = Sehi s cos « coss 
4* (1 — 28in*s)sins = 2sins cos's + sins — Ssln* s = 28ins (1 — sm* a) -i- sins 
— 2sin* s = Ssin s ^ 4sin* s. 

TanSa? = tan(2g + s) = }^^ t ^^ « In the latter substitute for tan 8s its 
^ ' 1 — tan2stans 

value in terms of tans. 

13. Prove that sin iz = 4(Bin x ^ 2sin*a;) cos ax 

_ 2tan jx 2 



14. Prove that sin x = 



1 + tan' ^x cot ^a; + tan iz 
gSUiJ* 



a at Ai , « 28in4s cos^s 2tan)s Stands ^ 

SCO. 8in« = 2elnl*co8la, = -jj^ = -^^ = ^^^^ = j^^;jji^. To 

produce the last form divide numerator and denominator of t — *? bj 
lanis. 



• 



11c T> xu 1 X 1 1 — cosa? .. ., l+cosa? 
15. Prove that tan ^a; = — : . Also cot^a; s= 



am 05 - , gj^^ 



Bug. From (L), (56), 2ehi* is = 1 — coss,andflrom (E),2dnlsooei« = sfaia 
Divide the former by the latter. 
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m 

16. Find the trigonometrical functions of 18*. 

Solution.— Letting m = 18', %x = 86', and 8« = 54*, hence sin 1^ =: cog as 
But 8in22; = 26ina;co8a;; and cos 8aj = 4co8* « — 8co8 a? ; hence 28ina?co8{r = 
4cos'a; — 8co8«, or 2sma; = 4coB»a: -8 = 4 — 4flui" « — 8. From which 4sin"« 

+ 2^a; = l. Bolying this quadratic, we have sin re, or 8lnl8' = ^^-| — 

neglecting the — root, since sin 18* is +. From this, cos 18* = Jj/l0 + 2y'£ 
These may be put in approximate decimal fhustions. 

17. Having given the functions of 18% and 15** (Ex. 8), find those 
of 3^ ; then of 6^, 12% 24°, etc. 

Compare the results obtained with the values as ^ven in the Table of Natural 
Sines, eta, obtaining all the values in decimal fractions. 






SUCTION III. 



FOBMUUE FOB RENDERING CiXCULlBLE BT LOGARITHMS THE 
ALGEBRAIC SUM OF TRIGONOMETRICAL FUNCTIONS. 

S8^ Since multiplication, division, involution, and evolution are 
the only elementary combinations of number which we can effect by 
means of logarithms, if we wish to add or subtract trigonometrical 
(or other) quantities, we have first to discover what products, 
quotients, powers, or roots, are equivalent to the proposed sums or 
differences. 



S9* Prop. — To render sina? db siny, and cos a? db cos y calculable 
by logarithms. 

Solution. From (55, Sen. 2) we have shi (0 + y) = sin « cosy + cos a 
siny, and sin (2 — y) = sin x cos y ^ eos x sin y. Adding these formulas 
sin {» + y) + sin (a? — y) = 2sina;cosy. Kowputtin/i; a» + y = a?', and « — y =s y* • 
whence x = \{x' + yO, and y = J (a/ — y*) ; we have slna^ + sin^ = 28in ]H^ +y^ 
cosK^ — y') ; or, dropping the accents, as the results are general, 

(A*) sin» + shiy = 2sini(* + y)co8i(« — y). 

Agafai, by subtracting formula B (55^ ScH. 2) ftom formula A, and makuig 
the same substituticns, we have, 

(B') sinx — riny = 2coei(« + y) sini(x — y). 
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In like manner addingcoe(« + y) = co8«coey->Bin«8lny, andcoe(a; — f) = 
C0B« cosy + Bina^ s^nyi uid making the same subetitations, we havCi 
(C) ooB« + cosy = 3008^(0 + sr)coei(^ — y). 

Finally Bubtracting formula (55, 8oh. 2) from formula D, and oialdnff 
the Bame BubstitntlonB, we have, 

(DO ooey — ooe«= 28ini(^-i-y)nni(^ — y),or 

oos« — cosy =s — 28ini(« + y) Bin ^(a; — y). 

60« OoB. 1. — The sum of the sines of two angles is to their differ* 
ence, as the tangent ofone-hdlf the sum of the angles is to the tangemt 
of one^half their difference. 

Dbil — Dividing A' by B', we have, 

Bing+ 8iny _ Bini(a? + y)oo8i(a? — y)__ Bin^a? + y) cobjC — y) _ 
Bin« — alny "" cobK^ + y)8in i(« — y) "" cob i(a? + y) Bin ¥<9^y)^ 

61. Gob. 2. — Hie difference of the cosines of two angles divided by 
their sum is numerically equal to the product of the tangent of oiie- 
half the sum of the two angles into the tangent of one-half their j^ 
difference. 

DEM.^Diyiding D' by CT, we have, 

coBg — coay _ — Bin \{^ + y) Bin ^g — y) _ Bin \{x -¥ y) ainjC — y) ^ 
COB » + COB y "" COB ^(as + y) COB i(« — y) "" coBi(:r + y) coBi(« — y)^"" 

tan<KiB + y) tan i(^ — y)* ^ ^ >>• (Obaenre the opiXMitlon in Bigns.) 



62 • JProb* — To render tan rr db tan y calculable by logarithms. 

T^^ n% . ^ BiniB , Biny Bins cosy db cob a; Bin y linCc^y) 
Dsic. — ^Tan sb ± tan y = ± — ^ = =^-= rs — ' ^^ 

G0B2B cosy COBflJCOBy OOB«O0Bf 

X. D. 



EXERCISES. 

Let the student deduce the following relations : 
^ i^ X . X sin (a: + y) 

1. Cot X + COty = -r-^ r-^. 

^ smo^siny 

8. Sec « + eecy = ^52ii(£+£)_52!ii£:il). 

^ cos a; COS y 

tt o 2 8in4(aj + y) 8inl(a; — y) 

8. Sec aj — secy = ^ ^ ^ ^ 

' cos a; cosy 
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4. 1 + C08X = 2cos'|as. (See S7') 

5. 1 — cosrc = Ssin'^re. 

«-^-^ = ^*<* + y>- (Divide A'byCJd.) 

cos^T + cosy '^ ^' 

o 8ina;+ amy . ,, v 

8. i = — cot Ux — y). 

cos a; — cosy "^ ^' 

. sin a? — sin y .., . . 

0. ^ = — cot l(a; + y). 

cos X— cosy '^ ^^ 



SECTION IV. 

COlfSTRUCnON A5D USE OF TRIGONOMETRICAL TABLES. 

[Note.— In order to read this and the subsequent sections, the student needs 
% knowledge of the nature of logarithms, and the method of using common 
logarithmic tables. If he is familiar with the last chapter in Thb Complbtb 
School Algebra of this series, he is prepared to go on. If he has not this 
knowledge, he should read the introduction preceding the table of Logarithms 
before reading this section.] 

63. A Table of Trigonometrical Functions is a table 
containing the yalnes of these functions corresponding to angles of 
all different yalnes. In consequence of the incommensurability of 
an arc and its functions^ these results can be giren only approxi- 
mately; yet it is possible to attain any degree of accuracy which 
practical science requires. * 

6d. There are two tables of trigonometrical functions in common 
use, the Tails of Natural Functions^ and the TahU of Logarithmic 
Functions. 

05. A Table of IfaturfU Trigonometrical Functions 
is a table in which are written the values of these functions for 
angles of various values^ the radius of the circle being taken as the 
measuring unit, and the function being expressed in natural num- 
bers extended to as many decimal places as the proposed degree of 
accuracy requires. 

66. A Table of Logarithmic Trigonometrical Func-^ 
Hons 'is the same as a table of natural functions, except that the 
logarithms of the values of the functions are written instead of the 
ft^notions therasolvaSy and to avoid the ft^uent occurrence of nefi;a- 
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tiye characteristicsy the characteristio of each logarithm is increased 
bj 10. For example, sines and cosines being always less than unity, 
except at the limit (33), and tangents of angles less than 45° and 
cotangents of angles greater than 45° being also less than unity, the 
logarithms of all such functions have negative characteristics. To 
obviate the necessity of writing these with their sign, the charac- 
teristic of each logarithm is increased by 10. 



67* JProb. — To compute a fable of natural trigonometrical func^ 
tionsfor every degree and minute of the quadrant. 

Solution. — ^It is evident that an arc is longer than its sine, but that this 
disparity diminishes as the arc grows less. Thos, in a drcle whose radius is 
1 inch, the length of the sine of an arc of 1* would not differ appreciably from 
the arc. Much less should we be able to distinguish between the sine of 1' and 
the arc. Now, since when the radius is 1, a semicircumference = sr = 3.1416920, 
and also = 180% or 180 X 60 = 10800', we have the length of an arc of 1' = 

' QQ = 0.0002908883 approximately. Assummg this as the shie of 1', we 

obtain the cosine thus, 

cos r =>/l - sin" 1' =\^(l + sinr)X(l-shil') =>/l.0002906883 X .9997001118 
= 0.9999999577. 

Having thus obtained sufficiently accurate values of sin V and cos 1', we can 
ooutinae the oi>eration as follows : from the formula sin (a; + y) + sin (a; — y) = 
8 sinffcosy, and cos (a; + y) + cos (« — y) = 2 cos a; cos y, we have 

sin (« + y) = 2 sin JBcos y — sin (a; — y), 
cos (s + y) = 2 cos iz; cos y — cos (a; — y). 

Now lettiif^ y remain constantly equal to 1', and letting x take sucoesdvellj 
the values 1', 2\ 8', etc., we have 

_ ( shi 2' = 2 cos l'smr-8fai0' = 0.0005817764 
JToraj-l, ^ cos 2' = 2 cos r cos 1'- cos 0' = 0.9999998308 

_ j shi 8' = 2 cos r sin 2'- sin r = 0.0008726646 
Foroj-a, ^ cos 3' = 2 cos 1' cos 2' - cos V = 0.9999996198 

_ ( shi 4' = 2 cos 1' sbi 3' - sin 2' = 0.0011635526 
For « - 8 , ^ cog4' __ 2coe 1' cos 3' - cos 2' = 0.9999993232 

_ ( sin 5' = 2 COR r sin 4' - sin 3' = 0.0014544407 
roi»-4, j COS 5' = 2 COS r COS 4' -COS 3' = 0.9999989425 
etc, etc 

These operations present no difficulties except the labor of performing the 
numerical operations. 

Of course CO operations are required for every degree, and Or 80*, 1800. But 
having computed the sines and cosines for eveiy degree and minute up to 90* 
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wc can complete the work by simple sabtraction of yalues already found. Ff ir 
example, letting = 80*, the first formula used above becomes 

sin (80* + y) = cosy— sin(80* — y), 

and from cob {x + y) — cos (x •- y) = -^ 2 sin x sm p, we have 

COS (80**+ y) = cos (30' — y) - sin y. 

Now making y successively = 1', 2', 8', etc., tliese give 

sin 80* 1' = cos 1' - sin 39' 59' 
cos 80" 1' = cos 29* 59' - sin 1' 

j rin 80* 2' = cos 2' - sin 29' 58' 
( co8 80r2' = cos 29* 58' - sin 2' 

sin 80* 8' = cos 8' - sin 29" 57' 

, cos 80* 8' = cos 29' 57' - sin 8' 
etc., etc. 

All of these values which occur in the second members having been deter- 
mined in reaching sin 80* and cos 80*, those in the first members can be found 
by performing the requisite subtractions. 

Proceeding in this way till we reach 45", the numerical values otall sines and 
cosines become known, since the sine of any angle between 45* and 90*, being 
the cosine of the complementary angle, will have been computed in reaching 
45*. And so also the cosines of angles between 45* and 90* will have been 
computed as sines of the complementary angles below 45*. 

The sines and cosines being computed, the corresponding tangents, cotan- 
gents, and, if need be, the secants, cosecants, versed-sines, and co versed- 
tines, can be calculated from the relations tan« = , cota; = - — or -, — , 

' cos «' tan 9 sms' 

8ec« = — -, cosec^s = -; — , versa? = 1 — cosa?, and coversa; = 1 — sm as. 
cos ar sm« 

68. ScH.— If it is desired to obtahi the natural Ainctions of angles esti- 
mated to seconds, it is necessary that the values in the tables computed as above- 
be extended to 7 decimals at least From such a table we may make interpo- 
lations for seconds with sufficient accuracy for most practical ends, except 
for values near the limits, where the disparity between the variation of the arc 
and that of the frinction changes very rapidly. For example, let It be required 
to find sin 84* 24' 12" from the data sin 84* 24' =r .5649670, and sin 84* 25< =s 
JHI52070. We observe that an increase of 1' upon the angle of 84* 24' makes 
an hicrease of .5652070 — 05649670 = .0002400 in the shic. Hence an increase 
of 12", or i of 1', makes an increase of i of .0002400, or .0000480, approxi- 
maUiy, Adding, we have sin 84* 24' 12" = .5650150. The student must be carefril 
to notice whether an increase of the angle makes a numerical increase or a de- 
crease of the Amotion, and add or tubtract as the case may require. 



69 • Prob. — To construct a table of logarithmic trigonometrical 
functions. 

SoLTTTToir. — Compute the natural sines and cosines as in the preceding prob- 
lem. Take the h^gariUims of the values thus obtained, and add 10 to each 

3 
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idiuracteristic. The results are the ordinary tabular logarithmic sines and oi>- 
sines. For example, we find from the table of natural functions that sin 84* 24' 
r= .5G40670. The logarithm of this number is 1.752028. Addmg 10 to the chai^ 
actcristic, we have log sin 84' 25' = 0.752028, as usually given in the tables. In 
liko manner the cosines are obtained. 

To obtam the tabular logarithmic tangents, we hare from tan jt = 

log tan 29 = log sin « — log oo8«. If we now take the log sin » from the table as 
computed by the preceding part of this solution, and from it subtract the cor- 
/esponding log oosa;, the result is the true log tan «, since the extra 10 in the 
tabular log sin and log cos is destroyed by the subtraction. Therefore, to this 
difference we must add 10 to get the tabular log tan, as above explained. For 
example, the tabular log sin 84** 24' = 9 752028, and log cos 84* 24' = 0.916514. 
Hence, tiie tabular log tan 84° 24' = 0.752028 - 9.916514 + 10 = 9.885509. In 
like manner the tabular log cot 29 = log cos x — log sin 9 + 10. 

If the logarithmic secants are required they can be obtained from the relation 

sec JB = 1 which gives log sec ^ =r — log cos z. In applying this by means 

cosa? 

of the tabular functions, it must be observed that the log cos x, as we get it 

from the table, is 10 too great ; hence, the true log sec a; = ^ log cos s + 10. 

In tabulating log secants and cosecants, it is not neoessaiy to add 10, since, as 

these functions are never less than 1, their logarithms are never negative. 

70. ScH. — The interpolations for seconds are usually made in the same way 
when using the logarithmic ftinctions, as explained above for the natural ftmo- 
tions. But to facilitate the operation, the approximate change of the logarithm 
for a change of 1" of the angle is commonly written in the table, in a column 
called TdtnUar Differenoea, and marked D. 



EXERCISES. 

1. Find from the tables at the close of the yolume the natural 
trigonometrical functions of 25° 18'. 

fck>LunoN.— 7b find (he rine and cosine w^ look in Table IL, and find 25* at 
tiie top of the page. In the extreme left-hand column we find the minutes, and 
passing down to 18, find opposite, in the column headed N. sin (natural sine) 
42786 ; also in the column N. cos, we find 90408. Now, as these are the lengths 
of the sine and cosine as compared with radius, wc know they are fractions. 
/. Bin 25* 18' = .42786, and cos 25* 18' = .9040a 

To find the tangent we turn to Table lY., and finding 25* at the top of the page» 
pass down the column of minutes, on the left-hand of the page, to 18, opposite 
which, and under the column headed 25<', we find 2698. To this we prefix the 
figures 47, which stand in the same column, opposite 11', and belong to the tan- 
gents of all the angles from 25* 10' to 25" 19', and are omitted in the table sim- 
ply 10 relieve the eye and to economize space. Thus we find tan 25^ IS' = .472696^ 
the number being known to be a fraction lH)oau8e the angle is less than 45* 
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To find the eotangerU we look at the bottom of the page in the same table till 
we find 25*, and then passing up the minutes column at the right hand, find 
oot25'*18' = 2.11053. 

Jf the meant were required we should be obliged to obtain it by dividing 1 by 
the cosine, as our tables do not include this fimction« Thus sec 25* 18' =s 

COB 25* 18' ~ Mm ^ ^•^^^• 

[NoTK.— Tables of secants and cosecants are sometimes given, but they are 
not of suflOicient importance to Justify their introduction into an elementaiy 
text-book.] 

2. Show that sin 37"" 43' = .61176 ; cos 37** 43' = .79106 ; tan 87'* 43' 
= .773353; cot 37^ 43' = 1.29307 ; sec 37*' 43' = 1.264142; cosec 37* 
43' = 1.634628 ; vers 37° 43' = .20896 ; covers 37** 43' = .38824. 

3. Find that sin 64'' 36' = .90334; cos 64'' 36' = .42894 ; tan 64'' 
36' = 2.10600 ; cot 64"^ 36' = .474836 ; sec 64'' 36' = 2.331328 ; cosec 
64" 36' = 1.107003 ; vers 64" 36' = .67106; covers 64" 36' = .09666. 

Bug. — ^In looking for sines and cosines of angles above 45*, seek the degrees 
at the bottom of the page, and be carefhl to observe that the columns of sines and 
cosines, as named at the top, change names when read from the bottom. The 
foundation of this arrangement will be readily perceived. Thus, turning in 
TablelL to24''82% wefind sm24*82'x: .41522. Butshi 24* 82' = cos(90 - 24*820 
s cos 05* 28' = .41522. Thus the d^^es and minutes read from the bottom of 
the page are the complements of those read from the top. 

4. Find that sin 42" 27' 12" = .67499; cos 42" 27' 12" = .73788; 
tan 42" 27' 12" = .914834; cot 42" 27' 12" = 1.09309. 

Buo.-«in 42* 27' = .67405, and sin 42* 28" = .67516. .*. An hicrease of 1' hi 
the angle makes an increase of 21 (hundred-thousandths) in the sine, and 12" 
will make il or i ss great an increase, approximately. Observe that in the case 
of cosine an increase of the arc makes a decreaee of the ftmctlon. 

6. Find that sin 143" 24' = 0.696225 ; cos 161" 23' = .877844; 
tan 132" 36' = 1.08749 ; and cot 116" 7' = .490256. 

Bna.--Sui 148' 24' =: sin (180* —143* 24') = shi 86* 86'. Also the trigono- 
metrical fhnction of any angle is numerically equal to the same flmction of its 
supplement (56). 



C Find the logarithmic trigonometrical functions of 32" 16' 22*' 
from the tables at the end of the volume* 
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^^ UOLUTiON. — Turning to Table II. we find 82* at the top of tlie page, and 

opposite 15', and in the column L. sin (logarithmic sine), we get 0.72T228 ; t. «.. 
log sm 32** 15' = 0.727228. Now from the column of differences, D. V\ we learn 
that an increase of 1" of the arc at this point makes, approximately, an increaaa 
of 8.34 (million ths) in the logarithm of its sine. Hence, we auume that an in- 
crease of 22" makes 22 x 8.84 = 73 (millionths). /. log sin 82** 15' 22" = 0.72722S 
+ .000073 = 0.727301. In a shnilar manner we have log cos 82"* 15' r= 0.027231. 
An increase of 1" in the arc makes a decrease of 1.88 (millionths) in the log cob. 
.*. an increase of 22" makes 20 (millionths) decrease in the log cos, and log cop 
82^ 15' 22" = 0.027202. Log tan 32*" 15' 22" = 0.800100 ; and log cot 32* 15' 22" ^^ 
10.100001. 

7. Find that log sin 24** 27' 34" = 9.617051 ; log cos 26** 12' 20" = 
9.952897 ; log tan 26** 12' 20" = 9.692125 ; log cot 126** 23' 60" = 
9^67679. 

8uo.— Observe cot (126" 23' 50") = cot (100'- 126" 23' 50") = cot (53" 36' 10")l 
Also that angles above 45*" are found at the bottom of the table ; and remembef 
to subtract the correction for co-functions, if an increase of arc is assumed. 



8. Given the natural sine .45621, to find the angle from the tables. 

Solution. — ^Looking for this sine in the table of natural sines, we find the 
next less sine to be .45606, and the angle corresponding, 27** 8'. Now, at this 
point, an increase of 1' in the arc makes an increase of 26 (hundred thonsandtlia) 
in the natural sine. But the given sine .45621 is only 15 (hundred thou- 
sandths) greater than .45606, the sine of 27* 8'. Hence the required angle is 
but i4 of V or 60" = 35", greater than 27* 8'. .'. sin-«.45621 = VT 8' 85", 
and its supplement 152^ 51' 25'^ which has the same sign, and these arcs in- 
creased by every multiple of 2«. 

9. Find sin-\62683; cos"^34268; tan-\468531; cot-*.876434. 

Remits. Sin-* .62583 = 38** 44' 35", and 141** 15' 25"; and these 

arcs increased by every multiple of 2«'. 

cos-*.34268 = 69** 57' 36", and 360** - 69** bT 86" = 
290** 2' 24'', and these arcs increased by every 
multiple of 2;r. 

tan-'.468531 = 25** 6' 16", and 180** + 26** 6' 16" = 205** 
06' 16", and these arcs increased by every multiple 

of 2)r. 
oot-'.876434 = 48** 46' 3", and 180** + 48** 46' 8" = 
228** 46' 03", and these arcs increased by every 
multiple of 2;r. 
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BuQ. — Obsenre that an incrtoie of the arc makes a decreoM of its co-functions. 
In the table of tangents as given, Table IV., the proportional parts given at the 
bottom of each column are the approximate changes which the functions 
undergo for a change of 1" in the fhnction. Thus, in finding ootr'.870484, we 
find cot-* .876403 = 48"* 46' ; and at the bottom we find that a change of 8.64 
(millionths) in the f motion makes a change of 1" In the angle. Hence, as the 
given cotangent is 28 (millionths) les8 than the cotangent of 48* 46^ the angle 
requhnd is 28 + 8.64 = 3 (seconds), greater tiian 48* 46'. 

71* 8cH.— It is usually best to take fix>Di the table that thnction which is nearest 
in value to the given function, and then increase or diminish the corresponding 
arc as the case may require. If we alwajrs take ftom the table the next less 
ftmction than that given in the example for sine, tangent, and secant, and the 
next greater for the cosine, cotangent, and cosecant, corrections for seconds 
will require always to be added. If we always take from the tables the func- 
tions next less than the one given, the corrections for seconds must be added for 
sine, tangentf and secant, and subtracted for the co-fUnctions. If we were always 
to take from the tables the next greater fhnction than the one given, the 
seconds corrections would be added for the co-fUnctions, and mbtraeted for the 
othen. 

[Note.— It is very important that the pupU become so fkmiliar with the 
nature of these tables as to use them intelligently, and not mechanically. For 
this reason we refrain from giving the usual specific, mechanical directions for 
thehr use, and substitute illustrations showing how they are used in accordance 
with the prindples upon which they are constructed.] 

10. Find Bin-'(- -8*256); cofir*(- .62584); t»n-*(- 8.41621) ; 
Ootr*(- 1.21648). 

BemUs. Bm-*{-^4256) = 200° 1' 58", and 339° 58' 02", and these 

arcs increased by every multiple of 2*. 
cofir'(-.62584) = 128** 44' 38", and 231° 15' 22", and theae 

arcs increased by every multiple of 2<. 
tan-*(- 3.41621) = 106° 18' 57", and 286° 18' 57", and 

these arcs increased by every multiple of 2ir. 
cot-»(- 1.21648) = 140° 34' 42", and 320° 34' 42", and 

these arcs increaised by every multiple of 2«'. 

Bug. — To obtain these results the pupil will need to recall the principles m 
fhe coroUaries to (48—6^). Thus, to find cot- '(—1.21648), we find from 
thfl table that cot--\1.2164B) s 89* 25' 18" ; and ftom {5S) Cor., we learn that 
cot (180*- X) := - cot «. .-. Cot-»(- 1.21648) = 180* - 89* 26' 18" = 140* 64' 42". 
Agadn, from the same corollary, we learn that cot (360* — a;) = — cot a^ 
. •. Cot-'(- 1 J^1468) = 860* - 89' 25' 18" = 820* 84' 42". 



^ 



11. Given the logarithmic sine 9.451234, to find the corresponding 
Angle. 



fl 
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Solution.— The next nearest log sin found in Table IL, is 0.451S0i = log 
sin IG*" 25'. Now we learn from the table that an increase of 1" in the angle at 
this point, makes an increase in its log sin of 7.14 (millionths). But the given 
log sin, 9.451284 is 80 (millionths) greater than log sin 16* 35'. .*. The required 
angle is 80 + 7.14 = 4 (seconds) greater than 16* 25' ; and we have sin 16' 25' 4 
= 9.451234. Again, as sin 16* 25' 4" = sin (180* - 16* 26' 4") = sin 163* 34' 56 
the latter angle has for its log sin 9.451284 Finally, either of these angles in* 
creased by any multiple of 2;r has the same logaritlimic sine. 

12. Show from the table that the angle whose log oos is 9.778151, 
is sa"" T 49", and also 306'' 52' 11", and each of these angles increased 
by any multiple of fU. 

13. What angles correspond to the logarithmic cosines 9.246831. 
and 9.889372 ? 

14. Find from the table what angles have for their logarithmic 
tangents 9.895760, 10.531054, and 11.21631p 

Remits. The first two are the log tans of 38** 11' 20", and 73* 
35' 43", and also of 180*^ + either of these angles, and each increased 
by any multiple of 2<. 

15. Find the angles corresponding to the logarithmic cotangents 
10.008688, 9.638336, and 9.436811. 

Remits. The first two are the log cots of 44** 25' 37", and 66** 29' 
54", and also of 180** + either of these angles, and each increased by 
any multiple of 2«'. .^ ^ ' i/ 4 




72. ScH.~Strictly speaking, negative nmnber84iaY# no^ogaritbiu ; 4ao^ 
no base can be assumed, such that all negative numbers can be repretentea by 
said base affected with exponents. It is therefore customary to say that nega- 
tive numbers have no logarithms. Nevertheless, im do apply l^arWims to nej;^ 
f»M triganomelriedl fitneUana. Thus, if we have — oos x, the — sign is inter- 
preted as sUnply telling ui what quadrants x may end; while, in other respectSi 
the fhnction is created exactly like + oos as. 

16. Given log (- coso;) = 9.346251, to find x. 

' SoLxmoir. — The logarithmic cosine 9.846261, considered independently of its 
sign, corresponds to 77* IC 85". But the — sign requires that the arc shall end 
in the 2d or 8d quadrant, for such angles, and such only, have negative cosines. 
•. The angles required are IW T 77' 10' 86" = 102" 49' 26", and 257" W 86", 
and thene increased by entire circumferences, as all these angles have loga- 
rithmic cosines, which are numerically equal to 9.846261, and the cosines them- 
selves are negative. 

17. What angle less than 180*^ has a negative cosine whose tabu 
lar logarithmic value is 9.653825 ? Ans. 116** 47' 4". 
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18. What aDgle lebj than 180° has a negative tangent wliose taba 
lar logarilhmic value is 9.884130 ? Ans. 142'' 33' 15'' 

19. What angle less than 180° has a negative sine whose tabular 
logarithmic value is 9.341627 ? 

20. What angle less than 180° has a negative cotangent whose 
tabular logarithmic value is 9.564299 ? Ans. 110° 8' 15". 

21. Find values ot z < 180° which fulfil the following conditions : 

log (- cos x) = 9.562468 ; log (- tan x) = 10.764216 ; 
log (- sin a;) = 8.886432; log {- cot x) = 11.152161. 

ResuUs. 111° 25' ; 99° 45' 54"; none; 175° 58' 14". 

22. Having at hand only the common logarithmic tables of trig- 
onometrical functions, and the table of logarithms of numbers, I 
wish to find the number of degrees, minutes, and seconds corre- 
sponding to the natural tangent 2.16145. How is it done, and what 
is the result? 

Answer : Find the logarithm of 2.16145, to this add 10, and find 
the angle corresponding to this tabular logarithmic tangent. The 
angle is 65° 10' 20". 

23. From the same tables as above find the natural cosine of 
35° 23'. Also what angle corresponds to natural tangent 2. 

24. From the same tables as above find the angle corresponding to 
natural tangent ~ 1.82645. Also to natural cosine — .42536. 

25. Why is it in the table of logarithmic functions that the sine 
of an angle minus its cosine + 10 gives the tangent ? Why that cosine 
— the sine + 10 gives the cotangent ? Why that the sum of the tan- 
gent and cotangent of any angle = 20 ? Why is but one column of 
tabular dififerences needed for tangents and cotangents, while the 
sines and cosines requiBe each a separate column ? V 







FUNCTIQjnEh ^ ANGLES NEAB THE LIMITS OF THE qUADKANT. 

TABLE III. 

[XoTB. — This subject may be omitted in an elementary conne, tbe first time 
going over, if thought beet] 

73. Failure of Table U. — The method which has been given 
in the preceding pages for finding the logarithmic functions of angles 
involving seconds, by means of the T(d>iflar Differences, Table II., is 
sufficiently accurate in most cases for practical purposes, but is 
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entirely too rude for the sines, tangents, and cotangents of angles 
near the beginning of the quadrant (those less than 2^ or 3^), and 
for cosines, tangents, and cotangents of angles near the close of the 
quadrant (those between 87** or 88** and 90°). An example will 
render this clear. Suppose we wish to find log sin V 12". We find 
from Table II., log sin 1' = 6.463726 ; and also that the average 
increase of the log sin between V and 2' is 5017.17 (milliontLs) for 
every second increase of the angle. But this average rate of increase 
of the function during the minute is much lees than its real rate of 
increase in the first part of the minute, as from 1' to 1'12", and mnch 
greater than the real rate of increase in the latter part, as the angle 
approaches 2'. In fact, we see from this table, that we should use 
2934.85 as the increase of log sin 2' for 1'' increase of the arc. Now, 
in our proposed example, we want the increase of the log sin while 
the angle is passing from V to 1' 12". This, as shown above, is con- 
siderably more than 5017.17 (millionths) for every second. 

The cosine being the sine of the complement is subject to the same 
law of change near the dose of the quadrant, that governs the sine 
at the beginning. 

The case of the tangent of a small angle is similar to that of the 
sine ; and since the cotangent is the reciprocal of the tangent, it 
has the same law of change, only that the one increases as the other 
decreases. Thus, since doubling a small arc, as 1", doubles its tan- 
gent (approximately), it divides its cotangent by 2. 

Finally, while the law of change in the sine is very different neai 
the close of the quadrant from what it is near the beginning, the 
sine changing very rapidly at the beginning and very slowly at the 
close, and the cosine is just the opposite, the tangent, and cotangent 
have the same law of change at both extremities of the quadrant 
Thus, if near the beginning of the quadrant a certain small increase 
of the arc inoreases the tangent at a particular rate, it decreases the 
cotangent at the same rate, since these functions are reciprocals of 
(^ach other. Moreover, since tan 1® = cot (90** — 1**) = cot 89**, 
cot 89** changes according to the same law as tan 1**; and tan 89 
changes reciprocally with cot 89**. 

74. Description of Table III.— The first page of the table 
enables us to find the sines of angles less than 2** 36' 15'' (and con* 
lequently the cosines of angles between 87'* 23' 45" and 90°) with 
vttry great accuracy. The columns headed Angles contain the degrees, 
minutes, and seconds of the proposed angles, and the columns at 
their right give the same angles in seconds. The columns headed 
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Diff, contain the corrections to be used according to the following 
problems. The second and third pages answer a similar purpose 
with reference to tangents and cotangents of arcs within 2" 36' 20" 
of the limits of the quadrant 



US. Prop. — LetiUig x represent any number of seconds less than 
2* 36' 15", we have, 

log sin a/' = 4685575 + logo; - Diff. 

DsiL— The length of 1" of an arc to radius nnitj Is 8.14159265858979 (the 
length of the eemicircumferenre) + 648000 (the number of seconds in 180^, and 
1= .00000484812. For practical purposes this fraction may also be talcen as the 
sine of 1". Though, actually, the sine is less than the arc, the expressions for 
arc 1" and sine 1" agree to as many places of decimals as we have here. Again, 
for these small arcs the sine increases at nearly the same rate as the arc, so that 
unS" = .00000484812 x 8 nearly; sin 102" = .00000484812 x 102 nearly; these 
results being slightly in excess of the true values. It is the correction for this 
excess that is furnished by Table IIL in the columns marked Diff, But this 
table is adapted to logarithmic computation ; hence we have log sin af' = log 
sin 1'' + log X — Diff. In this expression log sin a^' is the logarithm of the natu- 
ral sine of oif' (not increased by 10, as each fhnction in Tabie IL is) ; log siu 1" 
•I- log^r, that is, the logarithmic sine of 1" plus the logarithm of the number of 
seconds, corresponds to multiplying the slnl" by the number of seconds, and 
gives the logarithm of the product, or strictly, the logarithm of the length of the 
arc of jb". Now, the sine of «^ being less than the arc, its logarithm is less than 
the logarithm of the length of the arc. Just how much less the table tells. This 
difference, therefore, between the logarithm of the arc and the logarithm of its 
tine, which is given in the table, is to be subtracted. Finally, to make this 
result agree with Table 11. we must add 10 to the result Now, log sin 1" = 
log .00000484812 = 6.685575, and adding 10, we have 4685576. 

.'. log sind/' s 4685575 + loga^ - Diff, 

a result which agrees with the logarithmic functions in Table IL q. k. D. 

76m Cob. 1. — To obtain the Jog cos of an angle between 87^ 23' 45' 
and ^(f J from this table, take the log sin of its cofnplement. 

77. Cob. 2.-^0 obtain the log tan of an angle less than 2** 3G' 20", 
from this table, use the formula, 

log tan «" = 4.685575 + logo; + Difll 

Dbsc— For as small an arc as 1", sine, arc, and tangent are practically 
equal ; hence, log tan 1" = log sin 1'' = 4685675 (10 being added). Moreover, 
for these small arcs the tangents increase Oike the sines) in nearly the same 
ratio as the arcs; hence, we add logo;. Finally, the tangent is a little in excess 
'Xf the arc, which excess is iciY«n in the table, and is to be added, q. e. d. 
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78. Cob. 3.— To obtain the log cot of an angle less than 2* 36* W, 
from this tables use theformuhh 

log cot a" = 15^14425 - log « - Diffi 

DBMONffTBATioir.— Since cot a^' = g;^^* log cot a^' = log 1 - Ipg tMi • 



= 20 - (4685675 + log « + Diflf.) = 15.814425 - log « - Dift The 20 
from adding 10 twice to log 1 (= 0> One 10 is added because 4685575 ia 10 in 
excess of the true log tan V ; and the other 10 is added in order to make the 
log cot ^' agree with the ordmaiy tabulated yalue, as in Table IL q. B. d. 



79. Cob. L—To obtain the log tan of an angle between %T 23' 45" 
and 90% take the log cot of its complement ; and to obtain the log cU 
of an angle between the same values, take the log tan of its complement 



80> JProb. — Having given a log sin less than 8.657397 {the log 
htn 2^ 36' 15''), to find the corresponding angle. 

Solution.— From log sin a^' = 4685575 + log « — Di£E!, we have, log « =s 
log shiis'' — 4685575 + Diff. Hence, if from the given log shi, we subtnu:t 
4685575, and then add the proper correction as furnished by Table ILL, we have 
the logarithm of the number of seconds sought But we cannot tell what Difll 
to take till we know the number of seconds. To meet this difflcultj,' find the 
angle corresponding to the given log sin from Table IL, and reduce it to seconds. 
This will be sufficiently accurate to fhmish the required UMBL 



81o Cob. 1. — Having given a log cos less than 8.657397 {the log cos 
of 87^ 23' 45''), to find the corresponding angle, treat it as if it were a 
log sin, and having found the corresponding angle, take its comple- 
ment. 



82. Cob. 2.— jFbr log tan and log cot, the fortniilce in (77, 7*), 

give, 

log a? = log tan a" - 4685676 - Diflt, 

and, log a; = 15.314425 — log cot ic" — Diflt 

These are applied as in {80) ; that is, the Difil to be subtracted is 
found by getting from Table IL the required angle in second^ as 
near as may be, and then take from Table IIL the corresponding 
DifC: 



k. 
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EXAKPLES. 

1. Find the log sin, tan, and cot of 1* 11' 16". 

SoLunoH.— Log Bin 1* 11' 15'' = 4685575 + log 4275 - .000081 = a816480. 
1* 11' 15" = 4275". Since 4275'' is between 4280" and 4800, the Difll Is 81 
fmUlionths). 

Log tan r 11' 15" ss 4.085575 + log 4275 + .000062 = 8.81057a 

Log cot 1*" 11' 15" = 15.814425 - log4275 - .000062 =r 11.688427. 

Qr« log cot can be fonnd by subtracting log tan from 20, 

2. Verify the following by using Table IIL : 

log Bin 66' 26" = 8.216242; log tan 56' 26" - 8.216301; 
log cot 66' 26" = 11.784699. 

8. Verify the following by using Table III. : 

log cos 88* 17' 44" = 8.473396 ; log tan 88° 17' 44" = 11.626412 ; 

log cot 88° 17' 44" = 8.473688. 



4. Having given the logarithmic sine 7.246481 to find the angle. 

BoLunoN.— From Table IL we find 6' 5" = 865" as the angle. But this is 
subject to the inaccuracy exhibited in (73). To obtidn the correct result from 
Table III., we have (80), 

\ogx = 7.246481 - 4685575 + = 2^1^60006. 

.-. so = 868.8; or the angle is 6' 8" .a 

6. Given the logarithmic tangent 7.806487, to find the correspond- 
ing angle. 

SoLunoH.^Tbble IL gives 21' 58'^8=1818".8 as the angle. From Table IIL 
the Diff. corresponding to this is 6 (milliontlis). Hence, 

log 9 = logtana^' - 4685575 - Diff. (82) 
becomes, log x = 7.805487 - 4685575 - .000006 = 8.110906. 
.-. w = 1818; and the angle is 1818" = 21' 58". 

6. Qiven the logarithmic cotangent 12.197148, to find the corre- 
sponding arc 

Table IL gives the angle 21' 49".89 f^^ ^^ '''^ angle as given b^ 
TaNe IIL is 21' 60". 
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TRIGONOIIETBICAL SOLUTION OF PLANE TRIANGLES. 

83m There are six parts in every plane triangle : three sides and 
three angles ; one side and any other two of which being given, the 
remaining parts can be found by means of the relations which exist 
between the sides and tabulated trigonometrical functions. To 
exhibit these highly important practical operations is the object of 
this section. We shall treat first of right angled plane triangles, and 
then of oblique angled plane triangles. 



OF RIGHT ANGLED TRLANGLE& 

JPropm 84m — The relations between tlie sides and the trigonomet- 
rical functions of the oblique angles of a right angled triangle are as 
follows : 



(1) sine = 

(2) cosine = 
(8) tangent = 



side opposite ^ 
hypotenuse ' 

side adj acent ^ 
hypotenuse * 

side opposite ^ 

side adjacent' 



•*. cosecant = 
/. secant = 
•*. cotangent = 



hypotenuse 
side opposite ' 
hypotenuse 
side adjacent' 
side adj acent 
side opposite' 




17EH.— Let CAB, Fig. 12, be a triangle, right 
angled at A. Let aM bo the measuring arc of the 

angle B, PO = sin B,and BD = cob B. From Ihe 

pn 

similar triangles POB and CAB, we have gj^ s 

gA. <:^.8hiB==^^l^P2?l*?. smce BP = L 
BC hypotenuse 

From the same triangles |£ =^; C «., cos B = 



F„.tt ride adjacent Xangent being eqwd to idne divided 

hypotenuse 

byoosine, wen.TetanB = i?^?EE2!!t2+ ^^15^5?^« ^ride oppodte ^, 

hypotenuse hypotenuse sideacyacent 
other fVmciious being the reciprocals of these three, are as given in the proposi- 
tion. Fiually, as a similar construction could be made about the other obliqae 
ingle, C, this demonstration may be considered generaL <^ x. o. 
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BcH. 1. — ^These formula are bo important that it is well to haye them fixed 

in the memory, not only as written above, bat also as follows : 

hy side-ad] 
(1). Side-opp = hy X sin, or — =^, or tan x side-acQ, or --^ ; 

COo6v COl 

(2). Side-a<y = hy x cos, or — ^, or cot x side<»pp, or * " - ; 

of which the relations side-opp = hy x sin, and side^ = hy x cos are of the 
most frequent use. 

ScH. 2. — The six ratios giyen in this proposition are frequently made the def< 
Initions of the trigonometrical Amotions. Thus, referring to a right angled tri- 
angle, a nne of an angle may be defined to be the ratio of the side opposite to 
the hypotenuse; the cosine as the ratio of the side adjacent to the hypotenuse, 
etc. 

BcH. 8.-— The student will be aided In remembering these important relations 
by observing that the side opposite the angle is analogous to the sine, and the 

its analogue 
side adjacent to the cosine. Now, the sine = r- — 2—, and so also the co- 
sine. Tangent equals sine divided by cosine, and in this case it is the part 
analogous to the sine, divided by the part analogous to the cosine. One should 

hy 
not make the blunder of saying that sin =s -^r-^ — , since that would make 

side-opp 

the sine always more than 1 ; but we have sec a that it never can exceed 1. 

Similar checks against error may be made in the case of the other relations. 



\ 



EXERCISES. 



IKoTB. — The first five of these exercises are mainly designed to illustrate the 
proposition, and familiarize the mhid with the relations.] 

1. In a right angled triangle whose sides are 3, 4, and 5, what are 
the trigonometrical f anctions of the angles ? What are the functions 
when the sides are 6, 8, and 10 ? 

2. In a right angled triangle the hypotenuse is 12, and the angU 
at the base sin"'^. What are the sides ? What is the sine of th^ 
other angle ? 



Sua.— Represent the angles by B, A, and C, A being the right angle; and 
the sides opposite by o, a, and «. Then sm B = ~, or i = ^; whence, i^ = Si 

Sin C = cos B = i yS7 « = ^ VST 



8. In a right angled triangle whose hypotenuse is 12, and th^ 
angle at the base tan'~^2, what are the other parts ? 
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4. The sides of a right angled triangle are 20 and 32. What are 
the angles and hypotenuse? Obtain the hypotenuse by means of 
the secant. _ 

Ana. Tan-* t tan-* t, and 4\/89- 

5. The hypotenuse of a right angled triangle is 120^ and one 
side 100. Show that the angle opposite the latter is tan""*-^Vll> the 
adjacent angle oosec-'i\- Vll> ftnd the remaining side 20\/ll- Obtain 
these results in the order given. Use a trigonometrical function to 
obtain the last 



EXAJKPLES. 

(a) BY KEANS OF THE TABLB OF NATUBAL FUKCTIOITS. 

1. In a right angled triangle ABC, the hyix>tenusc BC is^5» and 
the angle B is 43'' 25'. Find the angle C, and the sides AB and AC. 

C = 46** 35'; AB = 170.7 ; AC = 161.52. 

Solution —To find C, we have but to remember that the angles of a right 
angled triangle are complements of each other; whence, C = 90* — B = 40"* 85^ 

AB 

To fiTid AB, we have cos B = gg' or AB = 285 x cosiS* 25'. Now, flx>m the table 
of natural Amotions we find cos 48* 25' = .72687; whence AB = 285 x .72687 

-=170.7. lb ./(mf AC, we have sin B = |£ ; whence AC = 285 x .6878 =r 161.62w 

2. In a right angled triangle ABC> the hypotenuse AC is 946, and 
the angle C is 56^ 30'. Find the angle A, and the sides AB and BC 

A =33^ 30'; AB =78.88; BC = 62.21. 

3. In a right angled triangle BDF^the hypotenuse BF is 127.9, and 

the angle B is 40"* 10' 30". Find the angle F, and the sides BD and 
DF. 

F = 49** 49' 80"; BD = 97.72; DF = 82.51. 

^ 4 In the triangle CDE, right angled at E, given the side DE 75, the 

side CE 50.59, to find the other parts. 

Hypotenuse = 90.47. 

5. In the right angled triangle CDE, given the hyi>otenu8e CD 264^ 

the side CE 135.97, to find the other parts. 

DE = 226.2& 

6. Oiven the hyix>tenuse 435, and one of the acute angles 44% to 
find the other parts. 

7. Oiven the hypotenuse 64, and the base 51.778, to find the other 
parts. 
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8. Uiyen the hypotenuse 749 feet, and the base 648.255 feet, to 
Bad the other parts. 

9. Given the hypotenuse 125.7 yards, and one of the acute angles 
76** 12 23", to find the other parts. 

10. Given one side 388.875, and the adjacent angle 27'' 38' 60^ to 
find the other parts of a right angled triangle. 



{b) B7 KEANS OF A TABLE OF LOGABITHMIO FUNGTIOKS. 

11. In a right angled triangle, given an oblique angle 64^ 27' 39", 
i»nd the side opposite 66.293, to find the other parts. 

BoLunoN.— The other oblique angle is 90* - 64' 27' 89" = 86' 82' 31". 

To find ihshypotenuBe, we have shi 64' 27' 89" = ^^p, or Ay = ^^ g^ff g^./ 

Applying logarithms to &cilitate computation, log hy = log 56.293 — log 
sin 54** 27' 89" + 10. The 10 is added since the log sin 54* 27' 89" found in the 
table is 10 too great Now, looking in Table L, we find log 56.298 = 1.750454 ; 
and in Table IL, log sin 54** 27' 89" = 9.910478. Hence, 

log hy = 1.750454 - 9.910474 + 10 = 1.889980, and hy = 69.18. 

To find ih6 other side we have, tan angle = ^^ , or tan 54* 27' 89" .- 
*^^®r ; whence tide atff = ,_ Jl^^? on.. . Applying logarithms, log iidetug 



iide a4i ' "^ tan 54* 27' 89 

= log 56.293 - log tan 54* 27' 89" + 10 = 1.750454 - 10.146104 + 10 = 1.604850. 

.-. 6idea4f = 40Jdll5. 

12. In a right angled triangle ABC, the hypotenuse AC is 340, and 

the side AB is 200. Find the acute angles A and C, and the i)erpen- 

dicular BC. 

A = 63'' 68' 6" ; C = 36** 1' 64' ; BC = 274.96. 

13. In a right angled triangle ABC, the perpendicular AB is 736.3 
and BC 600. Find the acute angles A and C, and the hypotenuse AC. 

A = 34** 10' 45" ; = 66** 49' 16" ; AC = 890.02. 

14 In a right angled triangle BDF» the perpendicular BD is 246.32, 
and OF 380.07. Find the acute angles B and F) and the hypote- 
nuse BF. 

B = 67** 3' 11"; F c 82** 66' 49" ; BF = 452.91. 

16. In a right angled triangle ABC» the side AB is 249, and the 
angle A is 29** 14'. Find the perpendicular BC, and the hypotenuse 

lie. 

BC = 139.35 ; AC = 28634L 
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16. lu a righfc angled triaDgle ABC, the hjpotenase AC is 95.75»and 
the side BC 60. Find the acute angles A and C, and the perpen- 
dicular AB. 

A = 38** 48' 7" ; C = 51** 11' 63" ; AB = 74.62. 

17. In a right angled triangle ABC, the side BC is 364.3, and the 
angle A is 50** 45'. Find the perpendicular AB, and the hypotenass 

AC 

AB = 297.645 ; AC = 470.433 

[KoTB. — ^Thc tint ten examples may be solved by logarithms if additional 
exerdfles are needed^ or these by means of the natural fbnctions. Also any one 
of the examples will afford seyeral others by giving and requiring different 
parts. Thus, from Ex. 17, we can give AB = 297.645, A = 60* 46', and requhe 
the other parts, etc.]. 




GEIVERAL APPLlCATIOirS. 

1. Find the area of a parallelogram whose adjacent sides are 28 
and 30 feet, and the included angle 75^ 

Suo.— First find the altitude. 

2. A railroad track 463 feet 3 inches in length has a uniform grade 
of 3^ Show that the vertical rise is 24 feet 3 inches, nearly. 

3. A railroad track makes a vertical rise of 150 feet, hy uniform 
grade, in 3,000 feet of track. What is the grade F 

4. Find the apothem and radius of the circumscribed circle of a 
regular heptagon one of whose sides is 12 feet. 

5. Find the area of a regular dodecagon inscribed in a circle whofa 
radius is 12. 

6. The angle of elevation to the top of a steeple is 47"* 30', a^ 
measured fVom a point in the same horizontal plane as its base, and 
at a distance of 200 feet from it. What is the height of the steeple ? 

An8. 218.26. fL 

7. A tower 103 feet high throws a shadow 51.5 feet long, upon the 
horizontal plane of its base : what is the angle of elevation of the 
sun? 

8. The angle at the vertex of a right cone is 52"* 23', and the 
slant height 126 feet : what is the diameter of the base, and what 
the altitude ? 
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FW.1S. 



9. . In Fig. 13, letting EO rep- 
resent the earth and M the 
moony the radius of the earth 
EO = 3956.2, and the angle 
EMO* = 67', required to find 
the distance OM, E being a 

right angle. 

The distance of the moon from the earthy as given by this cofnpu* 
tation, is 238,613 miles. 

10. In Mg. 13, letting ON represent a tangent to the moon's disc 
at N, the angle NOM is readily measured, being half the moon's 
apparent diameter. The apparent diameter of the moon being 
31' 20", and its disfcance from the earth as found in the lost example, 
what is the diameter? > ,. 



r.-i' 






Alls. 2176 miles. 
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UPOBTAI^ RELATIONS EXISTIKQ BETWEEN THE SIDES AKD TKIGO- 
KOMETRIOAL FUNCTIONS OF THE ANGLES OF OBLIQUE ANQLGD 
PLANE TRIANGLES. 



8So JPnyp. — Hie sides of any plane 
triangle are proportional to the sines of 
the aiigles opposite. 

Dbm.— Let ABC be any plane triangle. Let 
(Ul from either angle, as C, a perpendicular 
upon the opposite side, or upon that side 
produced. Designate the angles bj A, B, and 
C, the sides opposite by a, 6, and 0, and the per- 
pendkular by P. 

Now, fi'om the right angled triangle ADC 
we haf e P = 6 sin A ; also from CDB, P = X 
a sin B ; sin ABC in the second figure being = 
sinCBD. Hence, equating the values of P, 
ft sin A = a sin B, or a : 6 : : sin A : sin B. q. 




Fra. li. 



D. 



• Thli ugle iB called the moon^s horlaontal panllftz, and is readily meatored. Some ni«ie 
notion of the maoner In which parallax beoomea apparent, may be got flrom coneiderinf the 
dUterence In direction from two observers to the moon, one obsenrer standing directly nnder 
the moon, as at Ti and the other at Ef seeing the moon in his horizon. The angnlar displace 
ment of the moon dne to these different points of observation is horlaontal parallax. 

4 
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86m Propm—TIie sum of any Uoo sides of aplaf»e iriangls u to 
their difference, as the tangent of half the sum of the angles opposite 
is to the tangent of half their difference. 

Dbm.— Letting a and b represent any two sides of a plane triangle, aai A 
and B the angles opposite, we have a : ^ : : sin A : sin B. Taking this both by 
composition and division, we have a + & : a — 6 : : sin A + sin 6 : sin A — sin B. 
Bat from (60), sin A + sin B : sin A — sin 6 : : tan|(A + B) : tan 4(A — B). 
.*. a ^h\ O'-^h II tani(A + B) : tan i(A — B). ^ s. D. 



.' . ' '. 






/' 



87* JProp.—Ths tangent of half of any angle of a plane triangle 
equals h, divided hy half the perimeter of the triangle minus the side 
opposite the angle ; in which h is the radius of the inscribed cirete, 
and equals the square root of the continued product of half the peri- 
meter minus each side separately , divided by half the perimeter. 



DEX.^^ajei ABC ^ any plane triangle. 

Represent the angles by A, B, and C, the 

sides opposite by a, b, and c, the perimeter 

by p, and the segments of the sides made 

by the radii of the inscribed circle, by «, y, 

and 2, as in the figure. 

Then a + b -¥ e = Zx ^ 2y + Its :=: p^ot 
f + y + f =^. 

Whence «=ij> — a, y=ip— ft, and s 
= ip — tf ; since y + i = a, a; + s = ft, and x ^y 




15. 



= tfi 



Now from the triangles AOD, DOB, and COE, tan iA=s^?r^ — —^ ten 



iB=5 = 



— T , and tan JC = - = , ^ 



'•'"ip—a" 



Toflndk. lA + IB + |C = 90% or ^A = 90* - (IB +1C); whence, tan iA 
= Utan[90-.ttB + iC)l = cot(*B + 1C) = ^^^:^^ (^^^ 



1.:^ 



Bubstitating for tan iB, and tan iC, p and -, we have - = ^ — & whenoa 



- + - 



** = ^TTT"'^^ + y + 1)*^ = «f»; and * = y^^^^. In this value of Jfc^ sub- 
satuting for c, y, and s their yalnes, we have k = i/^^ "" ^^ (iP- *) iiP-^ 



_j 
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SS» Boh. 1.— These three propositions {85, 86^ 87), ftunish the moet 
elegant and expeditious means for finding the unknown parts of an oblique 
angled plane triangle, when a sufficient number of parts are given or known (83) 

89. 8cKi %^IinpcTtant Jh/^tacHeai SuggeMons. 

1st Two angles of a triangle being given, the third is known by Implication, 
It being the supplement of the sum of the other two. 

2nd. When two of the known, or given, parts are opposite each other, the 
first proposition (85) effects the solution. 

. 8rd. When two sides and the included angle are given, the solution is effected 
by means of the second proposition (86).' \ 

4th. When the three sides are given, the angles are found by the thi^ / / V 
proposition (87)* - i » ^ ^ { 

EXERCISES. A "^ 

1. In the plane triangle COE, given the angle D = 15° 19' 61", 

C = 72° 44' 05", and the side c, opposite C, 

250.4, to find the other parts. f 

d 
Solution.— i?ifr< E = 180'- (D + C) = 91* W 04 

(89y Ist). 

Bee(md^ To find side d opposite angle D (89^ 2nd). 

sin C : sin D : : e : d, or 

sin 72* 44' 05" : sin 15' 19' 61" : : 260.4 : d. 

This proposition may be solved for (2, by taking the natural shie of 16* 19' 5} 
multipl^g it by 260.4, and dividing the product by the natural sine of 
72* 44' 06''; or, more expeditiously, by logarithms, as follows : 

log 260.4= 2.898684 

log sin 16* 19' 61" = 9.422249 

k>gsin72*44'06"(ar. comp.)»= 0.020024 

iQgdzz t 1*840907 A 4= 69.82a 

TMrd, To find side e opposite angle E (89^ 2nd). 

sin C : sin E ; : : «, or 
■in 72* 44' 06'' : shi 01* 66' 04" : : 260.4 : «. 
Making the computation by logarithms, 
log 260.04 s: 2.898684 

log sin 91* 66' 04" t 9.999762 

logBin72*44'06"(ar.comp.)=: 0.020024 

log0= 2.418410L .\ « r: 262.066. 

^ See Introdnction to Table I. (IT). ^ 

t The student matt lieer In mind the Ihct thAt all the log. trig, flince. are 10 foo Avyv, and 
■met tee exactly what oorreotloBe to make in hit reeolta, on this aoeoant. In this caee tae 
or. conip. li 10 tco tmall, since the logarithm we took ftom the table for kig sin 7S* 44^06" was 
10 too laqee. Bat onr log sin 1ft* liK 51" is 10 ^ tefv«» and Just ooneots the latter. Hence, wt 
have to rcbeet only 10 ftom the entire sum 11.840907, and this on accoont of the nso of or. €(m^ 
% Tike the sine of the snpplement, or the eotins of the giren angle minns 00* 
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2. In the plane triangle ABC, A = 35*" 42', B = 76* 27', ani AB = 
142. What are the other parts ? 

Ans. c = e?"" 51'; AC = 149.05; BC = 89.47. 

a Given two angles of a plane triangle, 23'' 40' 32" and 69"* 39' 51'', 
and the included side 100, to find the other parts. 

4. In a plane triangle ABC, the side AB is 254.3, the side AC 396.8, 
and the angle B 94"" 29'. Find the angles A and C, and the side BC. 

A = 45** 48' 21"; c = 39** 42' 39"; BC = 285.37. 

Bug's. — To And the angle C, we have 

896.8 : 2548 : : sin 94* 29' : ^C. 

From this proportion we get log sin C s= 9.805448. Now, as we have seen 
before, there are an infinite number of angles corresponding to any giyen sine, 
bow shall we know what one to take in this case? First, no angle of a triangle 
can exceed 180" ; hence, there are but itoo angles, one an acute angle, and the 
other its supplement, which can come into consideration in the solution of plsn^ 
triangles. But which of these two are we to take ? Thus, in this case, both the 
angles 89' 42' 89" and 140' IT 21" correspond to log sin 9.805448. In this ex- 
ample the ambiguity is resolyed by observing that the given angle B is obtose, 
and a plane triangle can have but one obtuse angle. .*. C=: 89' 42' 89'^ 

5. In a plane triangle BDF, the angle B is 40% the side BO is 400, 
and the side DF 350. Find the angles D and F, and the side BF. 

Suo'a— To find F, we have 

850 : 400 :: sin 40* : sin F, 

from which log sin F = 9.866059^ and F = 47' 16' 28 ", and its supplement 
182' 48' 82". How are we to determine which of these to take? The given 
angle is 40' ; hence, as fiir as that is concerned, either of the two will meet th« 
conditions. There are, therefore, two angles, F = 47' 16' 28" and F = 182' 48^ 89f\ 
which fiilfili the conditions. We therefore solve two triangles, one having two 

of its sides 400 and 850, and the angles 40', 

47' 16' 28", and 92' 48" 82" ; and another triangle 

with the same given parts and the two required 

angles 182' 43' 82", and 7' 16' 28". This is readily 

illustrated geometrically. Thus, lay off DBF' == 40'. 

Take BD = 400. Then from D as a centre, with 

^^' 1^ radius 850 describe an arc cutting BF'. It is evident 

that if B is an acute angle the following cases may arise depending upon the 

value of DF: 

1st If DF is less than the perpendicular p, the problem is impossible. 
2nd. If DF = p, the triangle is right angled at F. 

8rd. If DF > p and <BD there are two triangles, one with an acute angle at 
F',as DF'B, andthe other with an obtuse angle at F, as DFB, both of which 
Ailill the conditions of the problem. 

4th. If DF > DB there is but one triangle which ftilfllls the conditions, vis., 
the one with an acute angle at F'. 
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The results in the above examples are, for triangle DF'B, angle DF'B r= 
4ri6'28^ BDF'=:02* 48'82", and side BF' = 543.89; for triangle DFB, 
angle DFB = 182* 48' ^\ angle BDF = V W 2&\ and side BF = O&M. 

90. OoB. — In applying trigonometrical fortrndm to the solution of 
triangUsy if the part eotight is found in terms of its sine, the result 
is ambiguousy and toe are to determine whether there really are two 
solutions to the problem in a geometrical sense, by certain geometrical 
considerations^ or else by trying both values for the angle determined 
by its sine. This ambiguity arises only when an angle is determined 
by its sine, as will appear hereafter. 

6. Oiven two sides of a plane triangle 201 and 140, and the angle 
opposite the latter 36° 44'. Find the other parts. 

BesuUs, — There are two triangles. 

Parts of the first, 120° 4a' 49", 22° 26' 11", and 89.34; 
Parts of the second, 69° 10' 11", 84° 6' 49", and 232.84. 

7. Oiven two sides of a plane triangle 180, 100, and the angle op- 
posite the former 127° 33', to find the other parts. 

There is but one triangle, and the parts are 26° 7' 59", 26° 19* 1\ 
and 100.65. 

8. Oiyen two sides of a plane triangle 30.8 and 54.12, and the 
angle opposite the latter 36° 42' 11", to find the other parts. Why 
but one triangle? 

9. Oiven two sides of a plane triangle 600 and 250, and the 
angle opposite the latter 42° 12'. Find the other parts. 

8uo.— Attempting to get the angle opposite 600, we find log sin = 10.2074jOO« 
which is impossible. It is in some such way that a trigonometrical solutien 
shows a geometrical absurdity. 

10. Oiven two sides of a plane triangle 1337.5 and 493, and the 
angle opposite the former 69° 46'. Find the other parts. 



11. In a plane triangle, given two sides 1686 and 960, and the in- 
cluded angle 128° 04', to find the other parts. 

c 

SoLunoN.— Let a = 1686» h =r 960, and 
C = 128* 04'. (See 89, 8rd.) The sum of 
the angles A and B is 180* - 128' 04' = 
hV 66', and ^A + B) = 25' 58'. From (86) A ^ 

we have, Fw. n. 

a + d : a — 6 : : tan^(A + B) : tan^A — B), or 

2646 : 726 : : tan 25* 58' : tani(A- B). 
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Making fhecomputatioxia by logarithms, we find log tan ^A — B) = 9-1SS887 
Hence, ^A — B) = 7*" 86' 40", the angle fonnd in the table, or its sapplement 
But i the difference of two angles of a triangle is less than 90* ; consequently 
KA - B) = r 86' 40". 

Now having KA + B) = 25* Sd', and i(A - B) = r 86" 40^', we findAsr 
88* 84' 40", and B = 18* 21' 20". 

The side o can be found by (S5) as two opposite parts are now known. 
# = 2400. 

12. In a plane triangle ABC, the side AB is 304, BC 280.3, and the 
included angle B is 100^. Find the angles A and C, and the side AC. 

A = 38^ 3' 3" ; C = 41'' 66' 57" ; AC = 447.856 

13. In a plane triangle ABC, the side AB is 108, AC 126, and the 
included angle A is 56'' 30'. Find the angles B and c, and the side BC 

B = 72^ 20' 15" ; C = 5r 9' 45" ; BC = 110.267. I 



14 In a plane triangle ABC, giyen the three sides^ a = 3459, I = 
4209, and o = 6030.4, to find the angles. 

BoLunoK.— Applying (S7), we have, 



1. ^ ./ HJ)-fl)(iy-^)(iP--g) ^y 

log* = i{log(ip-a) + log(lp — ft) +log(4p — «) — iQgip}. 

Also, taniA=r --^, tan iB = r-^, and tan iC =r-^ or log tan iA 

= log * -* log (ip- a), log tan iB = log k — log (ip — ft), and log tan iC = 
log * — log (Ip — c). 

COMPUTATION. 
a= 8459 
ft= 4209 
g= 6080.4 
p = 18698.4 
ip s 6849.2 (ar. oomp.) log = 6.164860 

ip - a =r 8890.2 log = 8.580226' 

^ - ft = 2640.2 log = 8.421687 

ip^c=i 8ia8 log s 2.918178 

2) 6.029401 
logibs 8.014700 
]ogtaniA = logi(;-log(4p-a)=: 9.484474 .*. A = 88*56'10".6 
log tan^B = log A; - log (ip - ft) = 9.598068 .*. B = 42' 47 26^.8 
logtaniC = log*-log(ip- c)= 10.101622 /. C = 108' 16^ 24^^Ji 

Proqf, A + B + C = 180* 00' OO'' 



HOLUnON OF OBLIQUB ANGLED PLANS TRIANGLKS. 



65 



15. In a plane triangle ABC, the side AB is 95.6^ BC is 275, and AC 
300. Find the angles A» B, and C 

A= 66* 47' 56"; B = 95* 42' 52"; C = 18* 29' 13". 

16. In a plane triangle bdf, the side BD is 600^ DF is 403.7, and 
QF 395.75. Find the angles B, D, and F. 

B = 52* 0' 3"; D = 50* 34' 45"; F = 77* 26; 12". 
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OBU<tUE A5GLED TBUNGLES SOLVED BT MEANS OF RIGHT 

/ ANGLED TRIANGLES. 

[NoTB.— Articles 91-94 incliiBiye, may be omitted in an elementary course, 
if thought desirable. Or 91 and its applications may be taken instead of 86" 
8S» 8S should be Indnded in any course. It is too elementary and important 

to be omitted] 

■ 

91» JProp* — All cases of oblique angled plane triangles may ie 
solved by the sohUion of right angled triangles. 

DxM.— Of the three given parts we may affirm that they are, 1st, All 
adjacent; 2ad, Two acUaoent and one separated; or Srd, All separated. 

1st When the given parti are ail atffaeent ; i d., when they are <tM> Mdu and 
the included angle, or two anglei and the t»- 
duded tide. To solve the first let fall a perpen- 
dicular from the extremity of one of the given 
sides upon the other given side, or upon that 
side produced. There will thus be formed two 
right angled triangles which can be computed, 
and ftom the parts of which the parts of the 
required triangle can be found. Thus, let A be 
the given angle, and b and e the given sides. 
In the right angled triangle ADC there are giyen 
A and b, whence AD, P, and angle ACD, can be 
computed. Then passing to triangle CDB, we 
know P, and DB (since we have e given and 
have computed AD). Hence, we can compute B, '»• ^^ 

a« and DCB. Thus, the parts of ACB become known .... When the given 
parts are two angles and the included side, find the thhrd angle by taking the 
supplement of the two given. Let fall a perpendicular from one extremity of 
the given side upon the opposite side. The two right angled triangles thus 
formed can then be computed. Thus, if A, 5, and C are given, having found B, 
let fall CD, The triangle ACD has the angle A and side b known, whence its 
parts can be computed. Having computed P we can pi^ to the triangle CDB, 
«nd knowmg P and B, can compute it Thus the parts of ACB be rome known. 




66 PLANE TBIGONOXETBT. 

2iid. Wlien tuoooflhe given parU curt atgaeefU and ons mparated^ i. e « wluai 
two angles and a side opposite one are given ; or two sides an.d an angle oppo- 
site one are given. The first of these cases is Tirtaally the same as the last given. 
To solve the other, let fall a perpendicular from the angle between the given sides, 
and two right angled triangles will be formed which can readily be computed. 
Thus a, 6, and A being given, and CD let fiill from C, the triangle ACD can 
first be computed, and then CDB. This is the ambiguous case, but it is easily 
determined. Having computed P, if the given side a is less than P there is n9 
solution ; if = to P, <?n« solution (a right angled triangle) ; if a > P and < d, there 
are two solutions, i, a, it will go In between CD and AC, and also beyond CD ; if 
a > P and also > h there is only om solution, as it will not go in between CD 
and AC. 

8rd. When the three given parte are aU aeparaied from each other. This is the 
case in which the three sides are given to find the angles. It is readily solved 
by letting fUl a perpendicular from the angle opposite the greatest side, upon 
that side, as CD upon AB. Then compute the segments AD (which call m), and 
DB (n), from the following relation (Pabt II, Ex. 12, page 162) : 

m-k-n (ore) : b + a :: 5 — a : m — n. 

Knowing m and n, the angles of the two right angled triangles ACD and 
CDB can be computed, and these make known the angles of ACB. q. b D 

[Note.— A few additional examples are here given which the pupil can use 
to illustrate the theory presented in {91). If more are needed the precedlni^ 
can be used : these may also be used to apply the methods before given. Again, 
a very great variety and number of examples may be made frt>m these by as- 
signing different parts as known.] 



EXERCISE& 

1. In a plane triangle BDF, the side BF is 123.75, DF 500, and the 
included angle F 120''. Find the angles B and D, and the side BD. 

B = 49° 12' 4"; D = 10° 47' 56"; BD = 672.006. 

2. In a plane triangle ABC, the angle A is 70° 21', the angle B 
54° 22', and the side BC 125. Find the angle C, and the sides AB 

and AC* 

C = 55° 17' ; AB = 109.1 ; AC = 107.88. 

3. In a plane triangle ABC, the side AB is 98, the side BC 95.12, 
and the angle C 33° 21'. Find the angles A and B, and the side AC. 

A = 32° 14' 55" ; B = 114° 24' 5" ; AC = 162.33. 

4. In a plane triangle DAC, given AD = 460, AC = 309, and D = 
27° 60', to find the other parts. 

C = 137° 9' 36", or 42° 50' 24"; A = 15° 0'24", or 109° 19' 36"; 
PC =^ 171.36, 01 6245. 
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COMPUTATION. 

It will give definitenesB to the stu- 
deaf B thought, if ^^ ^^ sketch the 
figure geometrically. Thus, layoff 
O = ar 5<y, and taWng AD = 450, 
let fall the perpendicular AP. 

1st ToeampuU p. 
p=e sin D = 450 BinZTW, 

log 450 =2.658218 

log Bin 27^ 50^ = 9.669225 

logp = 2.82243a .-. i> = 210.106. 




FxA. 10. 



Knowing p, we Bee by inspection that AC can lie in both the positions AU 
Ad AC, and hence that there are two solutions. 
2nd. To compute C, from the triangle ACP, in which d and p are now 

snown. 

p 210.106 
Sin C — ^ — 8W> 

log 210.106 = 2.822488 
log809 = 2.489958 
log sm C = 9.832480. .-. C'= 42' 50' 24", and C = IS?' ^ 86". 

8rd. To find ths angle A. DAC = 180* - (D + ACO)= 180' - 164* 59' 86" = 
15« 0' 24". DAC = 180- - (D + AC'D) = 180* - 70** 40' 24" = 109' 19' 86". 

4th. To find DC. Compute DP and CP from the triangles APD and APC 
OP - CP = DC. and DP + CP =s DC. 

5. In a plane triangle ABC, the side AB is 460, BC is 340, and AC 
280. Find the angles A, B, and C. 

A = 47^ 23' 16"; B = 37*" 18' 31"; C = 95' 18' 13". 

6. The sides of a plane triangle are 40, 34, and 25 feet respect- 

iTely ; required the angles. 

38' 25' 20", 57* 41' 24", 83^ 53' 16". 

7. The sides of a plane triangle are 390, 350, and 270 feet respect- 

Vely : required the andes* 

42' 22' 06", 60' 62' 33", and 76' 45' 21". 

8. Oiven two sides of a plane triangle 450 and 540, and the in- 
cluded angle 80', to find the remaining parts. 

Angles, 56' 11', 43' 49'; and the side, 640.0a 

9. Oiyen two sides of a plane triangle 76 and 109, and the in> 
eluded angle 101' 30', to find the remaining parts. 

Angles. 30^ 57' 30", 47' 32' 30"; and the side, 144.8 
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FUNC 



r 



CnONS OP THE Al^^eLES OF A TBIAKGLE IN TEEMS OF THE 

SIDES. 




PJSJ. 'Prop.—Any side of a plane triangU equals the sum of the 
products of each of the other sides into the cosiiie of the angle which it 

makes toith the first side. 

Dkic— In the first figure AB = AD + DB. 
But AD = 6 cos A, and DB = a cos B. .\ c = 
5 008 A + a cos B. In the second figure AB = 
AD — DB. But AD = 6 oos A, and DB = 
aoosCBD = a(— cosCBA)=— acosB. .\ c 
= J cos A — (—a cos B) = J cos A + a cos B. 
In like manner, we have a = 5 cos C + « cos- 
B, and &=racosC + 6CO0A. CoUecting and 

arranghig. 

(1) a r= 6 cos C + 6 cos B; 

(2) 6 ssacosC-ftfcosA; 
(8) « = a cos B + & cos A. (^ b. d. 

Fto. so. 

93. GoK.— The square of any side of a plane triangle equals the 
sum of the squares of the other two, minus twice their rectangle into 
tJie cosine of their included angle. 

Dbm.— From (8) (92), we have by transposhig and squaring, 

«• cos* B = <j^ + ft* cos* A — 25c cos A ; and , . 

from (85) a* sin* B = ft* sin* A. [> • C. ' .' v-.-<- -^ .' v^^ /t. , 
Adding, a* = <? + J* - 2io cos A. * J . /C '^ 

In like manner, ft* = a' + «* — 3a« cos B ; 
and <jF =a* + ft* — goftcosC. q. E. ix 

94. ScH.-~These formulm afford another means for finding the angles of a 
plane triangle when the sides are given. Thus, 

/ix A ft'-f <^--g* 
(1.) cosA = uj ; 



(2i) 006 B = 
(8i) cosC = 



200 ' 

fli + y^gi 

2<ift ' 



These fmwuJa give directly the natural cosines of the angles in terms of 
the sides. To adapt them to logaritiimic computation^ we transform tliem as 

follows; 

j« + c« - a» 



Subtracting each member of (li) fi*om unity, 1 — cos A = 1 — 



^kc 



gt,y^c«+26cja« -(ft -<?)* _ •{« + (&-<?)} {fl-(ft-g)} _ (<i + ft-g)(a-t-g-ft) 
2i< ** 2fto ■" 2ftc 2ftc 



. - V . . "^ ^ / 



SOLUTION 6FS)BIIQUB ANQLED FLAHdb TBIANGLEl^ 69 






Bat 1 — C08A=a«in*iA(57i O); and lotdng p = a + ( + a, j(a + (— «) 
= iP— «t ^d i(a + « — i)sip — i. Whence, salistitating, Sain'jA = 



^ " 



(1.) tJajAss i/ ^*P ~ ') ^P ~# . In like manaer. 

In a manner altogether similar, by adding each member of (!•) to unity, and 
reducing, we get 

(1.) 008 iA = a/^J^JZ^ 5 and from 0^ and (8,), 
(8.) coeiBsi/MEEl; 

IMriding (It) by (!•), (3t) by (3,), and (8.) by (8.), we have. 



[KoTB. — In order to render ttieBefonmUm fiuniliar, and to give the student 
exercise in tLpplybxg formula^ a few examples are appended. If necessary, any 
which precede can be used.] 

1. The sides of a plane triangle being 40, 84^ and 26, find the 
angles. 

BoLunoN.— ^ natural fundumi. 

Let the sides be represented by a, ft, and e in order» and the angles opposite 
by A, B, and C ; then 

co,A=^L±^jm±^jm^.imz ...A=88-(«'ir. 

2oe 1700 



^ 
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There is no ambi^ty in this case, since the cosine is •(-, and hence the nngit 
is < 90*. 

The same angle is found by iogarifhmic computation, thus : 



log (ip - e) = 1.889166 
log (i|> - 5) = 1.190888 
a. c. log 5 = 8.468531 
a. c. log tf = a60a060 

2)1.650079 

1.826089 



a = 40 .. .log = 1.602060 

d = 84 . . .log = 1.581479 

= 25 . . .log = 1.897940 

p = 99 . . . log = 1.995685 

^ = 49.5 ... log = 1.694606 

IP -. a = 9.5 ... log = 0.977724 

ip - & = 15.5. . .log = 1.190382 

ip ~ 6 = 24.5 ... log = 1.889166 log sin iA =9.825039. 

.•. iA = 41* 56' 88" and A = 88* 68' 16". 
In like manner the other angles may be found. 

2. The sides of a plane triangle being 6, 6, and 4^ find the 

angles. 

The angles are 82° 49' 09'', 65° 46' 16", and 41° 24' 35". 

8. The sides of a plane triangle being 8601.5, 4082, and 7068, find 

the angles. 

Tfie angles are 54° 35' 12", 28° 4' 44", and 97° 20' 4". 

4. The sides of a plane triangle being .5123864, .35381^71, and 
.3090507, find the angles. 

The angle opposite the last side is 36° 18' 10".2. 




ABEA OF PLAIfE TRIANGLES. 

9Sn Prop. — The area of a plane triangle is equal to half the 
product of any two sides into the sine of the included angle* 

Dek.-— Let ABC be any plane triangle, and h and 

e any two sides with A as the hidnded angle. From 

the extremity of one of these two rides remote from 

A, let fall a i)erpendicular p, npon the other side. 

Now, 

Area ACB s \pe. 

But, from ACD, p = ft sin A. .'. Area ACB » 
fn. tl. ^ sin A. Q. B. n. 

96n Cor. — The area of a plane triangle is equal to the square^t^ 
of the continued product of half its perirteter into half its perimet^ 
minus each side separately. 
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Dsu.— -From the proposition, and since sin A = 2sin ^A cos ^At we have, 

/Lrea = iAesinA = 6osiniAcoBiA = Jc|/(^H5MEJ) x j/E^^^ 

EXERCISES. 

1. Oiven two sides of a plane triangle 125.81 and 57.65, and the 

included angle 57^ 25'. Find the area. 

Area = 8055.7. 

2. Giyen the sides of a plane triangle 103.5 and 90, and the 

indnded angle 100^, to find the area. 

Area = 4586.74. 

3. How many square yards are there in a triangle whose sides are 

30, 40, and 50 feet ? 

Areaz:66i. 

4. Find the area of a triangle whose sides are 20, 30, and 40. 

Area = 290.4737. 

5. What is the area of a triangle whose sides are 30 and 40, and 

their included angle 28^ 57' ? 

Area = 290.427. 

6. What is the number of square yards in a triangle, of which the 
. sides are 25 feet and 21.25 feet, and their included angle 45"" F 

Area = 20.8694. 

7. Find the area of a triangle in which two of the angles are 80^ 

and 60^ respectiyely, and the included side 32 feet. 

Area == 679.33 square feet. 

8L Find the area of a triangular field having one of its sides 45 

poles in length, and the two adjacent angles, respectiyely, 70^ and 

69* 40'. 

Area = 1378.411 square poles. 

9. Find the area of a triangular piece of ground haying two 

angles respectiyely 73*^ 10' and 90° 50', and the side opposite the 

latter 75.3 poles. 

Area = 748.03 square poles. 

PRAGTICIL APPUCATIONS. 4> ,-> ^ - "•'"' 

[NoTB.— The following probloma are inserted, not as any part of a treatiac 
upon the subject of trigonometry as pure science, but as affording the studeni 
Food mental exercise, and yaluable and interesting information.] 
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1. To find the length (in mflcfl) of a degree of longitude at Ann 

Arbor^ Mich, 

BoLXTTioN.— Let NESQ be a meridian section of 
the earth, EQ the eqaatorial diameter, and EL the latl- 
tude of Ann Arbor, 42* 16' 48".8. A degree of longi 
tade at L is rbr cf the drcamference of tii&e dicte 
whose radios ia LD. CL the radius of the earth at 
this pohit =: 8857 * Now in the right angled triangle 
LCD, we haye CLO = ECL =r 42* 16' 48".3, and CL =1 
8957 ; whence, LD = CL x cos 42* 16' 48".8, and LD 
= 2027.6. .•. A d^;ree = 51.1 miles. As a degree in 
longitade makes 4 mhintes difference hi time, 51.1 

miles east or west on this parallel is equivalent to 4 mfaiutes difference in thoMi 

QuKBT.— How does it appear from the above solution that the length of a 
degree of longitude varies as the cosine of the latitude ! 

2. To find the distance of a planet from the earth at any par- 
ticular time. / 

t 

SoLUTXOi^-^To render the problem as simple as possible, we will suppose two 

observatories on the same meridian, at N, and 
N'; and that when the planet P is on the same 
meridian, the angles 2NP, and 2'N'P (tiie 
Eenlth distances) are measured. With these 
data and the radius of the earth, CN, CN'. 
known, the problem comes quite within the 
scope of the present study. The process is 
as follows : The arc NN' being known, the 
angle NCN' is known. Then hi the triangto 
NCN', two sides and the included angle are 
known, whence the other parts can be found. 
Now, knowing the angles PNC, PN'C,and 
CNN', CN'N, we can find tiie angles PNN', 
PN'N. This affords sufGLcIent parts of the triangle PNN' to determine the triangle, 
and we find PN, or PN'. Finally, in the triangle PNC, we know PN, NC, and 
the included angle ; whence the other parts can be computed. Bat PC is the 
distance sought 

3. Snppose in case of the moon^ the angles PNZ, and PN'ZV being 

measnrod, are fonnd to be respectively 44*" 64' 21", and 48° 42' 57", ^ 

the distance between the points of observation N and N' is 92^ 14',; 

and the radius of the earth is 8956.2 miles ; find the distance to the 

moon« ^ 

Distance = 237,954.098 miles. 




Fio. 38. 



V 



• Hie equatorial radiiu of the earth la 896S.8 mUee ; \mX in oonseqaenee of the flatteatagifl 
the direction of the polar diameter it Is lees here. 
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4. Bequired the height of a 
hiU D above a horizontal plane 
AB» the distance between A and 
B being equal to 975 jards^ and 
the angles of elevation at a and 
B being respectively 15** 36' and 
27^ 29'. 




DC = 587.61 yarda 



5. Find the area of a regular hexagon, and also of a regular 
octagon, whose sides are each 10 feet. 

AreaSj 259.8, and 482.84 square feet 

6. Find the area of a regular pentagon, and also of a regular dec- 
agon, whose sides are each 12 feet 

AreoBj 247.74, and 1107.96 square feci 

' '7 Wishing to know the length of a certain pond of water, I 
measured a line 100 yards in length, and at each of its extremities 
observed the angles subtended by the other extremity and a couple 
of trees at the extremities of the pond. These angles were, at one 
end of the line, 32** and 98% and at the other, 37** and 118* ; what 
was the length of the pond P 







Draw the horizontal line AS eqnal to 100; 
make the angle BAD 82% BAC 98% ABC 87% 
and ABD 118*. The intersections of the lines 
AC and BC, AD and BD, determine the extremi- 
ties of the pond ; the straight Une CD is the 
IcD^ of the pond. 

CD = 161.868 yards. 




A 'J J J 



8. The distances AB, AC, and BC, between 
the points A, B, and C, are known ; viz., AB =: 
'800 yds., AC =2= 600 yds., and BC = 400 yds. 
From a fourth point P, the angles APC and BPC 
f are measured; viz., APC = 33^ 45^ 
and BPC = 22^ 30'. 

Bequirvxl the distances AP^ BP, and CP. 

AP = 710.193 yds. 
Disiance8y\ BP = 934.291 yda 

CP = 1042.522 yds. 




Ape 



7' rr iT.7'' 
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8no*s. — ^Conceiye the circamfereiice passed throogh A, B, and P, and AD and 
DB drawn. In the triangle ADB» angle DAB = the giyen angle DPB, and DBA 
=s APD. Hence, all the parts of triangle ADB can be found. Again, since the 
sides of the triangle ACB are giyen, its angles can be found. Then, since angle 
CAB — DAB = CAD, there are two sides and the included angle known in 
triangle ACD ; whence angle ACD can be found. Thus we reach the triangle 
ACP , in which there are now known AC and the angles. 

9. From the top of a mountain^ three miles high, the angle of 
depression of a line tangent to the earth^s surface is taken, and 
found to be 2^ 13' 27". What is the diameter of the earth, consideied 
as a sphere P 

Ans. 7946.28 miles. 

10. Taking the sun's mean apparent diameter Us 32^ 3".4y and hiB 
distance from the earth 91,430,000 miles, show that, if his centre 
were coincident with the earth's, his body would extend in all direo* 
tions nearly 200,000 miles beyond the moon. (See Ex. 3.) 

"" Sun's diameter = 852^574 miles. 

11. Assuming the height of the Great Pyramid to be 486 feet, how 
far off may it be seen across the desert ? 

Ans^ 27 miles. 

12. What was the perpendicular height of a balloon, when its 

angles of elevation were 35^ and 64^, as taken by two obserrers on 

the same leyel, at the same time, both on the same side of it, and 

in the same vertical plane ; the distance between the two observers 

being 880 yards ? 

Ans^ 935.757 yards. 

« 

13. Given two sides of a parallelogram 60 and 80, and a diagonal 
\ 100. Is this the longer or shorter diagonal? What is the other? 

What are the angles of the parallelogram ? 

14. A balloon being directly orer one of two towns standing on 
the same horizontal plane, at a distance of eight miles from each 
other, the angle of depression to the more remote town was observed 
by the seronaut to be 10^. What was the height of the balloon ? 

Ans^ 1.41 miles. 

15. The most recent observations make the sun's horizontal par- 
allax 8''.94, and the earth's equatorial radius 3962.8 miles. Show 
that the distance of the sun from the earth is nearly as given in Ex. 
10, instead of 95 millions of miles, as it has been heretofore cou* 
sidered. i 
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INTROD UCTION. 

FROJECmOlf OF SPHERICAL TRIANGLES. 

97. To Project a Spherietd Triangle on a plane snrface 
is to draw the triangle on that surface so that it will present the 
same appearance to the eye, situated at a particular point, as when 
drawn on the sorfisu^e of a sphere. 

98. The lumpiest Method of projecting a spherical triangle 
is to project it on the plane of one of its sides, the eye being supposed 
situated in the axis of the sphere perpendicular to this plane, and at 
an infinite distance from it. The plane is called the Plane of Pro- 
jection ; and its intersection with the sphere is called the Primitive 
Qirchy and is the base of the hemisphere on which the triangle is. 
ooncdved as situated* 



99* Fundaniental Propo»tHon8.—lBL When the parts of 
a spherical triangle are each conceived as less than 180^, any such 
triangle can be represented on a hemisphere. 

2dL The primitive Circle has its axis, and consequently its poJe, 
projected at its centre. 

3d. The semi-circumference of any circle of the sphere, perpendic- 
ular to the Primitive Circle, is projected in the chord representing 
the intersection of the circles ; and, if the perpendicular circle be a 
great circle, its semi^circumference is projected in a diameter of the 
Primitive Circle. 

5 
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Ill's.— These propositions are direct consequences of the fandamental coo- 
ception. Thus, let ABA'B' represent the base of the hemisphere on which tlie 

triangle is conceived as situated. This is the 
Primitive Circle, and the eye is su|^>osed situated 
at an infinite distance, and in a line perpendicular 
to the plane of the paper at P. The pole of the 
Fdmitive Cirole being in this line is projected 
(seen as) at P. As all great circles perpendicular 
to the Primitive Circle para through its pole and 
include its axis, the eye is in all such planes, and 
any lines of these planes, as the semi-circumfer- 
ences of the great cirdcs in which they intersect 
the sphere, arc projected (appear to the eye) as 
diameters of the Primitive Circle. Moreover, 
since the eye is ai i^firdty, it is to be conceived as hi 
the plane of anj small eirde wiiich is perpendionlar lo the primitive, and which 
is therefore projected in a chord, as CC. 




Fie. M. 



PBOJECnON OF RIGHT ANGLES SFHESICAL TUAKCOffi. 



100. Prob. 1. — To project a right angled epherical triangle on 
the plane of one ofite Btdee, when the two sides abowl the right amgle 
are given.* 

BoLunoK.— Let the angles of the triangle be represented by A, B,and C, A 
hefaig the right angle. Let the sides opposite these angles respectivdy be rqi- 

resented by a, b, and c\ whence b and c are the 
given sides. Draw the primitive circle and the 
diameters 6B', NN' at right angles to each other. 
From B lay off BA = e.t Let ttie right angle be 
at A ; whence the ride b is perpendicular to the 
primitive circle, and projected in the diameter AA'. 
To project the vertex C, conceive the semi-drcum- 
ference, of whioh AA' Is the proJec4ioD, to serelve 
on AA' until it fidls upon the eemi-ciroomferenoe 
A'BA, lhen*will the point C &n at d. Hence make 
A<{ = &. Li like manner revolving the semi-dr- 
cupdference, of which AA' is the projection, until 
it falls upon A'B'A, the point C will fiOl at d'. 
Hence make AcT = ft. The iK>int C wlU de- 
scribe the semi-circumference of a small drde 
perpendicular to the primitive drde, and whose prcjeotioa is <lff . Now, aa the 




Fia. tS. 



• In this troatlM the discuBsloiui embnoe only nicli trfaugles w hare etch part l6M tteo 
ISO*. 

t For the porposec for whldi va Pball one tiieM pros^eetloM, aoarc can ba laM off with 
rafflciant accancy by obsenriojif Its rRlation to 90*, SO^, 80*, or »oma aliquot part of the drcan* 
ference, which is readily obtained on geometrical princlplea. 



II 
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piDJectkm of tiie vertex of the triangle C is at the same time in AA' and 4Uf^ it 
nrani be at their intersection. Finally, the hypotenose a is projected in a curve 
passing tlMfongh B, C, and B', since two great circles intersect at the extremities 
of a diameter. This curve is really an ellipse, but for our present purpose it 
may be considered as the arc of a circle passing through B, C, and B^ There- 
fore, BAC is the projection required. 

QU1SRIS& — ^WIU a solution of this problem be possible for all values of h and 
? Bow does it appear fi»m the projoctioa t 



1. Having giren I = 110*, and c = 60^ to 
project the triangle* See Fig* 26. 

2. Having given * = 60% and c = 130% to 
project the triangle. 

3. Having given J = 90% and c =± 80% to 
project the triangle. 

4. Having given h = 90% and c = 90% to 
project the triangle. 




101. Prob. 2* — To project a right angled spherical triangle 
when the Jigpotenuse and one eide are given. 



m 

BoLtmoN. — ^Using the common notation, let c represent the ktunon side. 
Drawing the primitive circle and the cox^ugate* diameters BB', NN', lay off 
BA = 6, and draw the diameter AA'. The projec- 
tion of b will lie in AA^, and the projection of the 
vertex C will ikll somewhere in this line. Now 
the arc a lies in a semi-circumference passing 
through B and B'. Conceive this semi-circumibz^ 
ence to revolve on BB', as an axis, till it coincides, 
flnt, with BNB', and then with BN'Bl The point 
C will trace the semi-circumference of a small 
circle perpendicular to the primitive circle, and 
whose projection is dtT, Hence, making Bd = sJ 
= a, and drawing dtt, the projection of the vertex 
C lies at the same time in AA' and dtf, and is there- 
fore ait their intersection. Passing an arc of a 
drde (strictly an ellipse) tfaroughndCB', we have 
ABC, the projection desired. 




Fu. 27. 



• Two dlamatera of a dido which are at right angles to each other are called Oot^uffoU 



I- : 
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QuEiiiBS.-»'Wi]l a Bolntioii of ttus problem be possible for all values of a and 
6 ? If a had been greater than c in the above case, would the aolatioii have 
been pooaible ? Will idl and AA' always intersect, whatever may be the vdative 
values of a and 0? 

EZAMPLB& 

1. Having given o = 75% and a = 64^, to project the triangle. 

2. Having given e = 46% and a = 136% to 

project the triangle. 

3. Having given h = WXf^ and a = 85% to 
project the triangle. See Fig, 28. 

4. Having given h = 110^, and a = 120% 
to project the triangle. 

6. Having given c = 90^, and a = 75*, or 
a = 120^^ to project the triangle. 




FW. 98. 



Why? 



QuBRT. — ^If one side of a right angled spherical 
triangle is 90% what must the hypotenuae be? 



102. "Prob. 3. — To project a right angled spherical triangle 
when an oblique angle and the hypotenuse, or the oblique angle and 
the adjacent side are given. 

Solution. — Draw the primitive circle and the conjugate diameters BB', NN' 
as usuaL To construct the given angle B, we observe that this angle la 

measured by an arc of the great «nrcle which is 
projected in NN'. Hence, lay otTNc^ aNcT = B, 
and draw dct ; then is NO the projection of the 
arc which measures B, and tilie projection of 
a lies in the arc passing through BOB'.* Having 
the angle B projected, if the hypotenuse a is the 
other given part, find the projection of C by 
taking B0 = B^ = a, and drawing e^. Com- 
plete the projection by drawing AC through P. 
When the acQacent side e is given, take BA == ^ 
and draw AC as before. [The student wOl be 
able to give the reasons.] 




TFxe, S9. 



103. ScH.— As OP is the oosfaie of the angle 
ABC, the point O may be found by meaauring 



* As has bean remarked, this arc ia really a aemt^lUpse. This ftet, together with the 
iMthod of oMwtmctiixg the aeml-ellipee, and thus getting the ooireot pfoiectloo oi the hnwt 
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lh>m P (towards N if B < 00% and towards N' if B > W") a distance eqnal to 
the natural cosine of B. 



QuBBT.— Is the solution of this problem possible for all yalues of the hypot- 
enuse or a^iacent side, and the angle? 

EXAMPLES. 

1. Having given B = 65% and the hypotenuse a = 120% to proiect # 
the triangle. See Fig. 30. 

2. Having given C =; 45°, and the adjacent 
side b = 50% to project the triangle. 

8uG*8. — ^Project the angle C as the angle B of 
the preceding, and lay off b = SO" from its vertex 
on the circumference of the primitive circle. 

8. Having given C = 170®, and hypote- 
nuse a = 160% to project the triangle. 

Fia. 80. 

4. Having given B = 150% and c = 40% to project the triangle. 




104. Probm 4. — To project a right angled spherical triangle 
when an obliqtie angle and side opposite are given. 

SoLUTiOK.— Project the given angle at B, Ftgs. 81, 82, as in the last problem. 
Then, from any point in the circumference of the 
primitive circle, as N, take NO', in the diameter 
passing through that point, equal to the projection 
of the given side. (This is done by taking Ud = 
Hd' = 6, as in Prob, 1, and drawing dd'). Now, 
with P as a centre, and radius PO', describe a dr- 
cumference cutting BOB'. One extremis of the 
given side b will be projected in this circumference, 
since this circumference contains the projections of 
all the i>oints in the surface of the hemisphere 
which are at a distance b from the circumference 
BNB'N'. But the verteK C is also projected in the 




Fx«. 81. 
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ennse, bdong to a trattlse on Conic Sections. In thts case* BB' &nd 20 P *^ ^^^ "^ of the 
•Uipee, and the carve can be constructed by taklnj; BP m a radiae, fnd striking arcs ttom 
as a centre, cnttlnfr 99'. These intersections are the foci of the required ellipse. Then take 
a string eqnal in length to BB'i ^°d^ fastening its ends to the fbci, place a pencil against the 
string, and keeping the string tight, carry the pencil aronnd the cnnre. 



TO 
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src BOB^ ; hCDOe, it must bo at the inlenoctknii 
Cf C Drawing the projectioiift of the perpendie- 
nlars CA, and C'A', the projection is complete. 

QuKBiBfl.— When will there be two triangles 
fhlfllling the given conditions? When but one! 
When none ? When there is but one triangle what 
kind of a triangle is it? If B > 90% must h be 
greater or leas than B in order to have two solu- 
tions? IfB <90%howisit? IfB>90^,canftbe 
less? If B<90%canft>00*r 



XXAHPLSS. 



1. Oiven C = 120% c = 150, to project the triangle. See Fig. 33. 
% Oiven c = 80% c = 60% to pfoject the triangle. See Fig. 84. 





Fla. SB. 
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3. Given B &= 70% I = 70% to project the triangle. See Fig. 35. 
4 Given B = 64% I = 75% to project the triangle. See Fig. 86. 
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5. Given b = 160°, I = 110% to project the triangle. 
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lOSo Sen. — ^Whea the given parts are the two obUqoe angles, the projection 

b most readily effected by first computing one of the sides. The projection in 

this case will be considered in connection with the numerical solution of the 

), in the next section. f ^ r t 

f^^^¥lU>J£CTIO!r OF OBLIQUE ANeLEB SPHERICAL TRIANGLES^ 

. 106m Prab. 1* — To project a spherical triangle when two eidee 
and the included angle are gitmu 



Project the given angk 



Solution. — Let a, o, and B denote the given parts. 
B at some point in the circumference of the primi- 
tive circle, as B. Lay off one of the given sides, as 
«, ftom B <m BNB'. Let BA = e. Determine the 
extremity C of the projection of the other given side 
«» as in Predk 2, etc., and drawing the diameter 
AA', pass the arc through ACA' ; BCA is the pro- 
jection sought 

QusRT. — Is this projection always possible, what- 
ever the relative magnitude of the given parts t 



EXAMPLES. 

1. Given A = 130°, c = 86% and b = 100% to project the triangle. 

2. Given c = 40% a = 37% and J = 80% to project the triangle. 




107* JPrcbm 2» — To project a spherical triangle when two sides 
and an angle oppoeite one of them are given. 

Solution.— Let the given parts he a, 5, and B. Make the projection upon 
the plane of the unkvuyion $ide e. Thus, drawing the primitive circle and the 
conjugate diameters BB', NN', conceive e as projected from B on the arc BNB'. 
and project the given angle B aa in preceding 
problems. On the arc BB', take BC = the pro- 
jection of the given a^jaeerU side a. To deter- 
mine the projection of the opposite side b^ describe 
a circle about P, as a centre, with a radius PC. 
Through C draw PD, and taking Dd = D<f = ft 
draw dcf . Through the intersections o, & of di 
with the circumference of the small circle, draw 
the radii PA, PA'. Finally, passing arcs through 
the points A, C, A", and A', C, A'". BAG, and 
BA'C are the projections of triangles which ftilflll 
the given conditions. The projections of B an6 
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a were made npon principles previouslj establlBhed ; and it only remains to 
sliow tliat AC, and A'C are projections of b. Since by construction DL is the 
projection of an arc equal to 6, the projections of arcs of great circles connect- 
ing D with o and (/ are projections of arcs equal to 6. But the figure DoP 
= ACP, and Do'P ss A'CP ; therefore AC =s A'C = D0 = the projection of b. 



108. 8cH. — ^It is evident that this problem has om solution, two solutions, or 
no solution, according to the value of & as compared with a and B. Thus, if the 
projection of b — DC, o and 0' coincide, there is but one solution, and the tri* 
angle is right angled at A (which in this case falls at D). Also, if the projection 
of 6 is intermediate in value between DC and only one of the arcs BC, B'C, there 
is only one solution. If, however, as in the figure given, the projection of 6 is 
intermediate in value between DC and both BC and B'Ci there are ttoo solutions, 
finally, if 6 is given of such value that the chord def does not touch the small 
circle, there is no solution. The latter case occurs when B < 90*, if the projec- 
tion oib < DC ; and when B > OO"*, if the projection otb> DC, as will i^pear 
ih>m Fige. 88, 89. 

We may observe, also, that there are ^100 solutions when andd' both fiiU on 
the same side of BB' as c ; one solution when and cf coincide, and when they 
fall on opposite sides of BB' ; and no solution when and & are imaginary, i. e., 
when dd' does not touch the small circle, or when both fall on the opposite side 
of BB' from c 
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1. Given B = 110% a = 120% and * = 83% 
to project the triangle. See Fig. 39. 

2. Given B = 110% a = 120%and J = 13(P, 
P to project the triangle. 

^ 3. Given C = 64% a = 120% and c = 75% 
to project the triangle. 

4 Given C = 80% J = 60% and c = 40% 
A to project the triangle. 

6. Given C = 112% ft = 75% and c = 150^, 
to project the triangle. 



109. Brob. 3.— To project a spherical triangle when the three 
Sides are given. 
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fioLTTTiON.— Drawing the primitive circle and the conjugate diameters, as 
mual, take BA = «, the side on the plane of wh^sh it Is proposed to project the 
triangle. Take Be = W = a and draw e^ ; then 
as before shown, the projection of the vertex C 
lies in m'. In like manner taking Ad = A<f = 6, 
and drawing dct the projection of C lies in dtf . 
The intersection of the chords ee' acd dtf is there- 
fore the projection of the vertex C. finally, 
passing arcs Uirough ACA' and BCB', the projec- 
tion is complete. 



QuxRiBS.— How does the projection show the 
impossibiiity when the sum of the three sides is 
greater than 860" ? How when the sum of two 
sides is less than the third side? 




Fxo. 40. 



EXAMPLES. 

1. Given a = 100% * = 80% and c = 68% 
to project the triangle. 

2. Given a = 108**, b = 120% and c = 25% 
to project the triangle. See Fig. 41. 

8. Given a = 120% b = 65% and c = 40% 
to project the triangle. 

4. Given a = 150% b = 140% and c = 
170% to project the triangle. 
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SECT/ON I. 






SOLUTION OF BIGHT ANGLED SPHEBICAL THIANGLES. 

110. Splierical Trigonometry treats of the relations be- 
tween the trigonometrical functions of the sides and angles of 
spherical triangles, and of the solution of such triangles by means of 
these relations. 

111» ScH. — In the present treatise we shall confine our attention to triangles 
none of whose sides or angles exceed 180*. 

112m The Six Paris of a spherical triangle are the three 
sides and the three angles : any three of these being given, the others 
may be found. 
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113* SoH.— The last Btatement mvolyes the afisertion that the three angles 
of a spherical triangle determine the sides, whereas we are accustomed to sajr 
in Plane Trigonometry, that, at least <me given part of a plane txiangle must he 
a Me^ in order that the triangle may be determined. There is really no sudi 
difference as these two statements imply. For example, if we have the angles 
of a plane triangle giren, we know the ratios of the sides to each other, since 
the sides are to each other as the sines of the angles opposite ; but we cannot 
determine the abwluie values of the sides. This is in accordance with the state- 
ment that mutually equiangular plane triangles are simitar figures (not neces- 
sarily equal). Now these are exactly the facts in the case of spherical triangles, 
if we do not limit them to the same or equal spheres. Thus, the angles of a spheri- 
cal triangle being given as 48** 30', 125" 20', and 62'' 54', we solve the triangle by 
the ndes of spherical trigonometry and find that the sides are 56^ 89' 80", 
114* 29' 58", and 83* 12' 6". But, so long as the radius of the sphere is unknown, 
these results are merely the relative values of the sides, not Uieir absolute lengths. 
Moreover, consider two concentric spheres whose radii are m and n. Now, any 
triangle being constructed on the one, if planes are passed through its sides 
intersecting at the common centre, their intersection with the surface of the 
other sphere will form a triangle rautiially equiangular with the first, and any 
one side of the one triangle is to the corresponding side of the other, as the radii 
of the spheres ; hence the homologous sides are proportional We see, therefore, 
that to determine absolutely a spherical triangle, it is necessary to know one of 
the sides in linear extent as well as angular measure, or, what is equivalent, 
the radius of the sphere must be known. 

114* The Species of a part of a spherical triangle is deter- 
mined by its relation to 90°. Two parts, both greater or both leea 
than 90^9 are of the same species; two parts, one of which is greater 
and the other less than 90% are of different species. Thus, two parts 
which are 58°, and 63°, respectively, are of the same species ; two 
which are 160°, and 115°, are of the same species; two which are 
120°, and 48°, are of different species. 

1 15. Napier^ 8 Five Ctnrcular Parte are the two sides of a 
right angled spherical triangle about the right angle, and the complex 
menis of the hypotenuse and of the oblique angles. These terms are 
merely conventional, and are applied exclusively to right angled 
triangles. 

III.-— In a spherical triangle ABC, right angled at A, the 
sides b and c, the complement of hypotenuse a, and the com* 
plements of the angles B and C, are the circular parts. We 
may designate them 6, 0, comp a, comp B, and oomp C 

[It Is essential that this nomenclature and the statements 
of the two following paragraphs be clearly understood, and 
firmly fixed in the mind, in order that the phraseology of 
the fundamental rules may be Intelligible.] 
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116. When five things oocnr in saccessiony as it were iu % circle, 
like the ciixmlar parts b^ c, comp B, comp a, and comp c, in the 
preceding figure (no account being made of A), it will be obeerred, 
that, taking any three at pleasure, one of the three may always be 
selected which lies adjacent to each of the others, or separated firom 
each of theuL Of the three parts thus considered, the JtEiddle JPart 
is the one which has the other two adjacent to or separated firom it ; 
while the latter are called the MXytremes, adjacent or opposite, as 
the case may be. 

iLiiV-^Let the three parts under considemtion be comp a, 5, and c; comp a 
it the middle pun, and b and e are the oppogHe extremes. If b, «, and comp C 
are under oonskleration, 6 is the middle part, and e and comp C are the a^aeeni 
eztremen. 

117* ScH.—In BolTing a right angled spherical triangle, there are always 
three parts under consideration at once, viz., the two given parts and the part 
sought, no mention being made of the right angle. Now, the first question to be 
settled in order to a solution is. Which of the three parts under eoneideration m the 
middle pari^ and are the extremes opposite or adjaeentf Beginners are very liable 
to make mistakes by failing to use the complements of the proper parts ; or by 
not correctly distinguishing the middle part, and the character of the extremes, 
as opposite or acUacent The student should practise upon such simple exer- 
cises as the following until the questions can be answered instantly, and teith- 



EXERCISES. 

L In Fig. 42, giyen a and c, to find c. What are the circular parts 
under consideration ? Which is the middle part F Are the extremes 
adjacent or opposite f 

Answers, — The circular parts are comp a, c, and comp C. cis the 
middle part, and the extremes are opposite. 

2. Haying C, and a given, to find i. What are the circular parts ? 
Which is the middle part F Are the extremes adjacent or opposite F 

3. Having c, and b given, to find B. What are the circular parts? 
Which is the middle part F Are the extremes adjacent or opposite F 

4 Having a, and b given, to find C. What are the circular parts? 
Which is the middle part F Are the extremes adjacent or opposite F 

5. Having B and C given, to find }. What are the circular parts? 
Which is the middle part F Are the extremes adjacent or opposite? 
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6. What are the opposite extremes when } is the middle portf 
What the adjacent extremes ? Which are the opposite and which the 
adjacent extremes when c is the middle part ? When comp B is the 
middle part? When comp C is the middle part? When comp a is 
the middle part? 

7. What part is middle part to comp C and c as adjacent ex- 
tremes? As opposite extremes? 

Ans^ b, and none. 

8. In Fig. 43, M being the right angle, 
what are the circular parts ? Given o and m, 
to find 0. . What are the circular parts nnder 
consideration ? Are the extremes adjac^it or 
opposite ? 




Via.48. 



9. What are the opposite extremes to comp 
O? What the adjacent ? To comp mf To of 
To nf 
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KiPlEB^S RULES. 

118m Mtile !• Prop* — In any right angled spherical triangle, 

the sine of the middle part equals the pro- 
duct of the cosines of the cpposite 
.3 tremes. 



Dbm. — ^In the spherical triangle BAC, right 
angled at A, taking b, Cy comp B, camp C, aad 
comp a in Bucceasion as middle parts, we axe lo 
prove that 




sin 6 = cos (comp a) x cos (comp B), or sin 5 

sin « =r COS (comp a) x cos (comp C), or siu e 

sin (comp B)= coBb x cos (comp C), or cos B 

sin (comp C) = cos e x cos (comp B), or cos C 
sin (comp a) == cos b x cos 6, 



shia 8inB 
sin asin C 
oos6(^ C 
CQStfsin B 

or C08a=:C0B6C06& 



(1) 
(2) 
(8) 
(4) 
(5) 



To demonstrate these relations, let O he the centre of the sphere, and draw 
the radii OA, OB, and OC. The angles BOC, AOC, and AOB, are measured 
respectively hy a, 5, and e, the sides of the triangle ; hence these angles at the 
centre and their measuring arcs may he used inteichangeahly. Ftaai one of 



napieb's buuss. 
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the oblique angles, as C, let fkll a perpendicnlar upon the radios OA. From 
the foot of this perpendicular draw DE perpendicular to OB, and Join C and E. 
Now CDE is a right angle (Part IL, 426^ CE is perpendicular to OB (Pabt II., 
399), and DEC is equal to angle B of the triangle (Pabt H., 658). 

CD = sin 5, CD = cos ^ CE = sin a, and OE = cos a. 

From the triangle CDE, right angled at D, we have 

CD = CE X shi CED, or sin 6 = shi a sfai B. (1) 

Generalized, (1) becomes, Ths tine of eUher tide about the right angle = the 
dM of the hypotenuse into the ane of the angle opposite the tide. Hence, tcom 
analogy to (1), we may write 

rin 6 =: sin a sin C. (2) 

Or (8) may be proved in the same manner as (1), 
by letting fall from B a perpendicular upon OA, 
from its foot drawing DE perpendicular to OC, 
and Joinmg E and B. Then BD = sin e, OD = 
cos 6, BE =s sin a, OE ss cos a, and angle BED = 
angle C. From the triangle BDE, we have 

BD = BE X sin BED, or sin « = sin a sin C. (2) 

To prove (8^ we have from the triangle CDE, 
Fig. 44, 

COS CED = — , or cos B = -: — . 

CE am a 

Bat from triangle OED, right angled at E, ED = OD x sin DOE = cos & sin 6 =3 
[from (2)], cos 6 sin a sm C. Substituting this value of ED, we have 

a cos ft sin a sin C % , ^ mv 

cos B = Y = «»* Bin C. (3> 

sma 

We may write (4) from (8) by analogy, as (2) was from (1); or, better, let the 
student produce it from Fig. 45, as (8) was produced from Fig. 44. 

Finally, to produce (6), consider the triangle ODE, in either figure, right 
angled at E. This gives 

OE s= OD X 000 DOE, or cos a ss cos & coe «• (S) 




/ 
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119* Mule 2. Prop.— In any right angled spher- 
ical triangle, the sine of the middle pari equals the pro- 
duct of the tangents of the adjacent extremes. 

Dex.— In the spherical triangle BAC, right angled at Ai taking 
h, e, comp B, comp C, and comp a, in succession as middle parts, 
we are to prove that, 




Fio. 46. 
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sin h = tan e x tan (comp C), or sin ft = tan e cot C ; (1) 

sin c = tan 5 x tan (comp B), or sin c = tan ft cot B ; (2) 

sin (comp B) = tanc x tan (comp a), or cos B = cota tan d; (3) 

sin (comp C) = tand x tan (comp a\ or cos C = cot a tan b ; (4) 

sin (comp a) = tan (comp B) x tan (comp C), or cos a = cot B cot C- (5) 



Taking ihe/armultB of Rulb 1st, and 
ting the yalae of each ihctor as fiNind 
write the following 

, , , , «« sin c cos C 
8fai6 = sinasinB = -r 



In the second member of each substltii- 
in some o4her of the set, we roaiilly 



sin C cos 6 

, , , ^ slnftcosB 

sin =: sin a sin C = . -. . — r 

sm B coso 

cos a sin e 



006 B=: cos 6 sin C = 
coeCsco6dsinBs= 



cos csma 

cos g sin 5 
COB 6 sin a 



. cosBcosC 

co8a = oos&coso= -?- ^ . -> 

smCsinB 



sing 

' COS0 

Bin» 

00S& 

cosa 
sin a 

oosa 
sin a 

cosB 
sinB 



oosC 
sinC 

oosB 

•hiB 

StB & 

cosd 

gjnft 
cos 6 

cosC ^ 
rinC 



= tan 6 oot C ; (1) 

rr tan ft cot B ; (S) 

= oota taac; 0) 

s oot« tnab; (^ 

sootB ootC. (5) 

qp K. dl 



120* ScH. 1.— It will be a good exerdse for the student to demonstrate 

RoiB dd from the an- 
C C nezedfigares,asRuxJBlst 

was from FSgt. 44 and 4S. 
The 5th is not as readily 
obtained from the figure 
as the others. The sta- 
dent may trace the fol- 
lowing relations, some in 
one figare, and some hi 
the other. 
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Cos a = ^ ac s COB & cose. ButyOotCs:^ «- — , and cot B =5~ 

OE sec 6 A£ tane AE 

■^"^t. ^«^^8in5s!n« . ^e*.** 

= ♦ — i I whence, cot B cot C = - — r =r oos^ cose. /. oosa = oot B cot C. 

tano' tBLub tan 6 

12X. ScH. 2.*It is of much importance, especiaUy for the porposes of 

Spherical Astronomy, that the student obserre that the relations ezpcessed in 
the aboye formalsB, and in fiict all the relations between the sides and angles of 
spherical triangles, are also the relations between the facial and diedral angles 
of triedrals. Thus, if a, b, and e represent the facial angles^ and A, B, and C the 
opposite diedrals, all these relations can be established, and in exactly the same 
manner as abore, mthaui any aUudon to ths tpkerical triangU, [The student 
should do it] 
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DETEKMINATION OF SPECIES. 

122. In the solntion of Bpherical triangles the determination of 
the species of a part sought becomes of essential importance^ since 
any part of such a triangle may have any yalne between 0^ and 180*. 
Hence, when we have learned the numerical value of any function of 
a part^ we have yet to determine whether the part itself is less or 
greater thaju 90^> i. e^ the species of the part This may always be 
effected by some one of the following propositions. 



123* Prop. — If the part sought is found in terms of its coSy 
tany or coty its species can be determified by the algebraic signs of the 
fufictions in tlie formula used. 

Dem. — ^In each of fheformtda Arising from the application of Napier's rules, 
there are three functions, the arcs correspondhig to two of which are always 
known, hence the algebraic signs of their fbnctions are known, and the signs 
of these two determine the sign of the third or unknown ftinctton. Now, when 
a cos, tan, or cot is +, the conresiionding angle is less than 90* (if less than 
ISO*) ; and when one of these functions is — , the corresponding angle is greater 
than 90° ; t. e., in a triangle, it is between 90* and 180*. 



124. When the part sought is found in terms of its sine, the 
species cannot be determined by the signs of the formula^ since the ' 
part being less than 180^ its sine is always +• The three following 
propositions dispose of such cases. 



12S. Prop. — An oblique angle of a right angled spherical tri^ 
angle and its opposite side are always of the same species. 

Dem.— From Napier^s first rule we ha^e, oos B = oos5 sin C. But sin C is 
necessarily + ; therefore, cos B and cos d always have the same sign, and B and 
(aieof the same q;>ecie8. In likemaQnei^weseelh>moasC s cosesinB, that 
C and care of the same qpeeiea. ,<^ a. d. 



126. Prop. — When the hypotenuse of a right angled spherical 
Mangle is less than 90'', the other two sides {and consequently the 
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obKqtie angles) are of the same species with each other. But when the 
hypotenuse is greater than 90% the other two sides {and consequenUy 
the oblique angles) are of different species from each other. 

DsK.— From Napier's first rale we have, oob a = cos ft cos & Now, if 
a < 90", cos a is + ; lience cosft and cos c must have Uke signs, and b and e bA 
'hoik less or both greater than 00* But if a > 90** (and less than ISO**, as it is), 
COS a is ~ ; hence, cos b and cos c must have different signs, and b and c be one 
greater and the other less than 90*. Finally, since the oblique angles are of the 
same species as their opposite sides, they are of the same species with each other 
when a < 90% and of dLS^orent spedes flx>m each other when a > 90*. 



127 • Prop. — When a side and its opposite angle are gUfSn in a 
right angled spherical triangle, there is no solution if the sine of the 
side is greater than the sine of its opposite angle; there is oke 
solution and the triangle is bi-rectangular if the sine of the side 
equals the sine of its opposite angle; and there are two solutions if 
the sine of the side is less than the sine of its opposite angle. 

oln h 

DsK. — We have sinft = sina sin B, or sina = -: — =. Now, sinft > sin B 

sin 

makes sin a > 1, which is manifestly impossible. Sin ft = sin B makes ft = B, 

ginoe they are of the same species. But when the arc indaded by the sides of 

an oblique angle of a right angled spherical triangle is equal to the angle, the 

vertex of the angle is the pole of the arc Hence, in this case the other sides of 

the triangle are each 00*. Finally, if sin ft < sin B, a has two values, one 

greater and the other less than 90*. Hence there axe two trianglea. 

128. 8cH. — These relations between an angle and its opposite side may be 
observed directly from a figure. When B < 90*, the measore of it, that is 

ft = B, is the greatest included perpendicular which 
can be drawn to one side of the lune BABX. Hence, 
in this case, ft cannot exceed B, whtdi implies thai 
sin ft cannot be > shi B, as when the arcs are less 
than 90*, the greater arc has the greater sine. If 
shi ft = sin B, ft = B, and BA = BC = 90*, and the 
side ft can occupy but one position in the lune, thus 
giving rise to but one triangle BAC, which satisfies 
the conditions (or two equal triangles BAC and 
n^. 40. B'AC). If ft < B, which, when B is less than 90? 

implies that sin ft < sin B, the side can occupy two positions in the lune, V and 
ft" giving rise to two triangles, BA'C and BA"C", both of which fiilfin the 
conditions. 
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Agean^ when B > OO"*, the measore of it, t. e., bssB, is the lecut indaded 
perpendicular that can be drawn to one eide of the 
Inne. Hence, in this case we cannot have 6 < B, 
which implies that sin b cannot be > sin B. since the 
greater arc has the less sine. If sin 6 = sin B, 
6 s= B, and BA = BC = W, and the side b can oc- 
cnpy but one position in the lune, thus giving lise b^ 
to but one triangle B AC, which satisfies the conditions 
(or two equal triangles BAC and B'AC). If 5 > B, 
which implies that sin 6 < sin B, the side b can 
occupy two positions in the lune, as b' and b^\ 

thus giving rise to two triangles BA'C, and B^^", both of which satisfy the 
conditions. 
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EXERCISES. 



1. In a right angled spherical triangle BAG* A being the right angle^ 
B = 80** 40', and a = 106° 34', to project the triangle and compute 
the other part& 



Projection.*— Projecting the triangle upon the plane of the side c (102)^ 
we have, BCA, Fig, 51. [The student should give 
the process.] 

BoLTmoN.— It is immaterial which of the re- 
quired parts we seelc first We will seek c. Now 
Uie three circular parts under consideration are e, 
compo, and comp B. Comp B is middle part, 
and the extreides areacUacent ; hence, by Napier's 
second rule we have, 

cosBsstanecota. 

cos B cos 80* 40^ 



or 



tan« = 




cot a cot 105^ 84 



/• 



Fio. 51. 



Now cos 80" 40^ is +, and cot 105*84' is — . Therefore tan is — , and c > 90* 



Computing by logarithms, 

log cos 80* 40^ 
- log cot 105* 84' 

= log tan « 
Add 10 for tab. tan 



OJe09993 
0.444047 

1765045 
10. 

9.765045. .-. e = 149* 47 ST'. 



* It is recommended that the projection be given aluHMfft before the trlffonometrical eohitlon. 
It Is in excellent exerciae, end fiflvos cleemees of perception. 

6 
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To find b. Bin 6 = sin a sin B = sin 105** 84' x sin SO** 40'. This makes b 
known by means of its sine, whence the signs of the formula do not determine 
the species of 6. But 6 is of the same spedes as B (1^^), and therefore ks 
than 90^ 

Compatmg by logarithms^ 

log sm 105^ 84' = 9.0B8770 
+ log sin 80' 40' = 9.994213 

Deductfaig 10 = 9.977983 = log sin h. /. * = 71' 54' 88". 

To find C, cos a = cot B cot C, or cotC =: — -ris = — rzKs-ns^' Whence 
•^ * ' cot B cot tiO 40 

cot C is — , and C > 90°. 

Computing by logarithms, 

log cos ia5' 84' = 9.428717 
- log cot 80*' 40' = 9 .215780 

Adding 10 = 10.212987 = log cot C. .-. C = 148" 80' 54'. 

SCH.— It is expedient to find each part directly from the parts giyen in the 
example, in order that an error in finding one may not extend itself thiongli 
the whole solution. 

2. Given a = 86** 51', and B = IB*" 03' 32", to project the triangle 
and compute the other parts. 

c = 86** 41' 14", b = IS*' 01' 50", C = 88^ 58' 25". 

3. Given b = 155** 27' 54", and c = 29° 46' 08", to project the 

triangle and compute the other parts. See ' 

^1^.52. ' \y 

a = 142° 09' 13", C = 54° 01' 16", 
B = 137° 24' 21". 

4 Given c = 73° 41' 35", and e = 
99° 17' 33", to project the triangle and 
compute the other parts. 

C = 73° 54' 46", b = 99° 40' 30", 

«•.««. « = 92^ 42' 17". ' 

5. Given B - 47° 13' 43", and c = 126° 40' 24", to project the 
triangle and compute the other parts. 

b = 32« 08' 56", a = 133° 32' 26", c = 144° 27' 03". 
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Projection. — In order to project this case, i. «., 
when the two oblique angles are given (lOS)^ it is 
most convenient to compute the base before pro- 
jecting. It is also expedient, when ttoo angles are 
given, to project the laryer at a point in the cir- 
cumference of the primitive circle, as at C, espe- 
cially if the smaller be quite small. In this case, 
projecimg the angle Cat C, Fig. 58, eoneeiw BA as 
drawn through P (or, if desired, sketch it hypo- 
thetically), and then compute 6, fh>m the relation 

»« • M I X cos B __ , 

006 B = sm C cos 6, or cos b •-= -. — ■=,. Havmir 

' sm C ** 

found 5 = 82'' 06' 56", take CA = 6, and draw AB through P. 




Fio. sa. 



6. Given B = 100% and b = 112% to project the triangle and com- 
pnte the other parts. 

Projection. — See Fig. 54. 

Numerical SoLuriON.^Tb Jhtd e, we have 

Binc=tan6cotB = tan 112'' cot lOO"*. 

Computing by logarithms, 

log tan 112" = 10.893590 
+ log cot lOO"" s= 9.246819 

Rejecting 10 = 9.089909 = log sin e. 

/. <5 = 25* 52' 88".4, or 154" 07' 26".6, t. «., BA, or BA'. 
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To find a, we have 

sin fr = sin a sin B ; whence sin a = 



sin ft _ sin 112" 
sin B ■" sin 100"' 



Computing by logarithms, 

log sin 112" = 9.967160 
- log sin 100" = 9.998851 

Adding 10 = 9.978815 = log sfai a. .-. a = 70" 18' 10".7, or 109" 41' 49".8, 
i 0., BC, or BC. 

lb find C, we have 

« ^.^ , .-.cosBcos 100" 

cos B scos 6 sin C ; whence sm C s - — - ss — ——. 

* cos b cos 113" 

Computing by logarithms^ 

log cos 100" = 9.289670 
- log cos 112" = 9.578575 

Adding 10 = 9.666095 = log sin C. .-. C = 27" 86' 58".8, or 152" 28' 01".2, 
i«., BCA, orBC'A'. 



/ 
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Thus we see that each of the two triangles BCA and BCW folfilla the con- 
ditions of the problem. 

7. Oiyen one side of a right angled spherical triangle 160°, and the 
opposite angle 150'', to project the triangle and compute the other 
parts. 

Results. — ^There are two triangles. The other sides of the first 
are 136° 50' 23", and 39° 04' 51"; and the angle opposite the latter 
side is 67° 09' 43". The corresponding parts of the other triangle 
are 43° 09' 37", 140° 55' 09", and 112° 50' 17". 

^''o. In the spherical triangle def, right angled at E, given an oblique 
angle 58°, and the side opposite 64°, to project the triangle and com- 
pute the other parts. 

9. In a right angled spherical triangle given an oblique angle 
165°, and the opposite side 112°, to project the triangle and com- 
pute the other parts. 

10. In a right angled spherical triangle given one side 65° 23' 12", 
and the opposite angle 65° 23' 12", to project the triangle and com- 
pute the other parts. 

11. Given c = 60° 47' 24".3, B = 57° 16' 20".2, and A = 90°, to 
project and compute. 

a = 68° 56' 28".9, c = 54° 32' 32".l, and 5 = 51° 43' 36".l. 

12. Given c = 116°, b = 16°, and the included angle 90°, to pro- 
ject and compute. 



/V 



\ 



/ 
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/ / QUABRAFTiL TRIANGLES. 

129. A QuadrantcU Triangle is a spherical triangle one 
-of whose sides is a quadrant, or 90°. Such a triangle is readily 
solved by passing to its polar, solving it, and then passing back. 
The polar triangle to a quadrantal triangle, bemg right angled, is 
solved by Napier's rules. 

Ex. 1. Given a = 90°, B = 75° 42', and c = 18° 37', to compute 
the other parts. 

8TJO*fl. — Representing the supplemental ports of the polar triangle by A\ 6', 
C, a', b\ and c', we have A' = 180' - a = 90% ft' = 180** - B = 104** 18*, and 
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C = 180' - <J = 16f as', from which to find B', a', and c'. This being right 
angled, we find, by applying Napier's rules, B' = 94° 31' 21", a' = 76" 25' 11", 
and d = 161* 55' 20". Hence in the primitive triangle we have h = 180° - ff 
= 85** 28' 39", A = 180' - a' = 103* 84' 49", and C = 180* - c' = 18° 04' 40". 

Ex. 2. Given a = 90% C = 42** 10', and A = 115° 20', to find the 
other parts. 

B = 54° 44' 24", * = 64° 36' 40", c = 47° 57' 47", ^ 




C^^O ^^-^ I' 



I 



SECTION II 



OF OBUQUE ANGLED SPHERICAL TBIANGLESL 

130* All cases of oblique angled spherical triangles can be solved 
by Napier's rules and the following proposition. 

131* Propm — In any spherical triangle^ if a perpendicular he 
let fall from either vertex upon the opposite side or side produced^ 
the tangent of half the sum of the segments* of that side is to the 
tangent of half the sum of the other two sides, as the tangent of half 
the difference of those sides is to the tangent of half the difference 
of the segments. 

Dbh.— In the triangle BAC let fkll the perpen- ^^ "^^ 

dicular p^ from C upon the opposite side. Let 
BD = Sy and DA = a'. By Napier's first rule, 
cos a = COS p coe «, and cos b = cos p cos «'. 



COSa COA 8 



Dividing the former by the latter, — . — , 

COS o cos o 

whence, by composition and division, 

cos h — cos a __ coe g' — cos s 
cos a + cos b ~~ cos » + cos «'' 




Fia. 6S. 



Bat by {61% 



and 



cos b — coaa 
cos a + cos b 

cos »' — cos a 
cos 4 + cos ^ 



=: tan i(a + 2) tan i(a — 5), 



= tan i (« + «') tan 4 («—«'), 



* When the peipeodicalar fhlls without the haee, as In Fig. M, this term Is to be vnderatood 
•f meaning the distances from the foot of the perpendicular to each extremity of the base, as 
BD <uid AD- This, iu Ihct, is the general statement— applying as well to the case when the 
peipendicaiar flUls on the base. 
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/. tan 4(a+J)tani(a— J) = tani(< + Otani(«— O; 
or, tan i (« + «') • tan i (a + i) : : tan i (a — ft) : tan i (« — «'). ^ E. D. 

132. ScH. 1. — Since fix>m a point in the soifaos 
of a hemisphere two perpendicuUin can always 
be drawn to the circumference of the great drde 
which forms its base, and since the feet of these 
perpendiculars are 180'' apart, and no side of a 
spherical triangle can equal 180*, the foot of one 
perpendicular will always fidl within the base or 
upon one extremity of it, and the other withoot 
the base ; or both will fall without the base. If 
we take the foot of the perpendicular which falls 
within the base, or the nearer one when both fidl 
without, the eum of the distances from the foot of 
the perpendicular to the extremities of the base is alwa3rs less than 180*, 
t. 6., + «' < 180°. When the perpendicular falls within, « + a" makes up one 
side of the triangle, and hence is less than 180°. If both perpendiculare fall 
without, let D, Fig, 56, be the foot of the nearer one. Now DB + BD' = 180* ; 
but by hypothesis DA < BD', .-. DB + DA < 180'. When DA = BD', DB + DA 
= 180°. 

133. ScH. 2. — As in spherical triangles the greater segment is not always 
adjacent to the greater side, it becomes necessary to determine the position of 
the segments. This can be done by the signs of the proportion 

tan i (« + *') : tan i (a + ft) : : tan i (a — ft) : tan i (« — ^O. 

1st Tan i (« + «') is always +, since. If D falls in the base, « + «' < 180*; 
and if D falls without, by taking the nearer perpendicular, « + «' is still < 180° 
(i5;9). .-. i (« + O < 90°, and tan i (« + «') is +. 

2d. When a + ft < 180°, tan i (a -f ft) is + ; and when a + ft > 180*. 
tan i (a + ft) is — . 

8d. When a>ft, a — ftisa positiye arc less than 180°, hence tan l(a ~ ft) 
is + ; and when a < ft, (a — ft) is a negative arc and less than 180°, hence 
tan i (a — ft) is — . 

4th. The signs of these terms being determined, that of tan i (« — O becomes 
known. Now, as H* — '') cannot be numerically greater than 90°, tan i (« — «^ 
is + when « > «*, and — when « < «'. 

6th. When f + f' = 180°, tan i{« + «')= oo. Now as a — ft < 180°, tan \ (a-ft) 
cannot be od, nor can tan ^ (« ~ y) = when the perpendicular falls without 
Hence to make the proportion possible, tan i (a + ft) must be oc, or a + ft = 180*. 
In this case we project on the plane of a or ft. If a +ft = 180°, and a +<> = 180', 
we project on the plane of a. If a+ft = 180°, a+6 = 180°, and ft+6 = 180*, the 
triangle is trirectangular. 

13^* ScH. 8. — If either segment is greater than the whole base, the perpen- 
dicular falls without the triangle. In this case the shorter segment lies in an 
opposite direction from its angle to that considered in the demonstration, and 
henoe is to be considered — ; and the algebraic sum of the segments is still 
equal to the side upon which the perpendicular is let fall. 
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13S* Prop* — In a spherical triangle^ the sines of the sides are 
to each other as the sines of their opposite angles. 

Deh. — By Napier's first rule we have from either Mg. 55 or Fig. 56, 

un p = sin a sin B, and sin p = sin 5 sin A. 

.*. sin a sin B = sin 6 sin A, or slq a : sin 5 : : sin A : sin B. q. b. d. 

ScH. — ^This proposition is not introduced here because it is necessary for the 
edluUon of spherical triangles, but because of its essential importance. It is 
often convenient to use it in the solution of a triangle, but never necessary, as 
will appear hereafter. It affords a ready method of determining a part offositb 
a given part, provided the species of the part be determined by other considerations. 



SOLUTION OF OBLIQUE ANGLED SPHERICIL TRIANGLES BY 
NAPIER'S RULES FOR RIGHT ANGLED SPHERICAL TRIANGLES. 

136m The examples which arise in the solution of oblique angled 
spherical triangles are all comprised under the three following 
problems, each of which consists of two cases : — 

1. When the given parts are all adjacent to each other. 

2. When two of the given parts are adjacent and one separate. 

3. When the given parts are all separate from each other. 



137* Proh* !• — Given three adjacent parts of an oblique angled 
spherical triangle, to solve the triangle. 

Case 1st. — Given two sides and the included angle. 

SoLTTTioK.-^Project the triangle on the plane of one of the given sides {10€)^ 
and let fall a perpendicular from the angle opposite upon this side or upon 





D 
Fig. 57. Fio. 68, 

this side produced, as the case may be. There are thus formed two right 
angled triangles, as BDC and DCA, each of which can be solved by Napier's 
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rules, by first solring the one containing the giyen angle. Thoa, in the triangle 
BDC right angled at D, a and B are snppoaed known ; whence CD, BD, and tha 
angle BCD, can be computed. As BA = « ia known, the segment DA can 
be found, it being the difference between c and the arc BD. When the aolu- 
tion of this triangle gives BD > e, it is evident that the perpendicular IhUs 
without the triangle, which will agree with the projection. Passing to the 
triangle ADC, right angled at D, we now know CD and DA; whenoe the 
other parts can be found. Finally, the angle BCA of the required triangle = 
BCD+DCA when the perpendicular fiedls withhi the triangle, and BCD — DCA 
when the perpendicular fhlls without 

Case 2d. — Oiven two angles and the included side. 

Solution. — The solution of this case is effected by passing to the polar 
triangle, projecting and solving it by Case 1st, and then passing back. 

138. SciL— A slight saving of labor is efilected by nsing {13S) in tiie solo- 
tion. Thus, in the triangle BCD, compute CD and BD as before, and (not oom- 
puting angle BCD) then passing to the triangle DCA, compute 6 and A. Finally, 
compute C (the entire angle) from the proportion 

sin 6 : sin 6 : : sin B : sin C. 



139. Frob. 2.^In an oblique angled spherical triangle, given 
two parts adjacent to each other and one separated from both of them, 
to solve the triangle. 

Gabb 1st — Oiven two sides and an angle opposite one ofthenu 

SoLxmoK. — Project the triangle on the plane of the unkruncn side, with the 
given angle at B ; and let ikU the perpendicular from the angle C opposite the 
unknown side. Compute the triangle BDC. Having computed this triangle, 





Fio.eo. 



compare the side opposite the giyen angle, as 5, with the perpendicular and 
the arcs BC and CB', %, a, with p, a, and 180* — a. If b = p there is bat 
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one solution and the triangle is right angled, A fklling at D. If 5 is inter- 
mediate in yalue between p and both a and 180* — a, it can occupy two positions 
as in Ftg. 60, and there are two solutions. If 5 is intermediate in yalue between 
p and only one of the arcs a or 180" — a, there is but one solution. When B < 90* 
the perpendicular is feM than any oblique arc ; hence in this case, if 6 <^, there 
is na solution. But if 6 > 90*, the perpendicular is greater than the oblique 
arcs ; hence in this case, if 6 > p, there is no solution. [These results should be 
obtained independently of the results given by the projection, and one be made 
a check upon the other.] The solution is now completed by computing the 
parts of OCA, and adding or subtracting the segments BD and AD, and the angles 
BCD and ACD, as the case may require. 

Case 2d. — Given two angles and a side opposite one of them. 

Solution. — ^Pass to the polar triangle ; solve it, and then pass back.* 

140» ScH. — ^The relation established in {13S) may also be used in tiie 
solution of this problem. Thus, having projected the triangle, computed 
/>, and determined whether there are one or two solutions, to find A, when 
a, 6, and B are given, we have, sin 6 : sin a : : sin B : sin A. Then computing 
the third side e (or sides), by means of the right angled triangles BCD and DCA 
as before, we may use the proportion {13S) to find the angle BCA and BCA'. 
But the use of this proportion gives no advantage except in cases in which 
there is only one solution. 



141» JProb* 3. — In an oblique angled spherical triangle^ given 
three parts all separated from each other ^ to solve the triangle. 

Case 1st. — Oiven the sides to find the angles. 

SoLxrriON. — ^ProJect the triangle on the plane of one of its sides, as c. From 
the proportion, 

tanK< 4- O - ^<^ Ka + ^) ' ' ^^^(^ *" ^) ' ^t^K'^Of 

* This case can be projected and solved In a manner • 

altogether similar to the first, without passing to the ^.<rA — "<■>>. 

polar triangle. Thus, let B* <ii <u^d A l>o the given parti. y 

Project the triangle on the plane of c^ as in the flgnre. / 

Project B In the asoal way, and make BC = the projeo- / 

tlon of a. Through C draw DD'. »nd make BDO = the f\ — --®^L._^&^ 
projection of A* Drawing the small circle with radius B fsj'^ V y. / \ 
PCi draw diameters through the intersections Q and 0'* \ /^x^^st^ 

Then will A *nd A'i)« the vertices of the triangle re- \\/ \l \ 

quired. The student may prove that the figures PQD ^>w rsA 

•nd PC A MO equal, and also PO'D »nd PCA'» snd ^^^^ 1 ^ 

hence that angle BDO = A » A'* 
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find i(« — «'). Then half the snm of the 8^;ments 
+ half the difference gives the greater segment, and 
half the sum — half the difference gives the less^ 
Determine finom the signs of the terms whether m is 
greater or less than «' : and also determine whether 
the perpendicular lies within or without the tri- 
angle (134). Observe that these results correspond 
A to those given by the projection. Finally, in each 
of the two right angled triangles BCD and DCA, 
there are two sides given ; whence the angles can 
be found by Napier's rules. If the perpendicolar 
falls within, C = BCD + DCA, and A, of the re- 
quired triangle = DAG. If the perpendicular fidls 
without, C = BCD — DCA, and A of the triangle 
= 180' - DAC. 

Casb 2d. — Given the angles to find the 
sides. 

BoLXjnoN. — ^Pass to the polar triangle ; solve it, 
and then pass back. 

142. ScH.— Here, again, (13S) affords a slightly 
more expeditious solution. Having projected the 
triangle, found and located the segments, and com- 
puted one angle, as B, by the methods given above, the other angles may be 
found from the proportions, 

sin 5 : sin a : : sin B : sin A, 
and sin 6 : sin 6 : : sin B : sin C. 




EXEBdSES. 

1. Given b = 120° 30' 30", c = 70° 20' 20", and A = 50° 10' 10", 
to project and solve the triangle. 

Pbojection.— See Fig, 64. 

Triookombtrical 8oLunoN.^lst To mdw the 
triangle ABD, in which the two known parts ve 
situated. 

(a) To find p, sin p = shi 6 sin A. 

log sin 70* 20' 20" = 9.978912 
+ log sm 50' 10* 10" = 9.885829 

Rejecting 10 = 9.859241 = log sfai ;? 
/. p = 46' 19' 01", the species being determined 
by the opposite angle (125). [Observe that the re- 
Fia. 61 suit corresponds with the projection]. 
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C06 A 

(b) To find AD, cos A = cot0 tan AO, or tan AD = — -- . 
^ ' cot c 

log cos 60" 10' 10" = 9.806533 

- log cot 70° 20' 20 ' = 9.563016 

Adding 10 = 10.258516 = log tan AD. /. AD = 60° 60' 49". 
the species being determined by the signs of the formula. 

(c) To find angle ABD, cos c = cot A cot ABD, or cot ABD = rrrx. 

log cos 70° 20' 20" = 9.526929 

- log cot 60° 10' 10" = 9.921204 

Adding 10 = 9.605725 = log cot ABD. .-. ABD = 68' 01' 58" 
the species being determined by the signs of the formula. 

2d. To 9olve the triangte DBC. 

(a) To find DC. Since AD < h^ the foot of the perpendicular fulls in the base, 
and DC = AC - AD = ft - AD = 120° 80' 30" - 60* 50' 49" = 59° 89' 41". 

(ft) To find a, cos a = cosp cos DC 

log cos 46° 19' 01" = 9.889270 
+ log cos 59° 89' 41" = 9.708886 

Rejecting 10 = 9.542656 = log cos a. .'. a = 69* 84' 66", the 
species being determined by the signs of the formula. 

(<J) To find C, sin = sin a sin C, or shi C = -r— . 

logshi;? =9.859241 

- log sfai 69° 84' 56" = 9.971820 

Adding 10 = 9.887421 = log sin C. .-. C = 50° 80' 08", the 
species being determined by the side opposite. 

sin 2? 

(d) To find angle DBC, sin p = tan DC cot DBC, or cot DBC = p^ . 

log sin ji =r 9.859241 

- log tan 59° 89' 41" = 1 0.232658 

Adding 10 = "9.626588 = log cot DBC. .'. DBC = 67° 08' 86", 
the species being determined by the signs of the formula. 

Finally, B = ABD + DBC = 68° 01' 53" + 67° 08' 86" = 186° 05' 29". 

ScH.— We might have omitted the computation of angle ABD in the first 
part, and DBC in the second, and liave found instead the entire angle B fh)m 
sin a : sin ft : : sin A : sin B. To compute this requires the looking out of but 
two logarithms, since sin a is given in the second part (c), and sin A in the first 
part (a). 

2. Given a =^r 35', b = 27° 08' 22", and A = 40° 51' 18", to 
project and compute the triangle. Between what limits must the 




e 



92 8PHEBICAL TBIOONOMETBT. 

value of a be assigned in order that there may be two solutions ? Be- 
yond what limiting values of a is a solution impossible ? 

PBOjBcnoN. See Fig, 65. 

Tbigonombtbigal Solution.— To find p, sinp 
= sin 6 Bin A. 

log sin 2r 08' 22" = 9.659115 
+ log sin 40° 51' 18 " = 9.815675 

Rejecting 10 = 9.474790 = log sin p. 
.-. p = 17* 21' 40". [Reason for the species.] 

We now observe that there is ens and 4mi^ oim 
solution, since the arc a (97° 85') cannot lie between 
Big. 65. CD (17° 21' 40") and h (27° 08' 22"), but cajh Ue be- 

tween CD and CA' (180° - & = 152° 51' 88"). 

ToflndAD.cosA =ootdtanAD or tan AD = ^5?:4. 
' cot 6 

log cos 40° 51' 18" = 9.878788 

- log cot 27° 08' 22" = 10.290226 

Adding 10 = 9.6t«i607 = log tan AD. /. AD = 21° 11' 80".«. 

To find angle ACD, cos 6 = cotA cot ACO, or cot ACD = — -r-. 

* ' cot A 

log cos 27° 08' 22" = 9.949340 
- log cot 40° 51' 18" = 10.0680575 

Adding 10= 9.8862825 = log cot ACD. .'. ACD ss 52° 25' 01". 
[Reason for the species. ] 

To find B, sinp = sin a sin B, or sin B = ^-^. 

* '^ ' sm a 

log sin p (as above) = 9.474790 
- log sin 97° 85' = 9.996185 

Adding 10 = 9.478605 = log sin B. . •. B = 17° 31' 09". 
[Reason tor tne species.] 

cos o 
To find DB, cos a = cos p cos DB, or cos DB = 

log cos 97° 35' = 9.120469 

- log cos 17° 21' 40" = 9979750 

Addhig 10 = 9.140719 = log cos DB. .-. DB = 97° 56' 51".a 
[Reason for the species.] 

AB = AD + DB = 21° 11' 80".6 + 97° 56' 61".8 = 119° 08' 21".9. 

To find DCB, sui p = tan DB cot DCB, or cot DCB = t^kL. 

'^ . * tan DB 

log sin p (as above) = 9.474790 
- log tan 97° 56' 51".8 = 10.855090 

Adding 10 = 8.619700 = log cot DCB. .-. DCB = 92° 23' T'.T. 
[Reason for the species.] 

ACB = C = ACD 4- DCB = 53° 25' 01" + 92° 28' r'.7 = 144° 48' 8".7. 
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Pinslly, we obseire that, if any value were assigned to a between b {^V 08' 22") 
and CD (17'' 21' 40") there would be two solutions ; since for such values the side 
a could lie on both sides of CD. But, for any value of a less than CD (l?** 21' 40"), 
there would be ru> solution ; since CD is the shortest distance from C to the arc 
ABA'. Also, for any value of a greater than the arc CA' (152'' 51' 88"), there 
would be no solution, as such an arc would fall between CA' and CD' (if not 
> CD'), and consequently would make e > 180**. 

8cH. — ^Snch examples as this and the preceding can be more expeditiously 
solved by using p in each equation in solving the triangles ACD and DCB. By 
this means and using (13S) to determine the side e, the solution can be effected 
with only 12 logarithms. Thus in Ex. 2. 

laL To find p, tinp ssln^ sfaiA^ rcqnlre* 8 logarlthmB 

9d. Toflnd ACDi coe ACD = cot6 tanp, reqalres 8 " 

8d. Toflnd QCB« cos DCB » cot a tan p, reqalree S " (lofir tan p being known)* 

4th. To find B, chip s 0ln a Bin B* requires S (log sin p being known). 

5th. To find c, tin A : sin C : •' »in a : ein 6, reqaires %^ *' (log'* of sin A And tin a 

Total IS logarithms bein;? kuown.) 

3. Given a = 76° 35' 36", t = 50° 10' 30", and c = 40^ 00' 10", to 
project and solve the triangle. 
Projbction.— See ^. 6ft. 

Trigonometrical Solution. — 1st To find the 
segments CD and DB, we have, 

tan i(« + «'), 
or 

tan ia : tan i{b + c) : : tan ■!(& — c) : tan i(s — $'), 

Computing by logarithms. 

a. c. log tan ta = log tan 88" 17' 48" = 0.102661 
+ log tan K* + c) = log tan 45" 05' 20" = 10.001347 
+ log tan i(b - c) = log tan 6' 05' 10" = 8.949406 

Bejecthig 10 = 9.058314 = log tan K« — s'). 

.-. i{« - «') = 6" 27' 02". 

In order to determine whether « or «' is the greater,* we observe the signs 
of the proportion, and finding tan Us — «') positive, know that s > «'. 

Hence, « = i(« + O + K* - «') = 38' ir 48" + 6* 27' 02" = 44' 44' 60", 
and s' = K« + O - K« - «') = 38* 17' 48" - 6' 27' 02" = 81" 60* 46". 

Tlie angles sought are now readily found by computing the two right 
angled triangles ADC and ADB. 




* Though the projection generally determines such fkct« as thi«, the vpecies of i>art8, and 
the nnmber of solutions in ambiguons caees, tJU ttudent ihtnild not rdy upon it^ bat determine 
each snch flict npon pnrelj trigonometrical considerations, merely using the projection to give 
clearness to the conception, and as a rough check against errors. 
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Or, having computed C from the triangle ACD, we may find A and B more 
expoditioasiy by using the proportions, 

sin « : sin 6 : : sin C : sin B, « 
and sin 6 : sin a : : sin C : sin A. 

The angles are C = 84" 16' 03", A = 12V 86' 12", and B = 42" 15' 18". 

4. Given A = 128° 45', C = 30** 35', and a = 68° 50', to eolve the 
triangle. What values of A give two solutions ? What none ? 

c = 37° 28' 20", ft = 40° 09' 04", and B = 32° 37' 58". 

6. Given A = 129° 05' 28", B = 142° 12' 42", and C = 105° 08' 10", 
to solve the triangle. 

a = 135° 49' 20", b = 146° 37' 15", and c = 60° 04' 54". 

6. Given a = 68° 46' 02", b = 37° 10', and C = 43° 37' 38", to 
project and solve the triangle. 

A = 116° 22' 22", B = 35° 29' 54", and c = 45° 52' 34". 

-W. Given a = 40° 16', b = 47° 44', and A = 52° 34', to project 
and solve the triangle. What values of a give but one solution ? 
What none ? 

There are two triangles.— In the Ist^ c = 53° 19^ 20", B = 65° 16' 
35", and C = 79° 62' 21". In the 2d, c = 14° 18' 22", B = 114° 43' 
25", and C = 17° 39' 22". 

8. Given a = 62° 38', b = 10° 13' 19", and C = 160° 24' 12", to 
project and solve the triangle. 

A = 27° 31' 44", B = 5° 17' 58", and c = 71° 37' 06". 

9. Given a = 56° 40', J = 83° 13', and c = 114° 30', to project 
and solve the triangle. 

A = 48° 31' 18", B = 62° 55' 44", and C = 125° 18" 56". 

10. Given A = 50° 12', B = 58° 08', and a = 62° 42', to solve the 
triangle. What values of A give but one solution ? What none ? 

TJiere are two solutions.— Ist, 5 = 79° 12' 10", c = 119° 03' 26", 
and C = 130° 54' 28". 2d, b = 100° 47' 50", c = 152° 14' 18", and 
C = 156° 15' 06". 

11. Given A = 36° 25', B = 42° 17' 10", and C = 95° 10' 06", to 
project and solve the triangle. 
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12. Given a = 124° 53', b = 31° 19', and c == 171° 48' 22", to 
Bolve the triangle. 

13. Given a = 150° 17' 23", b = 43° 12', and c= 82° 50' 12," to 
solve the triangle* 

14. Given a = 115° 20' 10", b = 57° 30' 06", and A = 126° 37' 30", 
to solve the triangle. 

15. Given A = 109° 55' 42", B = 116° 38' 33", and C = 120° 43' 
37", to solve the triangle. 

16. Given A = 50°, b = 60°, and a = 40°, to solve the triangle. 

17. Given a = 50° 45' 20", b = 69° 12' 40", and A = 44° 22' 10", 
\o project and solve the triangle. 

There are two solutions.— Ist, B = 57° 34' 51", C = 115° 57' 51", 
and , c = 95° 18' 16". 2d, B = 122° 25' 09", C = 25° 44' 32", and o 
= 28° 45' 05". 

18. Given b = 99° 40' 48", c = 100° 49' 30", and A = 65° 33' 10", 
to project and solve the triangle. 

a = 64° 23' 15", B = 95° 38' 04", and c = 97° 26' 29". 

>t 19. Given A = 48° 30', B = 125° 20', and c = 62° 54', to solve the 

triangle. 

a = 56° 39' 30", b = 114° 29' 58", and c = 83° 12' 06". 

20. Given C = 54° 15' 03", B = 40° 18' 13", and a = 70° 30' 30", 
to solve the triangle. 

21. Given A = 47° 54' 21", c = 61° 04' 56", and a = 40° 31' 20", 
to project and solve the triangle. 

22. Given A = 50° 10' 10", b = 69° 34' 35", and a = 120° 30' 30", 
to project and solve the triangle. 

— > 
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SECTION III. 

GENERAL FORMUL£. 



[NoTB.— This section is designed for such as 
make mathematics a specialty. The preceding 
sections are thought sufficient for the general 
student] 

143. "Prop. — In a Spherical Tri- 
angle the cosine of any side is equal to 
the product of the cosines of the other two 
sideSf plus the product of the sines of those 
sides into the cosine of their included 
angle; that is, 

(1) co8a = cosb coBc -h Bmbmncco&A; 

(2) coBb = cosacos(; + sinasinccos b; ^ A» 

(3) coBC = cosacosi + sinasindcos C. 

DsM.— From Fig. 67, we haye, 
cos a = 008 (c — a;) cosp 




cos (C — JT) cos 6 r , 000 61 

= — ^ since cos o = 

cos* L cosajj 



cosd cose cos <B + oosd sin <; sin 2 



COB a; 



[expanding cos 



(c-«)] ^^ U 



= cos b coae + cos & sin^ tan x I since = tan x I 

L C08« J 

since co8A=cot&tan« = — ^\=r — . 
In a similar manner (2) and (8) may be produced. 



*. » 



I 



« 



have, 



144. Cob. 1. — From set A, hy passing to the polar triangle, we 



(1) cos A = 

(2) cos B = 
(8) cose = 



^ COB B cos c + Bin B sin C cos 

— cos A cos C + sin A sin C cos 

— cos A cos B + sin A sin B cos 




DsH.— Letting a\ h\ &^ A', B', and C represent the parte of the polar triangle, 
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we have a = IW - A', ft = 180** — B', c = 180*' - C, A = 180* - a', B = 
180** - ft', and C = 180° - d. Whence, substituting in (1) A« we haye, 

cos (180* - AO = co8(180* - B') cos (180*' - C) 

+ sin (ISO** - BO sin (180' — C) cos (180^ - a'), 
or, cos A' = — cos B' cos C + sin B' dn C cos a\ 

since cos (ISO** — AO = — cos A\ etc. ; and sin (180** — B^) = sin B', etc. 

finally, dropping the accents, since the results are general, and treating (21) 
and (tt) of set A in the same way, we haye set B. 

14^. Gob. 2. — Fram A arid B we readily find (he angles in terms 
of the sidesy and the sides in terms of the angles, Thusyfrom A, 



(1) C08A=: 

(2) oosB = 

(3) cos C = 



cos fl — cos J cos c ^ 
sin bAvLC ' 

cos* — cos a cose 



Bin a sin c 

cose— 'COS g c os ft 
sin a sin & 



A'. 



From By 




.-X COS A + COS B COS C '^ 

(1) COS a = . ^ . — ; 

^ ' sin B sine 

cos B + cos A cos C . 



(2) C08& = 

(3) cosc = 



sm A sin c 

cos c + COS A cos B 

sin A sin B 



^B'. 







146. Prop. — Formulm A', and B', adapted to logarithmic com^ 
puttUioUf becomey 



t 



(1) Bin^A 



(2) BinfB 



(3) sinic 



-i/^ 


(i« 


— b) sin (^ - 


-c). 


"f 




sin b Bxnc 




/55 


(i« 


— a) sin {^s - 


-c). 


-y 




sin a sin c 


9 


./S5 


(i» 


— a) sin {^s - 


-b) 



f 



A". 
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And 



(1) 8in4« = 



(3) sin id 



(3) einl« 



-\r- 



' COS ^s cos (^s — 


A). 


sin B sin c 


} 


cos JS cos (|S — 
sm A sin c 


B). 

> 


cos is cos (is — 


c) 



> B 



// 



Bin A Sine 



Dkic— Subtracting each member of (1) A' fix>m 1, we have, 



1 — cos A = 1 — 



cos a — cos h cos c cos b cos e + sin d sin <^ — cos a * 



•. 2 sin* iA = 



sin 6 sine 
io^ <?) — cos a 



sin b sin e 



_ cos (5_-- e) 



sin & sin c 



, since 1 — cos A = 2sin' iA (62, Su 



and cos b cos e + sin & sin c = cos (6 — 0) (^5, D). 

Now letting y = ft — «, and jt = a, we see from (59, D') that cos (6 ^ e) 
— cosa = 2 sin ^a + 6 — c) sin i(a + c — ft). 



Hence, 



2 sin* iA = ^«^'^i<<* + ^ - <^) g^i(<' + <^ - ^) 

sin ft sin c * 



or, 



sini A =.i/^^^ ^ ft~c)8ini(a + c - ft) 
r smftsme 



Finally, patting a = a + ft + c, whence K« + *—«) = i« — «# 



and 
we haye, 



l(a + tf — ft) = i» — ft, 



Bin iA = >ina.-ft)sin(i.-.) 
r Sin ft sin e 



In like manner, (2) and (3) of set A' reduce to (2) and (8) of set A". 
Again, subtracting each member of (1) set B', fnmi 1, we haye. 
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l-'00ea = l — 



cos A + cos B cos C sin B sin C — cos B cos C — cos A 



sin B sin C 



sin B sin C 



/. 2sln'ia=: 



— cos (B ->- C) — cos A cos (B -f C) 4- cos A 

sin B sin C '^ sin B sin C 



2co8 i(A + B + C) cos i(B 4- C 4- A) 

sin B sin C 
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Now patting S = A + B + C, whence i(B + C — A) = JS — A, we have» 



sinia = |/ — 



cos 4S cos (iS — A) 



sin B sin C 
In the same manner, (2) and (3) of B" are deduced from (2) and (3) of Is . 



147* Cor. 1. — Passing to the polar triangle^ A" and B" become 
(1) cos 



_ ^ / cos (jS — b) cos (t^S ~ C) . 

sin B sin C 



(2) cos 



(3) cos 



>«=/ 
»-i/'- 



— A /cos (|s — A ) cos (^S — C) . 

sin A sin C 



— . A /cos (^S — A) cos (^s — b) ^ 

sin A sin B 



»«=/ 



. j^m 



And 



(1) cosi^A = 



/sin f? sin(|j? - g) , 
^^'^y sin ft sine ' 



(2) cos^ = 



/ sin i^ sin 



(ii--l). 



sine 



^A 



f/# 



(3) cos ^C = 



/ smi^sin(f 
•^ '1/ sin a si] 



sin ft 



i^^* ScH. — FormnlsD A'" and B'" can be obtained directly from A and 
B, in a manner altogether similar to that in which A" and B" were deduced, by 
adding each member of the equations in sets A and B to 1, instead of subtrac^ 
ing, and observing that 1 + coss = 2 cos' ix, 

149m CoR. 2. — Dividing theformulm of set A" by the correspond- 
ing ones of set A'" ; and, in a similar manner, those of B'" by 



those o/B", and putting / ""(J^ - «) ""^O^-^) «in (j . 



and V "^ <*^ - ^^ ^^^^ 7 °> °°^ <^^ - ^) = K, ««, have, 

^ — cos ^S 



(1) tanjA = 



(2) tan^B 



(3) tan^c 



=1/ 



sin (\s — ft) sin {^s — c) 
sin ^ sin (f9 — a) 



sin (\s — a) sin (^a — c) _ 



8in(^— a)^ 
Jc 



sin J^ sin {\s — ft) sin (i*- ft) ' 

si n (^s — g) sin (^^ — ft) _ k 

sin ^s sin (i« — c) ~ sin (fs — c)* 



rA 



IT 
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(1) cotla = 



y 



COB (^S ~ B) COS (^S — C) 
— cos ^S COS ( Js — A) 



(2) cot id 



(3) cot|^ 



_ J /cos (jS — A) cos (t^s — C) _ 



-\/' 
y 



— COB ^S COS (JS — B) 

COS (t^S -" a) cos (js — b) 

— COB |S COS (^S — C) 



K 


• 


C08(^ - 


-A)' 


K 


• 


COS (is - 


-B)' 


K 





COS (JS — C). 



B' 



ScH.^Iii these/i^rmti^a A; is the tangent of the arc with which the inscribed 
eircle is described, and K is the cotangent of the arc with which the circom- 





Fio. es. 



Fu. m. 



scribed circle is described. Thus, using the common notation, we have In 
¥ig. 68, AD = AD' = i« — a, and angle PAD = \k\ whence 

tanPD 



sin AD = cot PAD x tan PD = 



tan PAD* 



or 



*«« iA = ■^^^'^ ^ = "^^ ^,, [(1) A'^]. .-. * = tan PD. 

sin (i« — a) sin (i» — a)' *-^ ' ^ 

From Fig. 09, we have, AD = i^, and angle PAD = }S » C 
Hence, coa (iS - C) = cot AP x tanK or tan 1« = 22!^=-5)» 



or cot^s 



ootAP 



cos (iS - C) ■" cos (iS — C) 



, [(8) B«^. .-. K = cot AP. 



GAUSS'S EQUAHOHS. 
ISOm JProbtc^To deduce Oaue^e Equations, which are 



(1) 

(2) 



anJ(A + B) _ cosi(g — b) ^ 

"" cos^ \ 

, gini(a-ft) , 
Binic ' 



coB|<r 

sin i( A — B) 
cosfc 



,1 



t 
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{Z\ ^si(A + B) _ cosi{a + b) . 
^ ' Bin^C coB^c ' 

(A\ <^Q8 i(A — B) _ sin |(a + 8) 
^ ' fiin^ em^ ' 

Solution.— From A, page 25, we haye, 

sin (iA + (8), or sin i(A + B) = sin iA cos iB + cos iA sin (B. 

Sabstitating in the second member the values of sin ^A, cos iB, cos ^A, and 
sin ^B , flrom A" and A'", there results, 



. w . g. _. sin iks - b) / sin i< sin {js -- c) ^ sin (\s - a) /sin ^s 8in(i<r — c) 
*^ ' sin 6 y sin a sin 6 sin c V sin a sin 6 

_ sin (^ - ft) + sin {jj—a) V ain ^ sin {js - c ) 

sine V sin a sin 6 ^ ^ ' ^' 

. shi (js-b) + sin (i< ~ a) ^ 

=: - ' ' COS "tw. 

smc 

Bat 8hi(i< — ft) + 8hiU< — a) = sin(ia + ift + }e — ft) + sin(ia + id + i« —o) 

= sln He + «a - ft)] + sin [ic - i{a - ft)l 
= 2sinitfco8i(<>-d)* {^9,Af). 

Also, sin = 28in i« cos -}0. 

Substituting these values, the preceding becomes, 

1 ,/ A Bv 2 sin i« cos Ua — ft) ,^ 
rin i(A + B) = — a • I I — ' «» 4^ • 

'2 sm ie cos -Jc " 

. sin KA -H B) _ cos Ka - ^) ... 
" coeiC "■ cosic • ^' 

In like manner starting with 

sin (iA - iS ), or shi i(A — B) == sin iA cos iB — cos iA shi iB, 

' COS iC sm itf ^ ' 

Starting with cos (iA + IB), orcos i(A + B) = cos ^A cos ^B — sin ^A sin^B, 

sin iC cos 4e ^ ^ 

Starthigwlth cos(iA — iB), or cosi(A — B) = cosiAcosiB +siniAsiniBk 

♦K««» «»*nit- COS KA - B) _ sin i(a + ft) 

there results, ___-=.__.___ (4) 
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NiPIEB'S A91L0GIES. 
ISl. JProb* — Th deduce Napier^ a Analogies, which are 



(1) 
(2) 
(3) 
(4) 



tan |(a + b) _ cos ^{a — b) , 
cot ^ "~ cos ^{a + b) ^ 

tan ^(A — B) _ sin |(a — b) ^ 
cot ic "" sin |(a"4rjj * 

tan^(g -f J) _ cos ^(A — b) . 
tan ^ "" cosi(A + sy 

tan i(^—b) _ sin ^(A — b) 
tanjc "" 8m|(A + b)' 



SoLxmoK.— To deduce (1), divide the Ist of Gauss's Equations by the 8d. 
To deduce (2), divide the 2d of Gauss's by the 4th. To deduce (d\ divide the 4th 
of Gauss's by the 8d. To deduce (4), divide the 2d of Gauss's by the let 

152. ScH. — In using these formula the species must be carefully attended 
to. Thus in (1), cot )C and cos K^ — &) are necessarily + ; hence tan ^A + B) 
and cos ^(a + b) are of the same sign with each other. In (2), cot iC and 
sin i{a + ^) are both + ; hence, tan i(A — B) and sin ^(a — b) are of the same 
sign with each other. And similar inspections may be made upon (8) and (4>. 




EXEBGI8ES. / , , , ^^ ^ 

ISS* The proposition that *' The sines of the angles are to each 
other as the sines of their opposite sides" (13S), Napier's Analogies 
(ISl), and formulsB A'% B*"" {14:9) are sufficient, in themselves, to 
effect the solution of all cases of oblique spherical triangles; and 
for practical purposes they generally require less labor than Napier's 
Bules. We give a few solutions and refer the student to the ptre- 
ceding Exercises for further practice. 

1. Given a = 100°; c = 5*" and 4 = 10% to solve the triangle. 
(Pros. 1, Case 1st, 137.) 

1st To find A and B we have, 

cos K^ + () : cos !(<> ~ b) : : cot ^C : tan i(A + B) ; 
and shi Ka + b) : sbx Ha — 5) : : cot ^C : tan ^(A - B) [ISO (1) (3)} 
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Compnting by logarithms, we bare, 

ar. CO, log cos [^a + b) = SS**] == 0.241400 
+ log COB li(a - 6) = 45^ = 9.8^485 
+ )ogcotUC = 2'»30'] = 11.359907 

R^ectlng 10 = 11.450801 = log tan i(A + B). 

.-. KA + B) = 87" 58' 18". 
ar. oa log sin [Vfl + 5) =r 55'] = 0.086685 
+ log Bin [Ha - 6) = 45''] = 9.849485 
+ log cot [iC = 2** 80'] = 11.859907 

RejecUng 10 = 11.290027 = log tan 4(A ~ B). 

.-. J(A - B) = 87' 06' 16" 

The Bigns of all the terms being +, KA.+ B) and i(A — B) are both lees 
than 90'. 

KA + B) + i(A - B) = A = 87' 68' 18" + 87' 06' 16" = 175' 04' 84" 

J{A + B) - i(A - B) =±: B = 87' 58' 18" - 8r 06' 16" = 0' 52* 



2cL To find e. This may be foand from the proportion, 

sin A : sin C : : sin a : sin 0, 

or from the 8d or 4th of Napiei'a Analogies. We use the last, though the first 
is equally expeditious. 

sin KA — B) : sin {(A + B) : : tanK^ — &) : tan ic 

ar. CO. log Bin [KA - B) = 87' 06' 16"] = 0.000555 
+ log sin [KA + B) = 8r 58' 18"] = 9.999728 
+ log tan [Ko - 6) = 45'] = 10.000000 

R^ecting 10 = 10.000288 = log tan f;. 

/. u = 90' 02' 14". 

2, Given a = 135° 05' 28".6, C = 60° 30' 08".6, and b = 69° 34' 
56".2, to solye the triangle. 

Ist To find a and c The 8d and 4th of Napier's Analogies fpre^ 
cosKA + C) : cosKA — C) : : tan id : tani(a + e); 
and sin i<A + C) : sin KA — C) : : tan 1& : tan K^ — 6\ 

Computing by logarithms, we have 



ar. CO. log COB 
+ log cos 
+ log tan 



[KA + C) = 92' 4r 48".6] = 1.8116286 • 
KA - C) = 42' 17' 40 '] = 9.8690585 
^ =5 84' 47' 28".l] = 9.8418527 

Rejecting 10 = 11.0225348 = log tan Ua + e\ 

... ^a-^e) = 95' 25' 25". 
Ka + «) > 00', since cos KA + C) is -, cos KA - C) is +, and tan \b is +, 
making tan K^ + e) — . 

• These logarithms are taken fh>m 7-place tables, in order to obtain the tenths of seconda 
accaratdy. 
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ar. CO. log Bin [KA + C) = 92' 47' 48".6] = 0.0005176 
+ log sin [KA - C) = 42' 17' 40" ] = 9.8279768 
+ log t^ [i* = 84* 4r 28M] = 9.8418527 

Rejecting 10 = 9.6703471 = log tan K« — <^ 

.-. ^a-e) = 26* 05' 05". 

i{a — e) < 90*, since the signs of the tenns are all +. 
«a + «) + i(a - c) = a = 120* 80' 80", and K« + tf)— K«- «) = « = 70* 20' 20". 

2d. To find B. Either of the Ist two of Napier's Analogies will give B. 
Thus (1) becomes, 

cos -K^ — c) : cos K<> + <0 : : ^&i^ KA + C) : cot iB ; 
and (2) sin i{a — e) : sin K^ + «) : : tan i(A — C) : cot ^B. 

But as i(a + e) is so near 90*» it will be better to use the second of these 
than the first Or we may with equal accuracy use, 

sin : sin 6 : : sin C : sin B. 



ar. CO. log dn (c : 
+ log sin (b 
+ log sin (C 



0.0260878 
9.9718202 
9.8874210 



70*20*20" ) 
69* 84' 56".2) 
60* 80* 08".6) 

Bejectmg 10 = 9.8858290= log shi B. /. B =: 50* 10' 10". 



3. Given a = 60** 45' 20", * = 69^ 12' 40", and A = 44** 22' 10", 
to solve the triangle. 



1st To find B. 



sin a ! sin & ! t sin A : sin B. 



ar. CO. log sin (a = 60* 45' 20') = 0.1110044 
+ log sin (b = 69* 12' 40") = 9.9707626 
+ log shi(A= 44* 22' 10") = 9.8446525 

Rejecting 10 = 9.9264195 = log ski B. .•. B = 67* 84' 61".4, 

and 122* 25' 08".6. There are two solutions, shice a is intermedhite in value 
between |? and both b and 180* — b* 




* The determination of the species of B« or what Is 
the same thing, the nomber of solatlona, can nsully be 
effected by a simple inspection without any oompata- 
tion whatever. Thus, sin p =r sin d sin A« the loga- 
rithms of which are given above, as Is log sin a. Now. 
as both a and p are < D0<*, and log sin p < log sin a, 
p<ia,' But a <6, and al«o less than 180" — d. Ail 
this can be seen at a glance. 
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To find C and of the larger triangle in which B = 57' 84' 51".4 

Napier's Ist gives 

ar. CO. log COB [^b - a) = 9" 18' 40"] = 0.0056570 
+ log COB lUb + a) = 59" 59] = 9.6991887 

+ log tan [KB + A) = 50' 58' 80".7] = 10.0912464 

Bejecting 10 = 9.7960921 = log cot (C. 

.-. C = 115' 57' 50".7. 

Napier's 8d gives 

ar. CO. log COS [KB - A) = 6' 86' 20".7] = 0.0028928 
+ log cos [KB + A) = 50'* 58' 80".7] = 9.7991039 
+ log tan [Hb + a) = 69' 59'J = 10.28826 89 

Rejecting 10 = 10.0402656 = log tan ie. 

,\ c = 95" 18' 16".4, 

8d. To find C and e of the smaller triangle in which B = 122' 25' 08'^6. 
Using the same farmtda as before. 

ar. CO. log cos [K* - a) = 9' 13' 40"] = 0.0056570 
+ log cos [K6 + a) = 59' 59'] = 9.6991887 

+ log tan [KB + A) = 83' 23' 89".3] = 10.93627 03 

Rejecthig 10 = 10.6411160 = log cot iC- 

.-. C = 25' 44' 81".-6. 

ar. CO. log cos [KB - A) = 39' 01' 29".8] = 0.1096506 
+ log cos [KB + A) = 83' 23' 39".3] = 9.0608369 
+ log tan [K6 + a) = 59' 59'] = 10.288268 9 

Rejecting 10 = 9.4087564 = log tan i<^ 

.-. e = 28' 45' 05".2, 

154, Sen.— When Napier's Analogies are used for solving Pro5.2n<? (1^9), the 
most expeditious and elegant method of resolving the ambiguity, is by means 
of the analogies themselves. Thus, in the above example, after having found 
that B = 5r 34' 51".4, or 122' 25' 08".6, or both, a simple inspection of the anal- 
ogy next used will determine the number of solutions. 

Napier's Ist may be written 

cotiC = Jji r-' tan KB + A), 

cos K^ — a) »v ^ /• 

Now iC < 90', hence cot iC is +. If, therefore, neither of the values of 
B renders cot ^C —, there are (too solutions. If one value renders cot^C +, 
and the other — , there is one solution and it corresponds to the value of B 
which makes cot iC + . If both values of B render cot iC — , there is tw solu- 
tion. In the last example, we see that cos [K^ + a) =r 59' 59'], and cos [K& — a) 
= 9' 13' 40"] are both +. Also tan [KB + A) = 50' 58' 80". 7, or 83' 23' 39".8, 
or both] is + for both values of B. Therefore there are itoo solutions. 
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4. Given A = 95** 16', B = 80° 42' 10", and a = 67^ 38', to solve 

the triangle. 

Ist To find &, Bin A : Bin B : : sin a : sin h, 

ar. CO. log sin (A = 95' 16') = 0.001837 
+ log sin (B =r 80" 43' 10") = 9.994257 
+ log Bin (a = 67' 38') = 9.920671 

Rejecting 10 = 9.922765 = log sin h. 

•. 6 = 56" 49' 57", or 123" 10' 08", or both. 

2cL To find tf, tan4<5 = — i^^-±-|l tan \{a + h). Now for ft = 56' 49' 5r', 

cos KA — B) '^ ' 

tan ie is + ; but for 3 = 123'' 10' 08" tan f? is — ; hence there is but one solu- 
tion, and that corresponds to the smaller value of ft. 

ar. CO. log cos [KA - B) = 7* 16' 56"] = 0.003517 
+ log cos [KA + B) = 87" 69' 05"] = 8.546124 
+ log tan [Ka + ft) = 57' 18' 58"] = 10.191852 

Rejecting 10 = 8.740993 = log tan \c. 

. •. tf = O'' 18' ly. 

8d. To find C, we may use (1) or (2) of Napier's Analogies, or 

sin a : sin e : : sin A : sin C, 
the last of whicn is the most expeditious. 

ar. CO. log sin {a = 57" 88') = 0.073329 
+ log sin (c = 6" 18' 19") = 9.040705 
+ log sin (A = 95' 16') = 9^8163^ 

Rejecting 10 = 9.112197 = log sin C .-. C = 7' 26' 22' 
This value is taken for C instead of its supplement, since C is opposite the 
smallest side c 

6. Given a = 70° 14' 20", * = 49^ 24' 10", and ^ = 38^ 46' 10"j to 
solve the triangle. 



COMPUTATION. 

a = 70' 14' 20" 
ft = 49' 24' 10" 
= 88' 46' 10" 



« = 158' 24' 40 



" 



\9 = 79' 12' 20" ar. co. log sin = 0.007753 
^ - a = 8' 58' 00" ii M -. 9.192734 

^ - ft = 29' 48' 10" " " = 9.696370 

i« - « = 40' 26' 10" " " = 9.811977 

2) 18.708884 
.-. log*= 9.354417 



\ 
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log tan iA = log ifc - log sin (^ - a) + 10 = 10.161683. .'. A = 110" 51 16". 
log tan IB = log A; - log sin (^ - ft) + 10= 9.658047. .". B = 48* 56' 04". 
logtaniC =logA;-logsin(i«-c) + 10= 9.542440. /. C = 88' 26' 48". 

6. Given A = 109° 65' 42", B = 116°38'33",andc = 120°43' 37", 
to solye the triangle. 

COMPUTATIOK. 

A = 109' 65' 42" 
B = 116" 88' 38" 
C = 120° 43* 87' ^ 
S = 847'' ir 52" 



iS = 178' 88' 56" ar. oo. log oos » 0.0q|3688 
^ - A = 68* 4y 14" " " = 9.646158 

iS - B = 57° 00' 28" *• " = 9.786035 

iS ~ C = 52' 55' 19" " " = 9. 780247 

2)1 9.165123 
.-. log K = 9.582561 

log cot ia = log K - log cos (iS - A) + 10 = 9.986403. .-. a = 98' 21' 88". 
log cot i& = log K - log cos (iS - B) + 10 = 9.846526. ,-. ft = 109' 50' 20". 
log cot i<} = log K - log COB {^S - C) + 10 = 9.802814 .-. c = 115' 13' 28". 

8cH. 1.— The student can use the exercises in the preceding section to famil- 
iarize the methods here giyen. In doing so, It will be well for him to seek the 
most expeditious solutions. He will find that 

SeampUa under Prob. 1 require 11 logarithms by Napiei^s Analogies and 
(13S)^ and 12 logarithms bj Napier's Rules and (i^J). 

Examples under Paoa 2, when there is but one solution, require 10 loga- 
rithms by Napier's Analogies and (13S), and 12 logarithms by Napier's Rules 
and (ISS). When there are two solutions, 15 logarithms are required by 
Nai^ei^s Analogies and (185), and only 14 by Napier's Rules alone, or by these 
rules and {13S), 

JExamples under Prob. 8 require but 7 logarithms by the method given in this 
section and 13 by the previous method. 

ScH. 2. — ^In cases in which the angles or sides are near the limits 0', 90', or 
180', so that the functions used in the particular solution change very rapidly 
in proportion to the arc, it is often possible to select one among the several 
methods which will give more accurate results than the others. There are 
also other methods which are better adapted to such cases than those here 
given. For these, as well as for much otiier interesting matter, and especially 
for the discussion of the General Spherical Triangle, American students have an 
excellent resource in the treatise of Professor Chauvenetbf Washington Univer* 
sity, St Louis. 



1 ^-A 



108 BPHEBICAL TBIOONOMETBT. /, 

i 



»' 



\C 



SECTION IV. 

AEEA OF SPHERICAL TRUNGLESL 

1S5. Prob. — Having the angles of a spherical triangle given, U 
find the area. 

Solution. — [The solution is given in Part II. {613), and we simply re- 
produce the result in order to give completeness to this section.] The area is 
equal to the ratio of the spherical excess to 90'', or ^rc, into the trirectaogular tri- 
angle. That is, letting the sum of the angles be S**, the area K, and the radius of 
the sphere 1, whence the area of the trirectangular triangle is ^ir, we have 

= •— — X i* = S — jr. 
In the latter expression S is the sum of the angles in terms of the radios, i, «., 



EXERCISES. 

1. What is the area of a spherical triangle whose angles are 100% 
58"*, aud 62°, on a sphere whose diameter is 6 feet? 

230'* 
Solution. K = S — jt = r=y-^ — 8.14159 = .698, the area of a similar tri- 

angle on a sphere whose radius is 1. Hence, the area of the required triangle 
is .098 X 3' = 6.283. [The method given in Pabt II. (613) is more expedi- 
tious, but it is our purpose to illustrate the form here given.] 

2. What is the area of a spherical triangle whose angles are 170^, 
135% and 115°, on a sphere whose radius is 10 feetp 

Ans. 418.875 square feet 

3. What is the area of a spherical triangle whose angles are 150^, 
110^9 and 60°, on a sphere whose radius is 3 feet ? 



1S6» JProb. — Having the sides of a spherical triangle given^ to 
find the area, 

SoLunoN.—The angles may be fomid by (148)^ and then the area by (IM), 
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But a more direct method is to find the spherical excess by means of LkvH' 
lief's formula, which we will now produce. 

iK = 1(A + B + C - )r) 

Whence tan JK = tan 1[A + B + C - jr] = tan [KA + B) - *(* - C)] 

_ sin KA + B) - sin ^le - C) 

"■co6i(A+ B) + cosi{)r- C) ' (7,page5i| 

_ wn i(A + B) — cos jC 
"" cos i(A + 8) + sm iC 

= {coej<«-ft)-cogi.|co«iC ^j^ j^^ ^^ g^ 

[cos i(a + ^) + cos i«] sin ^C \ ^ / 



cos -Ka — 3) — cos 



COB ^a + b) -k- COB 



iev sin (i« — a) sin Us — b) 



_ gfa i(<* ■>- g -- ^) a^P i(b + c — a) / sin ^ sin (i< - <;) ,^^ ^, -.^ 

~" cos i(» + * + c) cos i(a + 6 - c) r sin (i« - a) sin (i« - b) ^ ^' ' ' 



=f^ 



sin* Ki< - ^) sin' Hi* - «) sin i< sin (^< ~ g) (as « = a + J + c) 

cos' i9 cos* i(i« — e) sin (^ — a) sin (i# — i) 



— J / flip* Hi^ — ^) si^* Ki* — o) B^P ^* cos U MP i( i* — g) co8 i(i* — <0 /x^v 
"■ T COS* i« cos* V-hs-c) sin i(i<~<>) c<» «*«-«) »»» Ki«-*) cos Ki<-*) 



.'. Tan iK =• ^y/tan i« tan Ki« - a) tan Ki« — &) tan i(i< - <')• (A) 

Having found K, the spherical excess, or what is the same thing, the area of 
a similar triangle on a sphere whose radius is 1, we have but to multiply K by 
the square of the radius in any given case. . ' ^ - r^ .. c,', 

EXEBCISES. 

1. Given a = 98% h = 110% and c = 115% to find the area of a 
spherical triangle, on a sphere whose radius is 4000 miles. 

COMPUTATION. 

log tan (ii r= 80« 45') = 10.788185 

+ log tan [(i«-ia) = 31^ 45' 
•f log tan [(ia-i») = 25* 45' 
-I- log tan [(i«-ic) = 28^ 15] = 9.688008 

2) 89.896203 

Kijecting 10 = 9.948101 = log tan iK . /. K =166'' 20' 20'' 

— — — • — - — I 

* The -¥ to always taken ; othenrl«e, iK l>eiiis > 90*, K woold be > 800* which to impoe- 
ptbto. (Part TTI , S96). 



.<). 



= 9.791563 
= 9.683866 
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Whence area = ^^^^— . iar(4000)« = ^^ . i* (4000)« = 46.450.440. 



90' 



00 



nearly. 



2. Giyen a = 70° 14' 20", b = 49° 24' 10", and c = 38^ 46' 10", to 
find the area of a spherical triangle on a sphere whoee diamet^ is 8 
feet ^^^- ^'h nearly. 



157. Frob* — Having two sides and their included angle given 

in a spherical triangle^ to find the area. 

SoLXTnoK.— Compute the othei; two angles by Napier's Analogies, and find 

__ cot ^a cot •Ad + cos C 
the area jfrom the angles. [The formula cot JK = :— =; gives 

the spherical excess hi terms of two sides and their included angle ; but it is of 
no practical value for finding the area, as it is not adapted to logarithmic compo- 
ution. For the manner of produ^ng it and several other forms for K, see 
Todhuntei's Spherical Trigonometry, (iO^)]. /i /^ 






PRACTICAL APPLICATIONS. 

[Note.— The three following problems are given merely to indicate to the 
student some departments of investigation in which Spherical Trigonometry is 
of essential service. The two sciences to which this branch of Pure Mathe- 
matics is indispensable, are G^eodesy, or the mathematical measuremsnt of the 
earth, and Astronomy.] 

JPro&o 1^ — To find the shortest distance on the eariWs surface be- 
P tween two points whose latitudes and longi- 

tudes are known. 

8uo*8.'The shortest distance on the sui&ce be- 
tween two points is the arc of a great circle Joining 
the points. Hence, the Problem is : Given two sides 
(the co-latitudes) and the included angle (the differ- 
ence in longitude), to find the third side. 

Fig. 71. Ex. 1. Berlin is situated in Lat 52"* 31' 

13" N., L6n. 13° 23' 52" E., and Alexandria, Egypt, in Lat 3V 13' 

X., Lon. 29° 55' E. What is the shortest distance in miles on the 

earth's surface between them, the earth being considered a sphere 

whose radius is 39G2 miles ?^ 

Ans. 1691.96 miles. 







V. 
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PRAOnOAL APPLICATIONS. 
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Ex. 2. A ship starts fix)m Valparaiso, Chili, Lat33° 02' S., Lon- Yl*' 
43' W., and sails on the arc of a great circle in a northwesterly direc- 
tion 3840 miles, when her longitude is found to be 120'' W. What 
is her latitude ? Ans. 52' 48" S. 

Ex. 3. A ship starts from Bio Janeiro, Brazil, Lat 22"" 54' S., Lon. 
42° 45' W., and sails in a northeasterly direction on the arc of a great 
circle 62444 miles, when her latitude is found to be 50° N. What is 
her longitude ? Ans. 2° 01' 14" W. 




IPvob. 2^ — To find the time of day from the altitude of the sun. 

SuQ^s.— Let NESQ represent the projection of the concave of the heayens 
upon the plane of the meridian of obeervation. 
The equator of this concave sphere is simply the 
intersection of the plane of the earth's equator with 
this imaginary concave sphere, and its axis is the 
prolongation of the earth's axis, the poles being 
the points N and S where the axU pierces the 
imaginary concave. EQ is the projection of this 
celestial equator, NS the axis or the projection of 
a great circle perpendicular to the meridian of the 
observer (NESQ) and to the equator, HO the projec- 
tion of the horizon, and ZZ' the projection of the 
prime vertical (that is, a great circle of the heavens 
passing through the zenith of the observer and the east and west points in his 
horizon). 

Now let S* be the place of the sun at the time of observation. RS', the sun's 
declination, is known from the almanac ; LS', the sun's altitude, is measured 
with the sextant (or other instrument) ; and EZ is the latitude of the observer. 
Hence, in the spherical triangle ZNS' we know the three sides, viz., NS' = the 
co-declination of the sun, ZS' = the co-altitude of the sun, and ZN =z the co- 
latitude of the observer. We may therefore compute the angle ZNS', which 
reduced to time gives the time before or after noon as the case may be. 

Ex. 1. On April 2l8t the master of a ship at sea in latitude 39^ 
06' 20" N., observed the altitude of the sun's centre at a certain time 
in the forenoon and found it to be 30° 10' 40", and looking in the 
almanac found the sun's declination at that time to be 12° 03' 10" 
N. "What was the time of day ? 



COMPUTATIOK. 



90* 
iW 
90' 



80' 10' 40" = 59* 49' 20" 
12* 03' 10" = T?** 56' CO" 
89' 06' 20" 5= 50' 53' 40" 



2 )188* 89' 50" 
94' 19' 55" 



a. c. log shi 94* 19' 55" = 0.001242 

a. c log sin 84' 30' 8o" = 0.246765 

log sin 16" 28' 05" = 9.450381 

log sm 48* 26' 15" = 9 837812 

2) 19.5^5700 
logtan80*22'08".8= 9.767850 



n. 
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Therefore i the hour angle NNS' = dO** 22' 08' .3, and the hour angle is eO* 
44' 07". This reduced to time at 4 minutes to a degree, giyes 4 h. 2 m. 66 s. be- 
fore noon, or 7 h. 57m. 48. a. m. \ 

Ex. 2. In latitude 40° 21' N., when the declination of the sun is 
S"" 20' S., and its altitude 36'' 12', what is the time of day ? 

Ans. 9h. 42m.40&A.]c 

Ex. 3. In latitude 21'' 02' S., when the sun's declination was IS"" 
32' N.9 and the altitude in the afternoon 40° 08', what was the time 
of day? Ans. 2 h. 3 m. 57" p. ic 



Prob. 3.— To find the time of eunrieing and sunsetting at any 
given place on a given day. 

SuG*8. — ^The projection being the same as before, let M'RS'M represent the ap«. 

parent diurnal path of the sun. Since S'M is described in 6 hours, the time taken 

to describe RS' is the time before 6 o'clock, at 
which the sun rises, i. «., passes the horizon HO. 
But the time requisite to describe RS', is the same 
part of 24 hours (860" angular measure) that the 
angle CNL (= arc CL) is of 860*. Hence, the arc 
CL, in time, is the time before 6 o^clock at which \ 

the sun rises. In a similar manner, C/, in time, 
is seen to be the ^me after 6 o'clock when the sun 
is south of the equator. The solution of the prob- 
•^ ^ lem, therefore, consists in finding CI.. Now, in 

Fio. 78. the triangle RLC, right angled at L, LR = the 

sun's declination at the time, and angle RCL = ECH = the co-latitude of the . 

place.* From these data CL is readily found. 

Ex.l. Eequired the time of sunrise at latitude 42° 33' N., when 
the sun's declinatiou is 13° 28' N. 

COMPTJTATIOK. 

cot 4r 27' = 9.962818 

tan 18' 28' = 9.879289 , * 

shi 12* 41' 52" = 9.842052 
(13* 41' 62") X 4 giyes the time before 6 o'clock as 50' 47". .*. the sun rises at 
61u09m.l8s. 




^Ttals maybe reenthns: Boppone a p6n>oii to atort fh>m the equator tt ^waA XrvrtX 
north. When he is at E, the aooth point of hl« horizon (H) i« at S ; »nd for every degree he 
goet iiorUi, the math pole (S) alnks a degree below hie IxMison. Hence, H CS " 1^* latitode, 
•nd ECH " oo-latitade. 



